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A Classical Theory of the Collective Description 


Yoiti WATANABE 


Physics Department, Osaka University, Osaka 


(Received March 12, 1956) 


An elementary theory is developed of a classical treatment with the ‘Collective Motion’ of 
many-particle systems. The fundamental concept of collective motion can be reduced into a certain 
transformation property of Hamiltonian. Regarded as the dynamical variables, the continuous 
parameters of such a transformation describe the collective motion of the system, while the individual 
motions ate partly suppressed by the same numbers of subsidiary conditions, or constraints, logically 
derived in, as the numbers of transformation parameters. Then the general procedure of formulation 
is illustrated; as an example, the incompressible motion with three modes can be systematically 
formulated. As another example, the unified treatment is performed also with the vortex motion. 


The digression in the approximating procedure is also presumed. 


§ 1. Introduction 


Recently, in treating various problems on the system of many particles, the notion of 
collective moticn has awakened interest among many physicists.” Less attention is paid 
there to the motion of individual particles, but more stress is laid on the organized one 
of the whole system. D. Bohm and D. Pines have developed such a treatment for the 
problem of so-called plasma oscillation in a dense gas of electrons. They indicated that 
their organized behaviours with lower frequency could be transferred into the behaviours 
of electromagnetic field by means o a suitable canonical transformation, and that no 
attention would be consequently needed to the lower frequency part of the oscillations 
concerning the individual particles.” Their theory, however, apparently relying upon the 
long range nature of Coulomb forces, seems dificult to be applied to other important 
cases with the different nature of forces. 

It is well-known that there is a sort or collective motion also in nuclear systems 
where the forces have no more long range nature. By the fundamental standpoint of 
Bohm’s theory we can understand the possibility of transfers of part of the particle motion 
into the respondent motions of auxiliary quantities such as the electromagnetic field. This 
concept can be applied by an appropriate generalization in spite of the different nature of 
force range, e.g., to the problems of nuclear structure. 

Tomonaga has investigated the similar problem independently from a quite different 
point of view. His method is a natural generalization of the separation of the trans- 
lational motion from the relative motion with respect to the centre-of-mass. Corresponding 
to the c.m. co-ordinate, some co-ordinates have been introduced as derived from a sort of 


the velocity potential of irrotational fluid for a certain mode of collective motion. Thus 
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there are two stand-points: one, some auxiliary co-ordinates enter into the formalism as in 
Bohm’s investigation, another, no such co-ordinates are used as in Tomonaga’s work. 

We want to follow the former stand-point by the general, classical way. The auxiliary 
co-ordinates describing the classical collective motions, (we do not here include such as spin 
wave), ate introduced by means of continuous point transformations. For instance, the 
quantity to describe the c.m. motions is introduced as the parameters of space-transforma- 
tion. This circumstance will be discussed in §2. Similar procedure will appear in § 3 
in the treatment of a simple incompressible motion in two dimensions. The results are 
generalised in § 4. In this treatment a number of new variables are introduced, and 
therefore the same number of subsidiary conditions have to be imposed among the variables 
to suppress the redundant degrees of freedom. They are automatically brought into the 
formalism by the generalized gauge condition of the modified Lagrange function. The 
relation to the hydrodynamics is investigated in §5. We have the most manageable ex- 
pressions in §6 to take out the collective modes of the system. Then rather stringent 
constraints are put thereby instead of the prescribed subsidiary conditions by means of the 
principle of stiffening. Such variables formally introduced have, however, not always the 
physical significance. We have to take into account the statistical aspects, and postulate 
a requirement for the adiabatic approximation and so on; these are discussed in § 7. In 
the final results we have a number of Pfafhan constraints. Our theory may be related to 
Miyazima’s theory of irrotational fluid model when these Pfaffians are integrable. Even 
though any of them are not integrable, a unified treatment is possible. In the hydro- 
dynamical words, this corresponds to the vortex motion. These circumstances are illustrased 
by an example of rigid rotator in two dimensions; also a two-dimensional incompressible 
motion with three modes is analysed according to the general procedure in § 8. 

We worked only in the classical domain because of lack of our knowledge for the 
quantization with respect to the quantities spanning a nonlinear topological space. In 
general, the collective variables introduced by such a way do not span the linear vector 


space,—even not the curvilinear one—, in which the usual quantization is available. 


§ 2. Center of mass 


The notion of centre-of-mass is one of the simplest ard the most familiar ones of 
the collective motion in a many-particle system. Usually the c.m. motion is described by 
a co-ordinate canonically conjugate to the total linear momentum, but it may also be 
introduced by means of auxiliary variables. By way of illustration of our general procedure, 
we shall first explain how to introduce the notion of centre-of-mass for the case of N 
patticles moving on a straight line in a seemingly rouncabout manner which, however, is 
suitable for the generalization to more complicated modes. 


(1) Let the Lagrangian of the particle system be 


Lp = (M/2) 1 ®—V(x,:--xy). (2-1) 


x, is the co-ordinate of the i-th particle, referred to a fixed origin, but we shall now refer 
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the system to a moving origin by 


X;,=x, +a. (2:2) 


In terms of new co-ordinates the Lagrangian becomes 
L,=(M/2) 1% 4+ 4)’—V(x,+a,--xy+a). (2:3) 


@ may be used to represent a prescribed motion, but it may also be regarded as a redundant 
dynamical variable independent of the particle co-ordinates x; In the latter interpretation 


the canonical conjugates of x; and @ are interrelated by an identity 
>) OL, /0%;—9L,/da=0, (2-4) 


which prevents a straight-forward transformation to the canonical system. As has been 
shown by Rosenfeld in the similar case of electrodynamics, we may nevertheless proceed to 
set up a canonical system by introducing the canonical conjugates p; of x; and / of a, 


and by regarding the above-mentioned identity as a subsidiary condition for momenta :'?~"” 


6=>)p:—P=0. (235) 


The Hamiltonian is determined up to a term v¢@ containing a completely arbitrary factor v : 


Hy, = (1/2M) 3} pi +V (xy: -xy 3 &) —v9. (2:6) 
We get from this Hamiltonian as equations of motion 
dx,/dt=p;/M— v. (2 7) 


They contain an arbitrary velocity v. Summing them up, we get 


SS} dx,/dt=>} p,/M—Nv=8/M—N. (2:8) 
Now we want to specify our arbitrary v to be equal to $/NM, so that the sum of 


particle velocities vanishes, 
SS) dx,/dt—0; CS) x,=const.), (2:9) 


by which relation the variable @ is identified with the c.m. co-ordinate. By this choice 


our Hamiltonian becomes 

Hy,=(1/2M) 3} p:i— B/N)? + #°/2NM+V (e+) 

with a subsidiary condition : ¢=>)p,-P=0. (2:10) 
Now let us set up the generating function of a second canonical transformation 

We {>} x%,/N+a}B+ DP; , (2-11) 

it transforms the Hamiltonian into 

Hy=(1/2M) 3} P? +B’/2NM+V(X,+A— (1/N) 31%) 

with a subsidiary condition ; §=)>)}P,=0, (2-12) 
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tavternis of new variables \(X, 2, “A, BB). Vbenta differential constraint 
dy=)>} dX;=0 (2-13) 


results from the equation of motion and the subsidiary condition. It is integrated to give 


the constant of motion 


S) X}— NR, =conet. (2-14) 


(2) We may stop here. The consideration of more complicated cases motivates, how- 
ever, a further transformation. We have suppressed the excessive degree of freedom iniro- 
duced as the collective variables a, # by means of subsidiary condition 6=0 (2-13). 
By a subsidiary condition 9=0 we understand a relation conserved in the temporal deve- 
lopment of the system: that is, such a relation 6=0 thac[H, 0|=0. Then it is sufficient 
to give the quantity the value ‘¢=0’ at onz epoch. Az least in the classical mechanics 
(possibly also in the quantum mechanics) there is another way of suppressing excessive 
degrees of freedom. This is a kinematical condition, a constraint as opposed to the above 
dynamical condition. We can anticipate this kinematical condition in the form that the 
“ cencre-of-mass ”’ co-ordinate 5} X; of the internal individual motion is at rest,—is fixed 
at the origin, say. 

We have seen in the above that the kinematical >} 6 is a consequence of the 
dynamical condition $}P,=0 if the Hamiltonian H,, is given by (2-12). Now we want 
to subject our system to the kinematical constraint 4} dX,;=0. Generally speaking, this 
requires an additional, passive force of constraint to be included in the Hamilionian 


H>H*=H,,+u>}X,, where u is a measure of that passive force. The resulting 
equations of motion, however, 


S}dX,/dt=[H*, X=) P/M, 


>) dP,/dt=|H*, P;|= —Nu (2-15) 
make u vanish together with the imposed constraint S1X,=NR,. It will be seen also 
that S}P,=0 is a consequence of S}X,—NR,(const.). Afcer we have confirmed that our 


mechanical system is equivalent to the system with the Hamilcoaian (2-12) and is 
subject to the constraint (2:14)*, we try our final transformation in order to get a 
manageable form of the Hamiltonian. Such a ittansformation consists, so to speak, in 
getting back the original variable a, (3 instead of A, B. 


(3) Let 
W=(a+R,)B (2-16) 


be the generating function of the transformation (A, B)—> (a, ) 


- Our Hamiltonian 
becomes 


H.=(1/2M)>} Pi+ #?/2NM+V(X,+a), (2-17) 
since we are always holding $\X;,/N fixed to be equal to R 


O° 


We know this verification as principle of stiffening’ in the elementary mechanics 
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(4) This universal postulate of the constraint also applies to the definition of the 
Poisson brackets ; (P.b.), because the operation of differentiation which is to be replaced by 


0/AX;*=3/0X,— (1/N)3\0/AX, (2-18) 


is concerned with it. We shall, however, omit the detailed explanation with respect to 
this reduction of redundant degrees of freedom from the Hamiltonian system; it will be 
done in a more systematic way in Appendix II. 

(5) So far we did not say anything about the form of potential energy. The virtue of 
notion of centre-of-mass depends of course on the fundamental functional form of it, 


V(X, a). The notion becomes favourable, (i) if V(x) is translationally invariant: i.e., 
V(x, +a) =V;(x;), (2-19) 


(ii) if, besides this invariant ‘internal’ potential, it contains symmetric linear terms 


(uniform field of gravitation) : 
V(x; +a) =9 >) x: + Nya, (2-20) 


and (iii) if, besides above-mentioned two types of potentials, there is another potential 


energy expressed as a symmetric sum of the square of the co-ordinates : 
Vin (x; +@) = («/2) >) (x, 4+)’. (2-12) 


(In the case where the masses of the particles are different from each other, the symmetric 
sum of (ii) & (iii) must be replaced by the mass-weighied sum.) If the particles are 
subject to external forces other than those of (ii) & (iii), the notion of center-of-mass 
becomes more or less approximate. Later we shall be concerned with the point a little. 
(See § 7). 

In retrospect we see that the centre-of-mass has been introduced by subjecting each 
and every particle the same and arbitrary translation @, and by treating this @ as a new 
degree of freedom of the system. This suggests that a large class of collective motion 


would be described by a continuous group of transformations on the variables of particles. 


§ 3. Two dimensional incempressible and irrotational flow of particles 


Let us investigate the problem of the so-called incompressible fluid model before 
proceeding to the general theory. For simplicity we shall operate in two dimensions 
though the three-dimensional case would be more important for nuclear physicists in regard 
to Bohr’s ellipsoidal oscillations of nuclei. A two-dimensional incompressible motion will 


be considered by the presumed corresponding linear unimodular transformation : 
x= (a, -a,)x+ (aj—a,)y, -¥= (a, +a,)x+ (@)—@s)y, 
aj—a?+aZ—aZ=1. (3:1) 


The parameters a, and a, give rise to such deformations of x—y plane that a circle with 


the center at the origin turns into two types of ellipses. The angle between their principal 


axes ate equal to 45°. On the other hand a, brings about a plane rotation. We first 
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consider the simple case of shearing deformation @,=a,=0, a,=a~0: 


x,= (a, +@)%x, y= (a,—a@) y; ’ (3 : 1)’ 
with a,,—a°=1. 


The original Hamiltonian, expressed in terms of barred variables 


H,=(1/2M) S\(p2 +P2) +V (&, --¥x) (3-2) 
becomes ; 


Hy=(1/2M) >} {(@—@) “pe + (a +a) "prt +V (x, ad «), 


with a subsidiary condition : 


b= D>) (x: pi — 9: P,) —%F =0. (3«2)? 
Also this time the general form of the Hamiltonian 
H, = Hy—vo (3 “3) 


contains completely arbitrary factor v. By a second canonical transformation the variable 


f is banned out of ¢. We put its generating function to be 


W=A(x, ¥; &) +BD)(x%P2+ Py); (3-4) 
where A(x, @) satisfies the differential equation 
[31 {x,0/dx;—7,0/dy,} —a,0/dal|A=0. (3-5) 


It requires that A should never depend on x’s, y’s and @ but only through x’s and j’s. 
The new variables (X, Y, P,, P,, A, B) can then be expressed in terms of the old ones 
CoV Pos Pus Gee) through the expressions 


X;=X;, Yi=% A=A(x, ya a), 
pr=P,+BO0A/dx,, pi=pi+BOA/dy,, B=B dA/da, (3-6) 
by which also the Hamiltonian is transformed into 
H=(1/2M)>} {Pr (a,—a)*+PP(a,+a)*} 
+ (1/2M) >) {(a@)—a@)*?(OA/dx)? + (a) +a)?(0A/dy,)} 
+V(X, Y; A) + (B/M)33{(A9/8x,) Pi(a,— av)? 


+ (GA/dy,) Pj (a +a)" —v6, (3-7) 
together with the subsidiary condition to be free from B by virtue of (3-5): 
$= D1(X,P:— ¥,P)) =0. 


In the above expression any of old variables x, y and @ are interpreted to be expressed 
by new ones X, Y and A. We now choose the concrete form of A(x, y, a) 


A(% 9, &) = (1/2N) 3) { (a+) *x}— (a,— a) 93} , (3-8) 
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so that the third term of (3-7) may be proportional to ¢. The last two terms of (3-7) 
can amalgamate with each other, consequently. The second term becomes of the form 
(1/2MN) I''B’ where IY == 3} {(a@)+@)°x;+ (a,—@)*y. Finally the form of the 
Hamiltonian is given by 
H=(1/2M) 3) {P?(a,—a)?+P2(a, +a) + (1/2MN)I'B+4V—v6, (3-7)! 
where @’s are to be expressed in terms of X’s, Y’s and A. 
The relation [H,,, é]=0 can also be easily verified. In the same mannet as before 


we can substitute such a subsidiary condition as suppressing the extra degrees of freedom 


alien to the internal motion by another kinematical condition 


ay = d}{(a,+@)?XdX,— (a,—a)*¥d¥} =0, (3-8) 


or, expressed in terms of unbarred variables, 
dy = 31 {(@) +a) *x,dx,— (a&)— a) *y,dy,} =0, (3-8)’ 


which alters nothing of the equations of motion. This time, however, we cannot find 


the integrated form of the constraint such as (2-14).* Then 6=0 becomes a result of 


(3-8). 
After such a stiffening, we try the final ‘ return transformation’ as in the c.m. case 


so as to obtain a manageble form of Hamiltonian. Let 
W = (1/2N)31{(a@)+&)*x3— (a,— a) *yi} B (359) 
be the generating function of the transformation. By virtue of the constraint the variables 
x; y; must be considered as parameters in (3-9). Our Hamiltonian becomes then, 
H, =(1/2M) >) {P? (a, —@)? +P? (a, +a) + (1/2MI") (a8)? + V(X, Y, «). 
(3-10) 
Also in this case the constraint applies to the definition of differentiation operations. 
- They are replaced as follows : 
0/OX, i 0/Ox;* =0/0X,— Cyl”) (a,+a@) "a (0 / OX, — YP/0Y,)s 
a/AY, > 8/A¥;*=8/3Y,+ (1/1) (a—a)*¥53(X/9X,— ¥8/9Y). (3-11) 
In contrast to the c.m. case, the collective and the individual terms are not seperated 
in the Hamiltonian (3-12). The first term, ‘The particle kinetic energy term’, con- 
tains the collective variables a, and the second, ‘The collective kinetic energy term’, 


contains the individual particle variables X ’s and Y’s. More advanced considerations will 


be required for the practical separation of these terms. It will be discussed later in § 7. 


§4, Lagrangian and Hamiltonian 


Now we shall generalize the treatment in the preceding sections by supposing a 


* See also Appendix II. 


8 Y. Watanabe 


continuous transformation with r parameters to correspond to r modes o. a certain collec- 

i i inni E iltoni 2 -particle system in 

tive motion. In the beginning we have the Hamiltonian of a many-p oy 

terms of barred variables x and f, called hereafter “‘ The particle representation or (P) 

in short; after the first transformation, we have the Hemilconian in terms of unbarred 
a5 ” 

variables x and p, called “ The first representation or (Th: 


The point transformation from (P) to (I) is given as 
xt — S$" (x,; a@°), (4-1) 


where x” and x! are the co-ordinates o. individual particles in (P) and (I) respectively ; 
ft=1, 2,3 the indices for the components of vectors, i=1---N the names of the constituent 
patticles, and o=1, 2,-"'r the indices of the transformation parameters. There is a set 


of differential equations 
At (x) 0S” /Ox* — Gf (a) 0S*/da’ =0 (4-2) 


. . . 20 
for S*(x, @), where A or G are determined by the group properties of the transformation.” 


Moreover the assumption 


x*=S" (x, 0) (4-3) 


spoils nothing of the generality. (4-2) makes 0¥*=0 when x’s and a’s are slightly 
displaced by 


Ox? = AK (aE, Ol Nae ia) Se, (4-4) 


where & 


’ are arbitrary infinitesimal functions of time. 
The Lagrangian L of the many-particle system is defined as the function of barred 


variables and their velocities; i.e., in terms of (P) variables, 


L, = L,(&, *) (4-5) 


After the transformation (4:1) becomes 


L, =L,(x, &3a, @) (4-6) 


in terms of (I) variables. It is invariant under (4:4) ,—quite analogously to the gauge 
invariance in the theory of electrodynamics. By virtue of such a ‘ gauge condition’ we 
have r identities among the equations of motion 

NP 1 a *p 
SS) As (x) OL,/dx! —GF (a) aL, /04 =0, (4-7) 
? 


where 0L/0g = 0L/dq—d(9L/dq) /dt (Bulerian derivatives), as well as those among the 


canonical conjugates of x’s and a’s 
Dh (x;) OL,/Ox —G? (a) OL, /Oa,=0. (4-7) 


- eee . : 
They make impossible the ‘unique Legendre transformation to the canonical system. 
In order to set up a canonical system by introducing the canonical momenta pi. of x? and 
0 ee eo , 4 a Rie an 

B, of a the identities (4-7)’ should be regarded as r linear subsidiary conditions 
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21 AP (%:) Pu — Gi (a) 8g =0. (4-8) 
Also the Hamiltonian is obtained definitely up to the terms containing r indefinite 
multipliers v? 
se bg ie kee ta ae (4:9) 
Fy, is a special form o. Hamiltonian derived from (4:6). The equations of motion 
dx} /dt=0Hy/Op, —v° AS (x;), da? /dt=v°G? (4-10) 


contain the indefinite velocities v’. 

Between the special H,, and L,; (4-6) there is a many-valued correspondence. The 
most conventional way to construct an H), is as follows: First, we can perform the 
Legendre transformation to the canonical system keeping the variables in (P). Uniquely 
the (P)-Hamiltonian H),(%, p) can be obtained. It is then transformed into (I) by a 
canonical transformation consistent with the point transformation (4:1). The latter 


Hamiltonian is identified with H,. In this course 
W=d}S" (x; 5 &) Py, + 2B, (4-11) 
is the generating function of the transformation. 
The inverse transformation generated by the same function (4:11) brings the (I)- 
Hamiltonian up to the terms vd back into the (P)-Hamiltonian 
H, = Hyp +0°G§ (a) B, (4:12) 
The equations of motion from (4-12) 
da? /de=vGE(Z), dBa/de= — (v 8G/9a8) Lois 
with sabsidiary conditions 6,==Gi (a) 2, =0, are obtained with respect to @ and 2 from 
(4:12). Because ot det|G(a@)|0, the condition is equivalent to 2=0, and consequently 


d3/dt=0. None of the variables v are there in the equations for x’s and p’s. Since no 
information about v’s is thus obtained from the equations, the constraint da? /dt=v° =0 
does not alter them. And we have no longer to be interested in the world of the variables 
a and . Consequently we have arrived at the original representation with none o% 
such conditions. This special choice of v’s can be applied also to the variables in (I). 
One finds a complete analogy. in the conventional choice of Fermi or Lorentz gauge in 
the problem of electrodynamics. 


The conservation law 
d$,/dt=0 (4-14) 
is easily verified in (P). Correspondingly 
do,/dt=0 (4-14)’ 
holds also in (1), for (4-11) is independent of time. The quantity in (1), 
Q=6,8° (4.15) 
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operates as the generating function of infinitesimal gauge transformation (4:4). So as 


to guarantee the group theoretical properties 9, must satisfy, therefore. 


Ce =O; 6, | 3 (4-16) 


oprt 
that is to say, [@, §,]=0 is not any new condition other than 6,=0. The quantity (é 
is usually called the structure constant of the group ; it contains neither x’s nor @’s, but 


it is a set of pure constant numbers proper to the group. (See appendix I.) 


$5. Interrelation to the hydrodynamics 


In this paragraph the interaction potential term V is dropped in order to avoid 


inessential complexity. The general form of (I) Hamiltonian is 


H,=(1/2M) >) 9°" (5 a) pi, py —v° (S)A5 (x) ph. — G5 (@) Fp)» (5-1) 
where 
AY Nv 5 OS, oh 
Gis @) 9 Xs A) = oa (5-2) 
Ox" Ox” 


(Notice x-space is no longer Euclidian!) From (5:1) the equations of motion 
det: /dt-= (1/M) g*™ (x, @) py —0°AB (x) (5-3) 
are obtained. The linear combination of (5-3) 


33 pv (i 5) AY (x) det /de= (1/M) S1AF (x) pp — 0° Lop» 


i 


where 
ity. = 2 Juv (Xs a) AS (x;) A; (x) 


becomes equal to 
(1/M) G? (a) Bo—v*Top » (5-4) 
owing to the subsidiary condition. It turns, by means of a special choice of v such as 
v=" (G8,/M—0}), 
where ['°*/',,=09, into 
Vh= >} Dur (%, &) AY (x;) dxtt/dt. 


It is the sum of parallel component of velocities to that of the organized motion des- 

, 2 ; ; 
cribed by a@’s. Hitherto, the variables @° have been regarded as dynamical variables, but 
> > 


giving up Lagrange picture, we may take Euler picture. a’s are then regarded as merely 
parametets. By the stand-point (5-4) can be re-written as 


vi, =>} A? (%,) dx /de. na), 


Consequently the quantity A’ has the physical meaning of a cettain mode of velocity 


field. The theory of Pfaff’ = . 
ae + i s problem shows that A* (x) can be, in general, decomposed 


A Classical Theory of the Collective Description 11 


A; (%) =90,/dx, + A, (x) OM/ox, . (5:5) 
In addition (5-4) can be expressed in the hydrodynamical manners as 

ee | At @) dx, /de- p @) do, (5-6) 

e(%) =>) 0 (x). (5:7) 
The right-hand side of (5-4) can be integrated in some cases where A,=0, but cannot 
be in other cases where 1,40. We call the one ‘ vortex case’, and the other ‘ irrotational ’ 
case ; either of our preceding the examples falls into the latter category. In the vortex 
case a sort of vortex motion will be observed on the flow of the many-particle system. 


In general A, and M are not uniquely defined, but they may be restricted by a condition 
such as VA,VM=o. 


§ 6. Collective representation (Principle of stiffening) 


The first representation will not be suitable. There we have r subsidiary conditions 
including both p’s and fs. The collective description will, however, be important when 
we are much more interested in the behaviours of a’s and /?’s than those of x’s and p’s. 
It is desirable to ban out f’s from @’s by a suitable canonical transformation.* Let the 


generating function of the transformation put 
W=>) x}P,+A°(x, a) B’, (6:1) 


where (X, P, A, B) are the new variables. 
First, A°(x, @)’s have to satisfy the differential equations 


3} At (x,) A°/Ox! — G} (a) 0A°/da*=0, (6-2) 


so that ¢, may turn into the form free from B’s. The conditions (6:2) are, however, 
too week to determine the concrete functional forms of A’s because their only requirement 
is that A’s should never depend on x’s and a@’s but only through x’s. 

The second restriction for A’s is that the transformation a@— A should be unique 


and reversible ; namely, 
det|AA°/da?| 40. (6-3) 
We can solve A=A(x, a) with respect to a’s once the A(x, @)’s are set up, and 
a=a(x, A) satisfies 
3} A (x,) Aa” /Axt + Gi (a) =0. (6-2)' 
+ the new variable are expressed by the old ones through the expressions : 
Ce ply (OA? /Ox?) Ba 
A°=A°(x, @), Bo= (OA’/0a°)B,. (6-4) 


EE 


# Such a procedure is in the same manner as in the works of other authors. Cf. ref. (11), (12). 


12 Y. Watanabe 


Also the Hamiltonian (5:11) is transformed into 


=f ay Sl itv dA° AAP 
H= (1/2M) >} 9"" (x; 3 @) PiP, + (1/2M) 319°" (5 a) (= ABB, 


+ (1/M)S\(g"* (wise) (0A°/3x?) 1) Bo + V(X, A) 0°, nae 


It is understood that the old variables are all expressed in terms of the new ones. 

In the third place it is expected the functional form of A’s to be so constructed as 
to enable the third term of (6-6) to amalgamate the fourth. The partial derivatives of 
A’s are written in the form 

ne 5 me 
OAS /Oxt =x {7°? 9, (%; 3 &) Al (x) } + AZ (x) (6-7) 
= . * , 
where 7 is the ground metric tensor of @-space, « is a suitable proportional factor, and Aj 
is a remainder that cannot be expressed in an analogous form. At a=0 7°? is equal to ahve 
In solving (6-7) as regards A° we may operate at the origin of a@-space where X=x=X, 
because there appear none of a-derivatives, and because A’s are dependent only on 1’s. 


Thus we obtain 
OA, / OX, = Ag, (%;) +Acy (%)'. (6-7)’ 
Here we may relax our exertions to the positions of indices. 
On more somewhat categorical statement on A(x, @)’s is that they are assumed to 
be symmetric functions with respect to the co-ordinates of particles. 
According to the discussion appeared in §5 there hold the identities 
Ag, (X%) = 99,/0X, +A,(%)OM/ox, . 


So we obtain 


Ag= Sve {0,(%,) +A9(%,) MR}. (6-8) 
Aj, is identified with 
Avy =« (0A,/0%,;) M(x,). (6-9) 
Then the third term of (6:6) becomes 
Si («/M) 7°? {A (X,) Pig" (X,, @) (0.4, /dxt) M- PA B,. (6-10) 


The former term of (6-10) amalgamates into 6, and the latter, together with such a 


kind of terms arising from (1/2M) S" (9A°/9x1,) Juy(OA"/Ox*) BB, of (6-6), transmutes 


P’s in its first term to 


Py = PLE Kr egy, (Xe, w) (0A, /9x;') B,:M(X,, a), (6-11) 
and consequently the transformed Hamiltonian Ay = Hyy—v! °6, 
Fy = (1/2M)>}(P¥ 9 P*) + (?/2M) (B-I'’-B) + V(X, A) 
with subsidiary conditions ; b, = le CAG) 0 (6-12) 


is obtained, where v/? =v? — (K/M) (7:B)°. We shall call this tepreseniation “‘ The | 
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second representation” or (II). 
Now, again the principle of stiffening will be applied. The subsidiary conditions are 
replaced by a set of constraints. We see 


do =D) Gyn (Xp &) AE (X,) dX = —v'"* Tat (6-13) 


as a consequence ot ¢,=0. (6:13) defines the affine co-ordinates Y%os. Owing to the 
arbitrariness of v’’s we may put them to vanish, and then (6-13) turns into 


dy,=0. (6-13)! 


Next, let us consider another dynamical system with the same Hamiltonian as (6-12) 
but stiffened by the constraint (6-13)’. 4,=0 becomes then a consequence of the con- 
straint ; namely 


dy, /dt = ms Jury (X;, a) At (X;) dX,’ /dt=$,/M=0. (6 : 14) 


Tentatively add the terms of passive forces, whether holonomic or not, to the equations 


of motion with certain measures of those forces u°, and 


db,/dt=[ Hyp, Go|—u"[» Gehesut Pag (6 y 15)) 


ate obtained. (6-15) and (6-14) show that u’ should be equal to naught. Every term 
of these passive forces vanishes. Our new dynamical system is, even in general, equivalent 
to the original one. 

By putting the generating function to be 


W= di 7? (O(a) +4, (%;, &) M(a@))Bo+ Di xP, (6:16) 


we try the third transformation (X, A)—(x,@). (6:16) is apparently in the same 
form as (6:1). The x’s in M and M are, however, regarded as parameters by ‘aking 
account of (6-13)’. This final representation has a manageable form of Hamiltonian 


H.==(1/2M) >) 9" (x, @) pepyt /2M) P'°L, Lo + V(x, @), (6-17) 

subject to d7¥,=>) Ju, (xa) AS (x,)dx/=0. The quantity L, defined by 

L, == G;(@) 8. (6-18) 
satisfies the algebraic relation as follows ; 

VE Lge Ci5ls . (6 ‘ 19) 
This “Collective representation”, or (C), is not only very much handy to pull out the 
collective mode of motion explicitly, but also is obtained without making such a detour 
#P) — (I) > (II) > (C) : ie., we can at once get A, from A, if any transformation is 
imagined corresponding to certain mode of motion. The second term of (6:17) can be 
considered as the collective kinetic energy. It originates from the fact that the dynamical 
properties were explicitly transferred into the transformation parameters from the variables 


of individual particles. 
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$7. Digression on approximate treatment 


Hitherto we have not much concerned ourselves with the question of physical cor- 
respondence, but only with the mathematical introduction of variables to describe certain 
modes of collective motion by suitable continuous transformation. All of such introduced 
variables, however, do not necessarily possess the physical significance. They would be 
conditioned by some additional statements related to the approximation procedures so as to 
be physical notions. Fundamentally the collective motion as a physical conception may be 
anticipated in the following cases : (i) There may happen to be sufficient numbers of 
integrals of motion containing only the variables a’s and f’s. Especially it will be the 
most favourable case if the (C)-Hamiltonian is divided into two terms as H, (x, p) + H,(a, ). 
Then the collective motion can be treated completely independently of individual motion. 
(ii) Besides such an ideal case even interferences between these two motions may be 
allowed so far as they are sufficiently small. In such a case we can often appeal to the 
so-called adiabatic approximations. 

In general, H, consists of three terms; the individual kinetic energy T,, the collec- 
tive kinetic energy T,, and the interaction potential V(x, @). Such a clear-cut classifica- 
tion is, however, not always expected. Each of two kinetic energy terms contains the 
co-ordinates of another through gy or /’, while the momenta are separeted. (gy & /’ are 
pure numbers only in the particular case of c.m.). Such an ideal case as (i) seldom 
occuts. 


For example, from the Hamiltonian (3-10) the equation of motion 
dl" /dt= (2/M) [ oS (x;p'.) ae >> (y:py) } = (a) | (7 : 1) 


is obtained for /” appeared in § 3. (Owing to the constraint $}(x;p'.) = >}(9;pi,) holds, 
but it hardly simplifies the matter.) The term bundled by the curly bracket is a sum 


of multitude of inner products (x,;-p,). If the system has an isotropic distribution in 
the phase space, then (7-1) becomes effectively equivalent to 


dI’; /dt= (2/M) (a,j). (7:2) 


Thus we may replace /"’ by another function /'! independent of x and y but a. We 


ita / a 7 ° ° 
may take /’, equal to /”(x,, @) where %,'s are certain time-average values of x’s. Thus 
T, turns into a sepevated form 


T, = (1/2M) (1/12) (a)*. (7-3) 


Similarly the genuine /’j, can often be effectively replaced by I” op independent of x’s 
under an analogous condition. It seems, however, too severe. Some advanced consideta- 
tions will be necessary to proceed further. 

| The quantity /’}, is a natural generalization of the tensor of inertia, appeared also 
in the Tomonaga’s work. 7°? is almost proportional to 1/N. To the zeroth approxi- 
mation T., is dropped when an adiabatic approxitnation can be applied. Just as in the theory 
oi molecules first we solve the equations of motion by a reduced Hamiltonian H 
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Ap=T,4+V (7-4) 


under suitable initial conditions, and then an energy integral U(a) is obtained at a certain 
point of a-space. U(a) is divided into two parts as 


U(a) =U,(a) +U,(#). (7:5) 


U;(@) is variable with the initial conditions, while U,(@) is independent of them. The 
ideal case will occur if 0U,/0a=0 holds everywhere in the a-space, and then the collec- 
tive motion induced by @ is well-defined. The three criteria for V at the end of §2 
fall into such a case. Otherwise, only in the neighbourhood of the extrema of U, it 
will be well-defined. So as to respond to a stable collective motion these extrema must 
be minimum, the minimum points of U, must be sufficiently near these points, and the 
curvature of U; at these points must be flat compared to that of U.. To avoid the 
ambiguities concerning the determination of U, requires to consider some statistical concepts 
such as the equilibrium state of the system and so on. 


As an example let us treat the case of § 3 assuming the forms of V such as 


V (X1-"-Xy) => V(|x,—%;|), (7-6) 
V(r) =D {1 —exp «(r.—1r)}?, (77) 


where D, « and r, are the adjustable parameters. V is expanded in the power series 
about a=0 


V(r) =V(r) +r cos OV" (r) — (0/8) {3rV’ —rV"} +O0(a’), (7-8) 


after the transformation as (4:1)’. Since the second and the higher order term 0(@)* 
are proportional to cos ng, and since 9,; is the polar angle of the interparticle radius 


vector r,;, the sum vanishes most probably, and consequently 


SI@ =>) V(r) — (7/8) 53131’ —Pv" (7-9) 


holds as a good approximation. Further provided that every particle is in the vicinity of 
the equilibrium point; i.e., the system is in the lower energy equilibrium state, then we 


have in consequence of short range nature of forces 
(22/8) (S1(3V'1— PV") ay (02/8) NEV" (1). (7-10) 


It corresponds to U,, and here U, is negligible. The frequency of random small oscilla- 
tion is of the order of f,~« VD, while that of organized oscillation is of the order of 
foe fo/ RV N, where R, is the average linear dimension of the system, so that the 
adiabatic approximation is good. Thus the Morse-type two-body potential gives rise to the 
well-defined incompressible motion. Also it is easy to prove that a 0-type potential gives 


rise to the dilatation as well as the incompressible motion. 


§ 8. Two more examples 


(1) Two dimensional rotator : 
By virtue of the general theory so far advanced the formulaticn is now systematic 
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enough to be applicable even to more complicated cases. In (3-1), by putting a,x =a,=0, 


we obtain the plane rotation 


Xx=A,X— ay, y=ax+ayy, a? vat 1,. (8-1) 


0 


Since the original (P)-Hamiltonain is rotationally invariant, the (1)-Hamiltonian H,, has 


the same form as H, 


Ay = (1/2M) >\(p2 + py) + V(x), (8-2) 
but with a subsidiary condition 
¢= D1 Gf, —iPs) —2,8=0. (8-3) 


The related constraint in (C) is of course non-integrable. It falls into the vortex case. 


The (C)-Hamiltonian is written down as 


A, = (1/2M) S\(p' +p) + V(x) + (1/2MI) (a,8)?, (8-4) 
where J", the moment of inertia, is given by 
"= SG+y%). (8-5) 


The third term of (8:4) represents the kinetic energy of a rigid rotator in two dimen- 
sions if the constraints 


dy =>) (xdy,—y,dx,) =0 (8-6) 
in its general sense is replaced by the more stringent conditions dx,;=dy,=0, so that [” 
is exactly regarded as a constant number. 
(2) Three-parametric incompressible motion: 

A little more interesting example is three-parametric incompressible motion in two 
dimensions proposed already in § 3. The two-dimensional unimodular group constitutes a 
non-commutative group ;—a point that invites a little complication. We can, however, 
immediately write down the (C)-Hamiltonian without making a detour to the passing- 
through stages. The (C)-Hamiltonian 

Fr, =(1/2M)S} 9" (a) pip + V(x, @) + (1/2M) PL gL, (8-7) 


is then obtained with three constraints 
dY, = Yn >} (xdy,+y,dx,) =0, 
dys = Jodi (xdy,— y,dx,) =0, 
dY, = Dh (Yuxdx;—Yorydy,) =0, (8-8) 


where 
In=9"=1 zn (aja, + @,a,) a A oe +a") , 
In= J" =1—2 (aya,+ QQ) +2 (a+ a,") , 


I= Ju=— 9" = — 9? =2 (aay — ayee,); (8-9) 
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and 
a, —aP~ta?zZ—a?Z=1. (8-10) 


Practically we may drop the higher power than the third order of a, and a@,, and in the 
neighbourhood of a,=a,=0 /"s are replaced by 


Vela ed dy NR BEG AD iteNRe D+) (8-11) 
for a large value of N. And approximately 
T!=(1/2NRIM) (L241 +L,) (8-12) 
is used in place of the collective kinetic energy T,. The structure constant C is 


C,.° = Cy, = C "= — C, P= — Cy = —C,,?=2, other elements=0. (8-13) 


Consequently the algebraic relations for L’s 


[L, L,|=2L,, [Z, L,|=2L,, pL L,|= —2L, (8-14) 


ate deduced, where 
L, = a,f,— (a,f,—a,f,), 
L, = a,9,+ (@,8,—a,8,) =Li +L? , 
L, = a,P.,— (a49,—a(3,). (8-15) 


The first term of L, clearly means the momentum of rigid rotation, and the second is 
signified as the momentum of Bohr rotation. In the neighbourhood of a,=a,=0 
L?+Le=f7+ 8." means the kinetic energy of deformation oscillation. It contains such 
a term as L??/a*, (a°=a,°+a."), which is the main term of Bohr rotation. We can 


expand also potential energy in the power series of a, and a, as 
Vrs dV V (1) + (N/8) eV" (x) (8-16) 


assuming the Morse-type. The Hamiltonian is then circular symmetric in the a,—a, 
plane, and the quantity L? becomes 4 constant of motion labelling the energy integral 
in a certain manner as well as another constant of motion L*%; the lower order of A, 
contains a@, nowhere. The ordinary space rotation corresponds to the two-valued representa- 
tion of Bohr rotation. In words of the quantum theory L*' has eigenvalues of even 
numbers 0, +2, +4,-:-, while L% has those of 0, +1, +2, ---. The difference of 
the moment of inertia a°/"’ and /" concerning each of two terms of angular momenta 


effects the level density of energy. This classification will become much more clear-cut if 


N is large. 
§ 9. Conclusions 


We have developed the general theory 0. collective motion by using the auxiliary 
variables. The properties of collective motions are attributed to the properties of transforma- 


tions; that is, the auxiliary variables to describe a certain collective mode of motion first 
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enter as transformation parameters. Consequently several subsidiary conditions have been 
introduced systematically. These are dealt along the group theoretical way. The condi- 
tions are replaced by the same numbers of Pfaffian constraints in (C), the final represent- 
ation. If any of these Pfafhans are expressed in the integrated forms, our theory is 
equivalent to the theory of Miyazima and other authors. The Pfaff’s form is, however, 
not always integrable. Our consideration contains such a more general case with non- 
integrable constraints, viz. ‘vortex cases i" 

We have only to find the quantities 7, I’, A and C in order to write down the 
(C)-Hamiltonian from the given (P)-Hamiltonian if a suitable transformation is imagined 
concerning a mode of collective motion. It is a point that the theory simplifies the 
treatments very much. On the other hand the unavoidable constraints make complexity 
apparently. They are, however, not so much important when N is large compared with 
r, practically. In order to have a long life-time of the proposed collective motion the 
transformation property of Hamiltonian plays an important part : for example, the collective 
motion, as introduced, will have a good physical significance if the transformed Hamiltonian 
can be treated by means of the adiabatic approximation. The goodness of the approxim- 
ation brings the physical significance of the collective motion. 

Such a treatment may be applied also to the field theory. Some additional fields 
will be derived by a certain generalized gauge transformation corresponding to the trans- 
formation (4:1). The excessive fields, appeared in the works of Yang and Mills and of 
Utiyama, will get thus a certain physical meaning.” ee 
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particularly to Prof. Husimi for his detailed advices and encouragements through about 
half a year for revision. In addition he also should like to manifest many thanks to the 
authorities of the Research Institute for Fundamental Physics, Kyoto University who had 
given us much convenience for this work. 


Appendix I. 


Group theoretical properties of coutinuous transformation 
Let the set of transformations that removes x" to x” by 
a! —_ 
Te: v=" (&, a) (A:1) 


0 _ 
be an r-parameter (a) continuous group defined over x-space. We can obtain che 


differential equations that f” would satisfy as functions of a°. Without spoiling generality, 
T.=1: x =f" (x, 0) (A-2) 
can be assumed. Put the inverse transformation of ibe 
Ts =f (x, (a), (A-3) 


where $°(a@) tends to —a° with a°—>0, and define the composition function 9° (@, a’) by 
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+ Veen ee x=" (f(x, a), a!) =f" (x, ¢). (A: 4) 


Corresponding to the operation of differentiation in ordinary sense, the differential of 
transformation is defined 


AT, =T..sT 3: x = ffx, (a), a-+da), (A-5) 
where x" =f" (x, a+ da). According to 9° (a, ¢(a)) =0, and lim 9°(¢(a), a+ da) =0, 
Aa->0 


we get 


§°=A? (a) da’, (C°; infinitesimal) 
where 


A, =09° (a, a’) /Oa? aioe » (A: 6) 


by putting Jdg°=€°. Clearly x*=x'" when da=0. da being infinitesimal, dx” =x'* —x* 
is also infinitesimal. Put 


Ay (%) = Of" /0a* | aso, (A-7) 
and we have 

dx == AS (x) E° = At (x) AS (a) dal , (A:8) 
or, in a familiar form of Lie’s fundamental equation, 

Of" /da? = At (x) Ae (a). (L-I) 
By using the inverse expression 

ae i =S* (x, a) =f" (a, ), (A-3)’ 

we get instead of (L-I) 

A; (a) As (x) 0S*/dx" — dS” /da’ =0. (L-I)’ 
It is worth noticing that the right-hand side of (L-I) takes such a special form as the 
sum of products of two factors; one of them is the function of x’s only, and another 
is of a’s only. As is easily seen A(0)=1, and det|A(0)|=1, so det|A| has a certain 


non-vanishing domain owing to the continuity. Consequently @ has a certain domain of 


variability. Further the composition equation 
a?” =9° (a, a’) (A-9) 
constructs a continuous group, too. By replacing x, a and x by a@, a! and a” in the 
above analysis, we see ¢° satisfies the Lie’s equation 
39° /dal?=G? (a) Ai(a’), (on 
where G is defined in the same manner as A. It is clear that 
Gt (a) Ai(a) =8 ; 


namely 


G=A", (A: 10) 
It results (4-2). 
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According to the complete integrability ot yf 
Of" /da°da’ =d°f* /da’da’, 


we can deduce 


Ata Ay /dx" — A40 Ap /Ox* = CA , (A-11) 
where C is defined by 
ag == GPG? (0A; /da” —0A)/da). (A-11)’ 


It is easily proved that the function C is a set of pure constant numbers, by virtue of 
(A-11) and (A-11)’. It is called the structure constant of the group. The differential 
operators defined by 


A, = AO /ax", (A-12) 
satisfy the commutation relation according to (A-11) 
[Aw asl Cae (A-13) 
Moprcahave font cA ty: 
[Le LD j=—CiLe. (A- 13)’ 
where 
L, =Gé(a)8/da? . (A-12)’ 


Consequently we get 


[$., ?pJ=Co,o: » (L- ID) 
where 


?,=A,—L,. 


The second theorem of Lie (L-II) has the same content as (16). 


Appendix IL. 


On Dirae’s generalized Poisson bracket (G.P.B.) 


In the final representation (C) we have r differential forms as constraint for the 
variables of individual particles, x’. They are conventionally taken into account by 
modifying the equations of motion by means of additional passive forces. They will, 
however, be introduced logically by altering the meanings of differentiation operation. 
This concept makes easier to quantize the internal system. The idea lies in modifying 
the Poisson bracket after the manner of P.A.M. Dirac.” 


In the original sense, P.b.’s 
are subject to 


Gi) [& 7]=—T[y, é], 
Gi) [6 n+C]=[6 w+, c], 
(ii) [& Ly, CU+L [¢, e+[c, [6 n]]=0, (A-14) 
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for any dynamical variables €, 7 and ¢. The notion P.b.’s may be extended to include 
quantities depending on x’s and a’s, of which only the differentials are defined, but which 
are expressible in terms of neither x’s nor a’s. We postulate these generalized P.b.’s 
should also be subject to the laws (A-14). 

Now, we have encountered with such a non-integrable constraint as (6:13)’. As 
the P.b.’s are expressed in terms of derivatives, we can also define P.b.’s with respect to 
Yo as follows: 


ee yaa eld (x;, a) “As (x;)., (A. 15) 
but it destroys Jacobi’s identity. In fact (6-13)’ means that any variation of 7, should 
vanish. It is imperative, therefore, that the generalized P.b. to be defined shortly would 
satisfy both (A-14) and (6-13). Such a generalized P.b. (G.P.B) is defined by the 
formula 


LE, al*= LE, aH IE, oll’ 'xe a]—Lé, Xl? [Go 27] (A 16) 
equivalent to Dirac’s one, and (A-16) gives 
[é wl =L& wI-E IP [ts x6] 
=[& w1—[é roler=0, (A: 17) 
because of [4,, 7, J=T. be There is no ambiguity in this extension of P.b. to include 
general affine co-ordinates 7, because no terms of the second derivatives of y, appear in 
its definition. The laws (A-14) are easily verified. 
We have then Poisson’s equations of motion in the modified type 
dz /dt=(H, é]*. (A: 18) 


They are equivalent to those which conventionally constructed by taking into account the 
constraint as Dirac already proved. 
In the quantum theory we may interpret the newly defined G.P.B. as the modified 


commutation relation of operators. This alters the differentiation operation into 


(0 /Oxt) *== 0/Ox!* — Guy (%, 3 &) AGH) EPA, 5 (A-19) 


4 2 
for instance, in the case of c.m., 


(3/Ax,) * =: 0/8x,— (1/N) 3} 9/dx,. 


It is just the outcome of universal substitution of derivations in § 2. 
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The mechanism of the thermal relaxation of nuclear spins related with the nuclea: magnetic 
resonance in antiferromagnetics is studied theoretically. The predominant mechanism is provided by 
the fluctuating local magnetic field at the nucleus coming from the electron spins which flip from 
time to time due to exchange interactions among them. At low temperatures this mechanism can 
be described in terms of the inelastic scatterings of spin waves by nuclear magnetic moments, 
and the thermal transition prokability can be calculated from this point of view. At high tem- 
peratures the relaxation time is obtained from the local field spectra which are calculated with the use 
of the high temperature approximation assuming a Gaussian distribution. 

The calculated relaxation time of protors in CuCl,-2H.O agrees well with the experiment both 
in order of magnitude and in the qualitative nature of its temperature dependence. However, for 
MnF;, whose nuclear resonance has not yet been observed in the range 300~1.5°K, the calculated 
relaxation time is always longer than 107° sec and it becomes rapidly longer as temperature is lowered. 
This contradicts with the interpretation of Bloembergen and Poulis who accounted for the absence of 
the resonance by assuming that T, is shorter than 10~® sec. As a possible origin of the absence of 
the resonance in the frequency range of their observation, effect of the hyperfine interaction is sug- 


gested. 


§ 1. Introduction 


Nuclear magnetic resonance in antiferromagnetics was first observed by Poulis and 
Hardeman” for protons in CuCl,-2H.O. From the resonance frequencies observed at 
va-ious temperatures under varieties of external magnetic fieids, they obtained interesting 
informations on the antiferromagnetic properties of CuCl,-2H,O”, i.e., the spin superstruc- 
ture, the positions of the protons, che temperature dependence of the sublattice magneiiza- 
tion, etc. Prior to this, Bloembergen and Poulis” atiempied an experiment on fluorine 
nuclear resonance in MnF, but they could not detect it at temperatures between 300°K 
and 1.5°K. They attributed the absence of this nuclear resonance to a very short relaxa- 
tion time (T,<10~° sec). Recently, Hardeman” made a measurement of the relaxation time 
of protons in CuCl,-2H,O. According to his result the relaxation time depends strongly 
on iemperature, namely it increases rapidly as temperature is lowered. 

In this paper the writer will develop a theory of the nuclear relaxation in antiferro- 
magnetics and apply it to the case of CuCl,-2H,O and MnF,, and compare it with the 
corresponding experiments. 


*) Now at Tokyo Metropolitan University, Tokyo. 
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In an antiferromagnetic crystal, nuclear spins are subjected to a strong magnetic 
field produced by the antiferromagnetically arranged electron spins. The average internal 
field together with the external field determine the Zeeman splitting of the nuclear spin 
states, while the fluctuation with time of the internal field induces transitions between 
nuclear Zeeman levels, which provides the mechanism of the thermal relaxation of the 
nuclear spins. The thermal fluctuation of the electron spins is produced by exchange in- 
teractions among electron spins as well as by lattice vibrations. The exchange interactions 
make spins flip from time to time and this gives rise to large fluctuations of the local 
magnetic field. The lattice vibrations, however, can give only small fluctuations through 
the change of the coordinates of the magnetic ions relative to the nucleus. At least for 
substances whose Curie temperature is far lower than their Debye temperature, such as 
CuCl,:2H,O, the thermal relaxation will mainly be provided by the exchange interactions. 
In fact, the specific heat data of CuCl,-2H,O” show that the degrees of freedom of the 
lattice vibrations are almost dead below its Curie temperature. We shall therefore confine 
ourselves mainly to the effect of the exchange interactions. 

At low temperatures an exchange-coupled electron spin system can well be described by the 
spin wave approximation. A nuclear magnetic moment scatters spin waves by its dipolar 
field. There are inelastic scatterings which accompany simultaneous flippings of the nuclear 
spins, thus providing the nuclear relaxation mechanism. A calculation based on this picture 
is given in §2. There is another standpoint which consists in looking for such Fourier 
components of the fluctuating local magnetic field that correspond to the nuclear Larmor 
frequency. Such a type of calculation is given in § 3; with the spin wave approximation 
it naturally leads to the same conclusion as that of § 2, while with the moment expansion 
method we can calculate the relaxation time above the Curie point. In $4 we at first 
apply the theory to the protons in CuCl,-2H,O and compare it with the experiment. 
Then, another application of the theory is made to the fluorine nuclei in MnF,, in which 
case we also estimate a minor contribution from the lattice vibrations, and discussions on 


the absence of the nuclear resonance in MnF, are given referring to a possible hyperfine 
interaction. 


§2. Thermal relaxation by inelastic scatterings of spin waves 


We shall adopt the two sublattice model for the antiferromagnet, taking account of 
only nearest neighbour exchange interactions. The magnetic anisotropy is assumed to be 
uniaxial. A nucleus whose relaxation is now being considered is assumed not to belong 
to the magnetic ion which itself is regarded as a point dipole. The starting Hareree 
of the electron spin system and that of the nuclear spin are expressed as follows : 


9.=J] 2155+S.— KD Se +3) Sz") —by H,- (Oo S, +>) S;), (2s 8 
: j ¢ J k 
Oy= —by yl -[H,—by, Paha {(S,) —3r,(r,- (S,))/r7} ] 


= —by,I - H, [ (2-2) 
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where J is the exchange integral times —2, K the anisotropy constant, H, the external 
magnetic field, S; and §, the spin operators on the plus and the minus sublattices respec- 
tively, (S,) the thermal average of the /-th electron spin, r, the position vector of the 
Ith electron spin referring to the origin at the nucleus, 1, its length, 7, and 7, the gyro- 
magnetic ratios of the electronic and nuclear spins, H the average local field at the nucleus, 
and S} means the summation over the nearest neighboring paits. 

Gh 

The dipole-dipole interaction between the nuclear spin and the fluctuations of the 


electron spins is taken as a perturbation : 


ia 


Oa 7, OSs eS), (2:3) 
Ul 


where 
0S,=S,—(S,). (2-4) 


The spin wave treatment or our model of the antiferromagnet has been given by several 
authors.””” The result is that when there is no external field one has the following spin 


wave Hamiltonian : 


§.=> bu, (16 +15) (2 -5) 
with 
huge ps {(1+a)*—y} 2, (2-6) 


where n,, and n,, denote the number operators of the two degenerate spin waves with 


equal wave number vector o, z the number of nearest neighbours, and @ and 7, are de- 


fined by 
a==2K/z); (2-7) 


Np ek) Ze exp (i0-a), (2:8) 
p 


p denoting the relative position vector of any one nearest neighbour and the summation 
extending over all the nearest neighbours. When there is an external field, it lifts the 
two-fold degeneracy of the o-waves but the relaxation rate is not much affected by it, as 
we shall see below, so that we omit henceforth the external field in treating the spin waves. 

The perturbing Hamiltonian §’ can be expressed in terms of annihilation and crea- 
tion operators of spin waves. Linear terms with respect to these operators give rise to 
nuclear spin transitions accompanied by an absorption or emission of one spin wave. This 
will be called direct processes; only those spin waves whose energy corresponds exactly to 
the nuclear Larmor frequency can take part in these processes. However, as is easily seen 
from (2:6), such a spin wave does not usually exist because of the existence of the 
anisotropy field. Even if there is an external field, which makes some of the spin wave 
frequencies shift to the lower side, there is no participant in the direct processes unless 
the external field come very close to the critical field. The dominant effect comes from Raman 


processes, which are related to bilinear terms with respect to the creation and annihilation 
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operators. In a Raman process a nuclear spin flip is accompanied by simultaneous emission 


of one spin wave and absorption of another, while the total energy is conserved. Almost 
all modes of spin waves can take part in these processes so that a large transition proba- 
bility is expected from them. We shall treat only these processes. 

The perturbing Hamiltonian (2:3) is expressible in terms of the spin deviation opera- 
tors, 4;*, dj, b,*, by, defined by 

S;, +15 },= (25y'"[1 — (a;*a,/25) a; 

§,.—18 = (25) at — (a;*a,/2S) |'?, 

S,,=S— a,;*a; ; 
Syst tsny= (25) by*1 1 — (b* 5/25) Pi 
Six Spy = (2S) yuk “? (6,.*b;/2S) tbe 

Sa —S§+5,*b,. 


Taking only the second order terms with respect to these operators, we have 


'=—-7ix > fi ™ (2-9) 

with 
ny=a;*a;, my=b,*b,, (2-10) 
h=t- (go Sy ir, =] OfLe. (2-11) 


The spin deviation operators are expressed in terms of the spin wave operators, djo*, djoy 


dog*, dog, as follows : 
iS (2/N)'"°S31/ V2.4, By:[(Ao+ Bo) {ayo cos(S-1;) +45 sin(o-r,)} 
— (A, — Bg) {ayo* cos(F+1;) +4,_o* sin (o-r5)} J, 
ay" a (2/N)'"S1/¥ 24,8, [ (4. + Bo) {a1.* cos(O+r;) +4,*, sin(o-r,)} 
— (A, — By) {dy5 cos(O+1;) +4y_, sin(o-r,)} ], 
b= (2/N)'"S31/ V2A,By+[ — (A4g—Bg) {ayo* cos (-T,) +4,*q sin(O-r,)} 
+ (Ag+ By) {aq Cos(F +1) +45 sin(O-r,)} ], 
byte (2/N)"Si1/ V2A,B, -[—(A,—B,) {aio cos {O+1;,) +4)-9 sin (O-r;)} 
+ (A, + Bo) {a*5q cos(O-r;) +-ast, sin(O-r,)} ], (2-12) 
with 
4,=V1+a+7,, B=V1+a—7,, 


where N is the number of electron spins and the summations are taken over half the o- 
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space. 


The transition matrix element of a Raman process is 
(Mot, Myor—13 m+1|H' |My, myor 3 m) 
=—Ven® S\(m+1| film) (n,o+1; tyor—1|m| Myo Myor) *(V=1+2) (2-13) 
The matrix elements of m, can be calculated by using (2:10) and (2-12). The results 


are 


(tyo+ 1; tyor—1 [1,|12y05 Nyro) 


=< ae a By) (Aor + Ba) { (yo oie 1) mor} es Xx 


VOALB 2A iB, 
cos(G-r;) cos(G’-r;) for a>0, o’>0; 
, sin(O-r,) sin(O’-r,) for a<0, .o <0; 
—cos(G-r,) sin(d’-r,) for o> 0, a <0% 
—sin(O-r,) cos(0’-r,) for GT tao 2.0, (2: 14a) 


° 
(15+ I, Nyt ot — 1 |724| 1205 fywor) 


_ (Ae FBo) (Aor F Boy) 


V2A, By “2A, Bor 


=—0,,(2/N) { (nyo +1) yor} 1? X 


cos Ot, )cos (6"-9r,)7% for o> 0, o> 0; 
sin (G:-r,) sin (G’:r,) for o<0, c’ <0; 

—cos (O-'r,) sin (0’-r,) for o>0, o <0; 

—sin (O-r;,) cos (o’-r,) for o <0, o’>0, (2-14b) 
where Y and v’ take 1 or 2, and the upper one of the double sign is to be taken for 
v=v’=1 and the lower one for v=»’=2. The matrix elements of f, depend on the 
direction of the local magnetic field at the nucleus. We take this direction as ¢-axis and 


define € 7 €-coordinate system. The direction cosines of ¢, 7 and € axes are denoted by 
(a, Bis 71)» (Ge Po» 72) and (a, 8, 7); similarly those of the position vector r, by (a, 


8» 7). Then f; can be expressed as 
far [1 — 372) Gilet lg + YTS) — 3704 (aly + alg + ly) 
— 37 Px (Bile + Bolg + Fx) J. (2-15) 
As the nuclear spin is quantized along the ¢-axis, the transition matrix element of f; 
becomes 


(m-+1 | film) = (1/2) pes — 377) Fi — 72) — 37; &)( a, —1a,) — 37; B, (2,—19,) | 
x V¥ (I—m) (I+m+1). 


This gives 
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| (m+1| f,|m) |? = (1/4) 7° F(a fy) T—m) I+m+1), (2-16) 
with 
F,(afy) = (1— 67?) (1—7°) +977 {1— (aPa? +877 +777} 
+6 (1—377) (aay + Biri8y) — 1877 a8, &P. (2*17) 
The thermal transition probability of the nuclear spin corresponding to I[,=m—>m-+1 is 
given by 


W (m—>m-+1) == DH Gees Nyrqr— 1 3 m+-1|9'|nyo, Nyrot 5 m) |") 
Hh vvl aol 


xX 0 (bw,—bw,,—byy H), (2-18) 


where ( }) means the statistical average with respect to the electron spin system; we 
naturally assume that the electron spin system is in thermal equilibrium. In the above 
summations, those terms which satisfy both »=»’ and =o’ should be omitted. From 
(2:13) we have 


9 


|(n,.+1, Reyroh— LL 5 m+1|'\n,,, Nyrot 3 m) 


=F tw PLS] (m+ 11 film) |] ro +1, Nyroti— 1 |n,|t2y¢5 Myrgr) |* 
aPC ABE Uday, (m+ 1| fu |m) (fives Nyro |m|nys-+ 1, Nyro —1) 


>< (n,6+1, Myra — 1\ny|ny95 Nya) |- (2: 19) 


In this expression only a few terms make important contributions to the transition proba- 
bility because of the factor 77°. Terms in the second summation represent the effect of 
interference of two components of the fluctuating local field coming from different two 
electron spins, and since their values take positive as well as negative signs we can expect 
that they contribute negligibly to the transition probability. So we omit them. 


Inserting (2-19) and (2-16) into (2-18) and replacing the summation over > and 
a’ by an integral, we get 


W(m—>m +1) = = ee b>) 1, °F, (a7) (I—m) (I+m-+1) 


— ye ay 9 9 
eps (any* | \ dodo’ (| (m5+1, Nyror—1|M)|My5) Myor) |?) O(bws—bawgr), (2+20) 
where V is the volume of the specimen. The nuclear Larmor frequency is here neglected 
in the argument of the 0-function since it is small compared to the spin wave frequencies. 
From (2:14) we can calculate the integrand of (2:20); taking the average over the 
four types of Raman processes appearing in (2-14a) and (2-14b), we get 


2(1/4) (| (ny, +1, Nyt — 1|n, 


Ny, yor) [P+ | (ny. aor le Ny ot — 1|n,|ny_o, Not) |? 


+| (n,o+1, m_¢—1 |n,|n,0, Myr) |? +. | (nyo ds My—¢r—1 |m|ny_o, nyo!) |") 
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=) 3 tee) ee SP eet} an 


where we used the relation (m,,.) =(m_,) = \ toon =k 


(n,), which is 


»-¢) and denoted these quantities as 


Bog/k 
(nva(e 1), (2:22) 


« being the Boltzmann constant. 


Next we define the relative state density by 


NT eae V dS ' 
() N Coal lgrad, «| ea 


where grad, means the differentiation in the o-space and the double integral is taken over 


an energy surface w=const. in the o-space. N(w) is normalized to 1: 
i N(w) dw=1, (2-24) 


w,, being the maximum frequency of the spin waves. By using (2:21), (2:22) and 
(2:23), transition probability (2:20) can be written as 
W (mm +1) =407e yy & I—m) I+m+1) 3) 17° F,(a8y) 
Z 


ei" Jini 1( (+a) 2J8V' +1| {N(w)}2 de. (2-25) 


0 (ein? __ 1)? bw 


Defining characteristic temperature 9 and reduced temperature T* by 
O=ta, [ws Fe Ty0; (2-26) 


we get the final expression for the thermal transition probability : 


W (mm +1) =4072 yy  I—m) I+m-+1) Sr" F,(@py) 


ia aac gear 
x “heal 3 | Z sisal Ses ee 1h N md Res 2d: . 
: ‘ook Gant ( KO) ) TRE i H heey (2-27) 


We have now only to calculate N(w) from (2:23) and (2:6). As it is trouble- 
some to catty out the exact calculation of N(w), we shall content ourselves here with 


taking the long wave approximation : 


bw,=ZzjJs V (yn"o)? + 2a, (2:28) 


where n is the number density of spins and 7 a geometrical factor which depends on the 
spin super-structure : 7=37'/” for NaCl type and 7=27*/* for CsCl type. . Since the ex- 
pression (2-28) depends only on the magnitude of 6, we can restrict the wave number 


space to the inside of a sphere which includes just N/2 modes. Then the maximum 


frequency is determined as 
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bon = ZS V {4 (35) Mh? 4+ 2ac (32°) 4 2JS=K. (2:29) 


Further we shall define a temperature Ty, and a frequency Wx which measure the effect 


an 80s 
of the interplay between the anisotropy and exchange energies.”’: 


KT sp=boyn= V 2a z]S=28 VzJ K. (2-30) 
Then the state density becomes 
N(o) = (3/0,,°) @ Vuw—war for O,> O> Wns 
=—() for W <Wa4p- (2532) 


Inserting (2:31) into (2:27) we get the following expression for the transition proba- 


bility : 
W (mm +1) = ; are Bi (I—m) (I4+-m+1) Syi* Fair) 
X[D,(T*) +D,(T*) +D,(T*)], (2-32) 
where 
D,(T*) =[{(1 +) / (32°) 9}? = (Tan/ 8) IPP 1S1/T*) =F (Pae/T)} 
D,(T*) =T# {3 /T*) —QaFaz/T)} (2:33) 


DAT*) = {Cit a) p(t) Py} (Tag / 8) TG — 1) = (ear — 1) 


One ls z" dz 
3.) =| —— 


Numerical values of (¥,(x) and (¥,(x) are listed in Table I. The thermal relaxation time 


(2-34) 


T, is calculated from the transition probability with the use of the relation” 


T,= I—m) (I+m-+1) /2W (m>m+1). (2-35) 
Table I. 
x So (1/x) 34(1/x) x xby (1/x) ba (1/x) 
0 3.29 | 25.98 0.6 1.55 1.35 
0.05 3.29 25.98 0.8 1.20 0.603 
0.1 3.28 25.27 1.0 0973 0.317 
0.2 3.04 15.36 2.0 0.497 0.0412 
0.3 2.56 7.50 3.0 0.332 0.0123 
0.4 2.14 3.88 4.0 0.250 0.00519 
a ee eee 


§ 3. Fluctuations of the local magnetic field—T, above T, 


In this section we shall calculate the thermal relaxation tate by studying the Fourier 
at es i . . . 
spectra of ihe fluctuating local magnetic field. For this purpose it is sufficient to calculate 
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the correlation function of the local field, which is the Fourier transform of the local 
field spectra. We suppose that the fluctuation arises due mainly to the exchange interac- 
tions and omit the effect of the lattice vibrations. For the quantum mechanical treatment 
of the correlation function, we can make use of Kubo-Tomita’s theory.’”” 


Using the notation of the previous section, T, is given by the following formula 


(see Appendix) : 


al 1 9 9. hia % ANY X 
To ghee "% “LF, (a7) [a cost (OS;. (t) OS.) 


+ F/ (apy) [oa coscnth ((0S; (t) 0S7) + (OS7 (£)0S;"))], (3-1) 


with 


rset 
Gees (3-2) 


whete «, is the nuclear Larmor frequency and ( ) means the statistical average : 


—PoDe 


(Q=THe QV THe PY, y=1/eT. (3-3) 
F,(a 87) has already been defined by (2-17) and F/(a@f7) is 


F/(a@ Py) =147°+9(0 77) -— (4 a@ +h b +7)" 
—6[1 —7;7— (a, a+, B)?—a,7, a7 —Bi 7 Gy]. (3:4) 


In deriving formula (3-1), we omitted, as in the previous section, the correlations between 
different two electron spins. 

The exact calculation of the correlation function is very difficult. At present we 
know no other ways than to make the spin wave approximation to calculate the whole 
functional form of the correlation function. However, we can develop it in a power series 
in t, where the coefficient of ¢t”/n! is the n-th moment of the local field spectra, and 
even when we cannot actually carry out the calculation of the whole series we can some- 
times assume a reasonable functional form of the spectra by a physical insight and deter- 
mine the parameters contained in it by calculating a few lower order terms of the series. 
Thus, when a Gaussian distribution is assumed, it is sufficient to calculate only the first 
and second moments. In our case, the Gaussian assumption seems to be reasonable at 
temperatures high enough above the Curie point. Therefore, we shall make use of the 
high temperature approximation, or the expansion in powers of f, J, to calculate the first 
and second moments. Other statistical approximation methods’ can also be utilized to 
calculate the moments, though it is difficult to assume a reasonable functional form of 
the local field spectra or the correlation function in the neighbourhood of or below the 
Curie temperature. Actually the spin wave calculation shows that the local field spectra 
has no simple form; there is a high frequency pare of the spectra which does not vanish 


even at O°K. We calculate below the correlation function by the spin wave approxima- 
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tion and by the high temperature approximation. 
A) Spin wave approximation 
As seen in the previous section, OS is expressed as follows : 
_ * * 
OS = —a;* a;+(a;*as), 
N 1/2 Z 
0S; = (28)"" ay (3-5) 
yo- 1/2, * 
O57 a) alae 
neglecting terms higher than those quadratic in the spin deviation operators. We have 


similar expressions for sufix k with b, and 6,*. a, a;* and b,, 6,* are expressed by 


(2-12) in terms of the spin wave operators which satisfy 


it _/4 —it,/% —1W5t 
e Aygo e a Ayo> 
1tD,/4 —itS,/4 1Mot 
e a*,e =e Piso (3-6) 


From (3:2), (3:3), (3:5), (3:6) and (2-12) we can directly calculate the correlation 
functions. We get 


x 9 Hak LHe lta 
a8,,(008,)=(2.) S +] (a aa (14+ 
09536 88) F erat ee ig ery 


1(Wg—Was)t 


X (mo) (Mor +1)e 
lta x lta ) j —1(Wg—Was)t 
lS eee, ha (M39 +1) (Moore 
Yaa) — Fe Vv (1+4@)*—Ter 
+ (high frequency terms), (3-7) 


where the high frequency terms arise from the quadratic terms with respect to the spin 
wave annihilation operators only or those with respect to the spin wave creation operators 
only which appear when (2-12) is substituted in a;*a, and 6,*b. and include no adequate 


frequency components to the nuclear relaxation. Other correlation functions than (3-7), 


i.e. (OS) (t)0S;) and (0S; (t)0S}), have just the same frequency components as the spin 
wave spectra and accordingly have no adequate frequency components to the nuclear 
relaxation. Thus we get the following expression for T, : 


af 9 DEON \ fh 2 
pete TH bin? F,(apy) (2/N)’ 


1 


2 4og/KT 
x SS{1+ | (eect. | e?Wo arppeas 
ae) Vv (1 ol) Tea va 5) (e4o/KT — 1)? (W, Wor)+ 


Using (2:6) and (2:23) we get 


1 2 V6 le : a 
poy He tx PFC A7)| (1+ (+0) 2f5/b0)%} — OT 
i 


(e4w/eT— 1)? 


{N(w)}?do. 
(3:8) 
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This is exactly the same result as that we derived in the ptevious section. 
B) High temperature approximation 


Now we wish to calculate the correlation function as a power series in ¢, i.e., 


TORO) te a 
=(S, S,)+ (it/6) ([8,, $)]8,) +1/2(it/6)X[S. SS, SY+ 3-9) 


Each coefficient in this series expansion can be calculated as a power series of (3, by the 
well-known procedure. After straightforward but lengthy calculations we get the following 
result up to the second power of /,: 


Sie () Sic =HSi (0) SP) = 4 Sr (4) SY 
=45(S+1) [1 — ith, QI el —PoJ%s) 


it} _/% 


=4F wy {1 =P, Jno +3 (Pod) ?ns—***} HE re | (3-10) 
where 
sing) 
O- Seay 1), ny) 
) 


m= Vv (z/6)S(S+1),  — m=¥ ¢S(S+1)—-}, 
m= b[S(S+1) +4P+45(S+1) (<—2%/—1) 
+ (42/°/9 —1/3)[S(S+1) f, (3-12) 


In these expressions we have neglected the small effect of the external magnetic field 
compared with that of the exchange; z means the number of nearest neighbours of each 
spin, z the number of nearest neighbours common to two neighbouring spins and 2’ is 
a certain more complicated geometrical factor: their values are 
=O, 2 Oca FortNaCiviypes 
3 . 13) 
Ba 8, One wx Ope hots Cal type. 


We shall assume a Gaussian distribution for the local field spectra. Then the correlation 


function can be written 
(Siz (t) Sie» =45 (S +1) exp[ — ity Jen, (1 — By Ine) 
—Jelens {1— Py Fre +4 Po Dts —202} G14) 


Inserting (3:14) into (3-1) the relaxation time is written 


: =— [1 +42, J+3 (BoD? (ms—20;°) | *?exp [—4 (Poor (1 +420) ) (3-15) 


TG 
with 
=~ 2 2QE2 
a FETE $(8 41) Si LF (ar) +F/ (487) (3-16) 
loo We 
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T,« is the limiting value of T; 
for 8,0, or T>0. In this 


T1 7Tic 


expression we neglected the quan- 
tity «,/w. which is very small 
compared with ,J in the tem- 
perature region of our interest. 
(3-15) shows that T, beco- 
mes longer as temperature is lo- 
weted, which is due to setting 
in of the short-range order. Fig. 


1 shows the temperature depen- 


0.2 0.4 0.6 0.8 1 dence of T, calculated by using 
Fig. 1 (3-15)for the body centred lattice. 
The temperature dependence is 

not remarkable in this approximation. 


§ 4. Comparison with experiment 


Hardeman” measured T, for the protons in CuCl,-2H,O below the Curie tempera- 
ture, which is the only available data of this kind at the present time. Another existing 
experiment is that of Bloembergen and Poulis® for MnF,, who, however, failed to detect 
any nuclear resonance in it. We shall apply our theory to these two substances and 
discuss the comparison with experiment. 


(I) CuCl,-2H,O 


The crystal structure of this substance has ortho-rhombic symmetry and its spin super- 
structure is reported to consist of ferromagnetic (001) layers with spins pointing to the 
+a and —a directions alternatingly in the cdirection. Though our model of the anti- 
ferromagnet used in the previous sections is not strictly applicable to this substance, it 
may still be possible to use it for evaluating the relaxation time if the parameters appear- 
ing in the formula could be properly determined from the observed quantities. 


The exchange integral is correlated to the perpendicular susceptibility with the use of 
the molecular field theory by 


Je=(N/2) Pts / Na: (4-1) 


. . Pe ih) . . 
Taking the average of the experimental values’ of ¥14, 71, and y,,, and estimating N 
from the lattice constants", we get 


Jz/w=269°K, (4-2) 
which gives by (2-29) 


C=) Oke (4-3) 


putting roughly 7=1/2, since 7=37'”=0.58 for NaCl structure (z=6) and 7=27°R = 
0.63 for CsCl structure (<=8), while we have here z=2, assuming 7 to change linearly 
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with z. The anisotropy constants have been estimated from critical field data! or anti- 


j 14)15 : 
ferromagnetic resoance data‘?!”: Taking the average of the two anisotropy constants, one 


estimates 


LO ee (4-4) 


The lattice constants are'® 


P38, b=8.044, 3.724 (4-5) 


The Cu** ions occupy two positions (0, 0, 0) and (4, 4, 0) in the unit cell. The 
positions of the protons have been determined by Poulis and Hardeman” from their proton 
resonance data; though these positions are contradictory to the room temperature data given 


by Itoh and his collaborators’ 


6) 


and also to the geometry of the free water molecule, we 
shall here adopt them s4ace small change in the positions does not seriously affect the 


value of T,. Among eight protons in the unit cell we consider one whose coordinates are 
fe) 1} fe) 
x=0.98 A, y=3.05 4, 7=0.92 4 (4-6) 


Using these parameters we calculate r;° and F,(afy). Some values of 77° are given in 
Table II; we see that the effect of the neighboring two Cu** ions are dominating, 
The factor F,(a7) is of order unity and its directional change is within a factor of 


about 2. Taking directional average we have 
Din {F, (afr) )=4 x 10*. oD 
Z 


With the use of the above numerical values we can calculate T, by (2:32) and 
(2-35), tre results of which are shown in Fig. 2 with a solid. curve. 


| Table II. 
- : ° a ae - a {| Z — aa ri 7 a hors ° i a ee —o a 
position of Cut? } r, (A) rz~° (cgs) ] position of Cut* rz (A) rz_° (€gs) 
(440) 3.01 31x 10% (001) 4.25 0.17 x 104 
(000) 3.33 0.73 | (—*30) 4.86 0.076 
(431) 4.02 0.24 | 43 —1) 5.46 0.038 


The calculated values agree with the experiment in its order of magnitude as well as in 
| the qualitative nature of its temperature dependence. Considering the approximate nature 
of our treatment, the agreement may be said to be satisfactory, though theoretical tem- 
_ perature dependence of T’, is weaker than that observed. For the purpose of seeing the effect 
of anisotropy, we show by a dotted curve in Fig. 2 the values calculated without anisotropy. 
Comparing these two curves, one sees that the anisotropy makes the relaxation time longer 
at low temperatures, as one might expect. 

The weaker temperature dependence of the theoretical values than the experimental 
ones may at least partly originate from the long wave approximation (2:28). Comparing 
| 
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T, 


sec. 


10? 


10 


1 2 3 4 5 Temp. °K 


Fig. 2. Ty, for the protons in CuCl.-2H»O: the solid and the dotted curves 
are calculated by using long wave approximation with and without anisotropy 
for the energy spectra of the spin waves, the dashed curve is calculated assum- 
ing for the state density that given by (4-8) and the open circles are experi- 
mental points. 


(2:28) with (2:6) we see that N(w) calculated by the long wave approximation pro- 
trudes too much towards the higher frequency side. Also, the values of the specific heat 
and the sublattice magnetization calculated by this approximation do not well agree with 
experiments. 

So we try to adjust N(w) so as to make the theoretical curves of all these three 
quantities fit the corresponding experimental curves. It is known that the sublatiice magne- 
tization in CuCl,-2H,O deviates proportionally to T* from its value for absolute zero. 
Therefore we assume the state density to be given by 


N(o) = 12 waits (4-8) 


7) m 


T, then becomes 


1 22 25 Ly py ord e = at ‘ 
ie CERT Pe rh, FCapy) {Tt ee sey ye (4.9) 


Nuclear Magnetic Relaxation in Antiferromagnetics 37 


where cO=bw,,, T*=T/0O before, and \sn(x) is defined by (2:34). Numerical values 
of (x) and 4,(x) have been given by Ziman”. If we take 


Gad. 5° Ki, (4-10) 


the calculated three quantities agree satisfactorily with the experiments, as shown in Fig. 
2, 3 and 4. The value of © given by (4-10) may be reasonable since J2S/«=13.5°K 


joules /deg « mol 


od 


Fig. 3. Specific heat of CuCl.-2H,O. Fig. 4. Sublattice magnetization of CuCl,-2H,O 


The relaxation time atove the Curie point has not been observed. Its value at 
sufficiently high temperatures, T,.., can te calculaicd by (3-16). w, may be calculated 
from (3:11) and (4-2) taking z=2, and is 


O,AL.9%10". (4:11) 
Taking the directional averages of F,(a/iy) and F/ (af), one estimates 
3) 7 [CF (Br) ) + CF! (ay) Y]=4 Sr 10%. (4-12) 
Therefore we get 
Trea 25.1 0as sec, (4-13) 


This is also shown in Fig. 2. 
(II) Mnf, 


This substance is of a rutile type structure. The Mn** ions form a body centred 
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tetragonal lattice, the body centre sites and the corner sites being occupied by spins poin- 
ting to the + and —c directions, respectively, below the Curie point. Hence the theory 


of the previous sections is directly applicable to this substance. 
The exchange integral is estimated as before from the observed perpendicular suscep- 


tibility’? making use of (4-1). We have 

Jz/*=30.8°K, (4-14) 
which corresponds, according to (2229), 10 

6=150°K. (4-15) 
Keffer estimated the anisotropy field to H,;=8800 gauss, from which we have by (2:30) 

T @=15°K. (4-16) 
The lattice constants are™” 


a=4.8734, b=3.3103, u=0.310. (4-17) 


The F- ions occupy four positions (4u, +u, 0) and (A+u, $+u, 4) in the unit 
cell. We consider an F~ ion at (u, u, 0). Some numerical values of r;° are given in 


Table III. Taking the directional average of F,(afy) we get 
Dorr (F (aBy) )=5 X 10". (4-18) 
Z 
Using these numerical values we calculate T, from (2:32) and (2:35). The results 


are shown in Fig. 5. 


Next we shall turn to the paramagnetic region. Evaluating as before 


O,= 1.70010", (4-19) 
and 
Sr LF (aey) + (F/ (afy) yl =14x io (4-20) 
we get from (3-16) 
Table III 
ea of Mntt . Tr (A) iy | : rz~° (cgs) position of Mn++ r? (A) coe 178 (cps) 
4A+4) 2.101 11.3210" (0 1 0) 3.686 0.398 x 1045 
(0 0 0) 2.137 10.51 (00-41) 3.940 0.268 
(1 0 0) 3.686 0.398 
T2116 X10 sec: (4-21) 


The temperature dependence in this approximation is weak as seen in Fig. 5 and also in 


Figs ds 
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Fig. 5. Theoretical values of T, for F in MnF, 


We next concern ourselves with the effect of the lattice vibrations. The Curie point 
of MnP, is 66:5°K which is not very low compared with its Debye temperature 9). 
Stout and Catalano” have recently separated in an ingeneous way the lattice and electronic 
part of the specific heat of the iron group fluorides ; the corresponding entropies are of 
comparable order of magnitude below the Curie point. Hence it is necessary to estimate 
the contribution from the lattice vibrations to the nuclear relaxation. This subject has 
been studied by Waller.” He took a simple cubic lattice of paramagnetic ions and 
calculated the thermal transition probability due to the dipole interactions among the 
spins. With slight modifications we can utilize his formula for estimating the order 


of magnitude of T, of our case. We have 


245 UU, 24 ie Omax w[AL 6 
TES ee eee ie | SelanL acts dengvontc( G22) 
1927° vo v 7 " (eeel® on 1) 7 


where ,’ denotes the density, v the sound velocity, /4, the dipole moment of a Mn‘ * ion 
and Wa, the maximum frequency of the lattice waves, this being connected with the 
Debye temperature by 


fun 


Doma — JG O>. 


Defining reduced temperature 
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T;*=T/6> (4-23) 


we get 


25, 2 #2 _ f . rie, 
1/T s) sate = te Tn FS *(0,/6)' Tot! Sol Tio ha eer) 
a v i 


In this expression /#, should not always be considered as the true moment. The exchange 
interactions make spins fluctuate with time (w,~10"*) so that the averaged moment should 
be effective in processes concerned with low frequency phonons (w<,), while the true 
moment is to be effective in processes concerned with high frequency phonons (w>w,). 
For simplicity, however, we shall here take the true moment for all the modes of lattice 


waves ; by doing so, we obtain the lower limit of T,. Estimating 
p=4, v=4X 10", 6=450, (4:25) 
we get 
C/T es06 le tally tae (4-26) 


Numerically evaluating this quantity, we find it to be smaller than the contribution from 
the exchange interactions by a factor of 10°°~10~’, thus being quite negligible. 

Our final result is shown in Fig. 5. In view of the success of our theory in the 
case of CuCl,-2H,O, Fig. 5 must be reliable at least as regards the order of magnitude 
We see that T, is always longer than 10~° sec. and becomes rapidly longer as tempera- 
ture is lowered. This, however, contradicts with the experiment reported by Bloembergen 
and Poulis”: they used a rf field of 30-5 Mc/sec and the external fields covering 0~ 
10000 gauss, but observed no resonance at temperatures between 300°K and 1.5°K. They 
attributed the absence of the resonance to a very short relaxation time (< 107° sec), which, 
however, is unreasonably too short compared with out prediction. 

As a possible origin of this discrepancy, a hyperfine interaction of magnetic electrons 
with fluorine nuclei may be suggested. The crystal of MnF, will not be perfectly ionic 
but will include a certain amount of covalency. The electrons on an F~ ion will oc- 
casionally move to one of the neighboring Mn‘* ions whose spin points upwards or 
downwards according as it belongs to the plus or minus spin-sublattice. The theory of 


super-exchange tells that because of the exclusion principle, an electron with a given spin 


can be transferred only to those Mn‘* ions whose spins are antiparallel to that electron 


spin. Moreover, the transfer rate of electrons from a given F~ to the only one nearest 
Mn*" ion should be different from that to the two next nearest Mn** ions of the op- 


posite spin. Accordingly a net electron spin moment should be left on each F- ion, 


which interacts strongly with the fluorine nucleus. It is possible that this net moment 


makes the fluorine nuclear resonance frequency fall outside the range covered by Bloem- 
bergen and Poulis. 


The hyperfine coupling constants of the 2s and 2p electrons of the free F~ ion are 
estimated as follows : 
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72 tp 7 vy b\O,,(0) |? =1.57 ema}, 


a0 


, (4.27) 


$ 2p Ty RC1/1* oy = 0.044 cm}, 


where ¢.,(0) denotes the value at the nucleus of the normalized 2s wave function whose 
numerical value can be obtained ftom the Hartree wave function, (1/r*)., the expecta- 
tion value of r~* with respect to the 2p function whose numerical value can be taken 
from Barnes-Smith’s table.”? We take a 2p orbital which extends perpendicularly to the 


c-axis. Correspondingly to (4:27), the magnetic field produced by a 2s or 2p electron 
at the nucleus is 


Fi(2s) =6.1X 10° gauss, 
FAi(2p) =1.8X 10° gauss. (4-28) 


When the external magnetic field is below 10000 gauss and the internal field due to the 
electron spins is above 17000 gauss, corresponding to a net 2s electron spin moment of 
larger than 0.3 percent or a net 2p spin moment of larger than 10 percent on the F- 
nucleus, the nuclear resonance frequency is higher than 30:5 Mc/sec and falls outside 
the range of frequencies covered by Bloembergen-Poulis’ experiment. 

The net moments on F~ ions make T, shorter. It may be assumed that each of 
them fluctuates synchronously with the moment on the nearest manganese ion. The 
magnetic field produced at the fluorine nucleus by the hyperfine interaction is 20~60 times 
stronger than the dipolar field if there are unpaired 2s electrons of 0.3~1 percent ; therefore 
T’, should be shorter than the values given in Fig. 5 by a factor of 2X 10*~3 1074. If 
this is actually the case, T, is too short above and near the Curie temperature to make 
the resonance observable, while at very low temperatures T,, is still long enough to permit 
the obsetvation. The amount of greater than 0-3 percent of unpaired 2s spins is not 
unreasonable. * 

In conclusion the writer wishes to express his cordial thanks to Prof. T. Nagamiya 
and Dr. K. Yosida for their kind interest and valuable discussions. 


Appendix 


We wish to derive the formula (3-1) for T, by using perturbation theory. Follow- 
ing the notation used in the text, the unperturbed Hamiltonian is 


Ho=HvtH-, (A-1) 


with 
DQy= —hu, [,, (A°2) 


*) Recently Tinkham reported an experimental evidence of such hyperfine interactions in the paramagne- 
tic resonance of MnF., FeF. and CoF, diluted with ZnF;. He observed a super-hyperfine structure of the 
resonance line which could be interpreted as arising from the interactions of the magnetic electrons with the 
nuclei of the surrounding F~ ions. [Phys. Rev. 100 (1955), 1792.] 
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«w, being the nuclear Larmor frequency. The perturbation is 
ee ro, 
9! =r fri Din 1.(1—34 d Fe), OS, 
is 


= 7 Soy [Ie {a0S,, + POS, +798,.—3 (@a+ hb +77) 
, X (a@08;.+2,08;, +79S,.) } 
41+ faq 0S,,+8-0S,+7-08,,—3 (aa, +2 Bi t+7 1) 
X (@08,.+ FSi +7 Siz) } 
+17 {a* 0S,,+8* OS +7" 05;.—3 (ata, +B*B, +771) 
X (a0S;,+ 3,98, +7 Sie) } J; (A:3) 
with 


: a,+ia, 
[t=k+tily at=TE™ , ete. 


eZ 


Specifying the eigenstates of the nuclear spin by m and the electron spin system by », 
the transition probability corresponding to (m’,¥)—>(m’, »’) is obtained as follows by the 
first order perturbation calculation : 


Wm, vom, 2) AE | Vea (m2) 8 Ce) io s2!) (o's BCE” ms») (AA) 
t D sO JO . 
where 
§'(t) =eito/b H’e—itho/b, (A-5) 
Inserting (A-3) in (A-4) and using the relation 
etOy/b [+ e—itSy/b =eFioot [+, 
we get 
W(m, vom+1, “) =r ry & Sr ry (I—m) (I+m-+1) 
EYL de det elmer) KF Ce") OK D1), (A-6) 
0 0 


where 
K# (8) =a*05,,(0) +B 08,,(0) -+7405,.(0) 


—=2 (a*ta,+ B*B,+r+r) {a OS, (t) +P, 0S, (t) +7 OS,.(t)} ’ (A; 7) 
0S,(t) being defined in § 3 


To obtain the thermal transition probability of a nuclear spin, we multiply (A-6) 


by a statistical weight of the initial state and sum up over the initial and final states. 
The result is 
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W (mm +1) =7e 7x PP I—m) I+m+1) 9) 17? ry? 
Tu 
t t 
AY | del del ese (KEKE), (A-8) 
—f Jo J0 


whete ¢ ) means the statistical average defined by (3-3). After simple manipulations, 
neglecting correlations between different spins, we get 


W(m—>m-+1) = re 798 L—m) Lm+1) S97] (Ki Kr emt de (A'9) 
Z -o 
Similarly 
Wm -+19m) =72 792 (Im) (Lem) S07 | CK (RA ede, (A210) 
Z —o 


Therefore T, becomes 


damre raf BSL T |” KE OK Yet Ki (OK? Ye de (A-11) 


a 


From (A-7) we calculate 


(K# (t)K¥) =43[ F,(@By) (0S,.(£) 05,.) + Fy (ay) i {( 8S; (£) 0S7) +- (8S; (£) 0S} )} 


+ F/! (aBy) 4 {COS} (t) 0S; ) — COS; (€) 0S7 >} J, (A-12) 
where F,(a@fy) and F/(afy) are defined by (2:17) and (3-4) and F/’(afy) is 
F!! (abr) =—7 1-717) — ea n+ PR re (ASt3) 


Inserting (A-12) into (A-11) and considering that sin wt is negligible when ¢0S,(t) 


OS,)> takes an appreciable value, we get 


_ Lie ee Se LF (apr) | ae ou MOL 
1 2 u pars 


+F/ (a B7)| de cos aye (1/4) (CAS¢ (0 887) +087 (DAS; ))}. (A-14) 


This is the required formula. 
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The importance to the mechanism of ferromagnetim of exchange interaction between conduction 
electrons and unfilled inner shell electrons (called s-d interaction) has been pointed out by Zener. 
Especially for rare earth metals, this interaction seems to be the only mechanism which can cause 
ferro- and antiferromagnetism. However Zener’s works are unsatistisfactory because his model is 
phenomenological and moreover does not involve antiferromagnetism and spin wave mode. 

Our paper considers this s-d interaction on a more rigorous basis. By a certain approximation, 
there appear long range erchange type interactions between d-electron spins and, in certain conditions 
both ferro- and antiferromagnetism appear. The excitations of spin wave modes are the same as 
those in the ordinary modes of the short range exchange force, viz, the energy of the spin wave 
excitations is proportional to q? for ferromagnetism and gq for antiferromagnetism in the region of 
small wave vector g. The T*/* law for the temperature dependence of the magnetization of ferro- 
magnetism is applicable up to very high temperatures, and this result is in good agreement with the 
tesults of experiments on metallic ferromagnetism. 


§ 1. Introduction 


Since Heisenberg,” there have been many discussions on the origin of the ferro- and 
antiferromagnetism ; however, no satisfactory theory has so far been offered. The simplest 
theory is that of Heisenberg using atomic wave functions, a standpoint which may be 
suitable for non metallic substances. Even in such a case, however, there exist certain 
ambiguities, as was pointed out by Slater.” It is generally accepted that Heisenberg’s 
model can not be adopted for metallic ferromagnetism where the situation is more difficult. 
It is conceivable that there are two different standpoints for the origins of ferro- and 
antiferromagnetism. One regards the exchange interaction between the inner shell electrons 
as very important to the origin of ferro- and antiferromagnetism, and considers the role of 
conduction electron to be negligible. The other regards the exchange interaction between 
the conduction electron and the inner shell electron as essential. The former  inter- 
action may be essential for transition metals, e. g., Ni, Fe, Co, Cr, Mn, etc., but for rare 
earth metals, this interaction almost completely vanishes and the latter interaction seems to 
increase in importance. ven for transition metals, the latter interaction exists and plays 
an important role in many phenomena ; for example, in the relaxation process of microwave 
resonance absorption ;”” in the anomalous electrical resistance of transition metals,” and in 
the temperature dependence of the anisotropy energy of Ni,” as was previously discussed 
by the author. This interaction (s-d interaction) was first discussed by Zener.) However 


his treatment is only phenomenological and on many points unsatisfactory, because his 
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tl cory does not involve antiferromagnetism of spin wave excitation. In this paper we 


results. 
consicez this interaction on a rigorous basis, and obtain some interesting 


§ 2. Basic Hamiltonian 


The original Hamiltonian is written as follows, 


H=>}p?/2m+>} D1 (|r RK 


a (1) 


i>j 

where the first term is the kinetic energy of the electrons, the second the interaction 
between the electrons and the ions, and the third the Coulomb interaction between the 
electrons. Here we consider that the positions of ions are fixed in their equilibrium 
positions. Now we treat Eq. (1) by the method of the second quantization and expand 


the quantized wave functions as follows ; 


(7) ages > avr (r) 


P*MN= SS agi), 


where ¢ and v represent the character of orbital state and the direction of spin respectively 


(2) 


and ¢,,(r) satisfies the following equation, 


{p’/2m+v(r)} % (7) =E,9n(7), KBs) 
where the potential v(r) is one to be determined later. 
By using expansion (2), Hamiltonian (1) becomes 


kes Pat E,4a,* ayy— DIP IPs a, (tlu—v,|t" ayy 
t v 


=a t 


ESS SD Sher aren tle, '/r| tsy ts Veiga phy. (4) 
@1 t¢@2 ts ta bY | 


Now v(r) is determined self-consistently as follows 
v(r) —v,(r) = Sp Shes le/|r—r' ||; Yah ay. : (5) 
t 


Among the remaining terms of the third term of (4), we neglect the interection | 
between the conduction electrons because this interaction gives the correlation and the ..eak 
exchange interaction, and is negligible compared with the exchange interaction between the 
conduction and the unfilled inner shell electrons. Among the remaining interactions 
between the unfilled shell electrons, the intra-atomic interaction gives a strong Hund coupling. 
On the other hand, the inter-atomic interaction is complicated for transition metals, while 
for rare earth metals it is negligibly small. We omit the term “ inter-atomic” in this 
paper. The remaining interactions between the conduction electrons and the unfilled shell 
electrons are composed of two terms. The first term represents the transition between the 
conduction and the unfilled shell electrons, and this is of a higher order than the second 
term. We neglect the first term in this paper, but as this interaction seems to play some 
toies in the phenomena of rare earch meials, we will calculate it in a later papers. The 
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second term does not contain the transition between conduction and unfilled shell electrons 
and is written as follows 


yap yap: aes) Ap Spy Lis tile /r[te, Ly) GiaeArey 


M172 tist2 vp 


up PAD IP 2D IPD Any dga\ li t,|e/r|T,, ty) Ar Atay (6) 


Thy Tam ty 23) Vv 


where large letters mean the operators of the unfilled shell electrons and small letters those 
of the conduction electrons. 

The first term in (6) represents the correlation energy and does not depend on the 
direction of the spins; therefore we neglect this term. The second term represents the 
generalized exchange interaction between the conduction and the unfilled shell electrons, 
and depends on the direction of the spins. For rare earth metals except Gd, there remains 
an orbital moment and J=L-+S is a good quantum number; hence the situation is 
quite complicated. With this situation we shall treat in another paper. Here as our 
first assumption we consider only where the orbital moment vanishes. This condition is 
fulfilled in Gd and transition metals. Next, we assume that the wave functions of the 
conduction electrons are well approximated by the Bloch type wave functions and the wave 
functions of the unfilled shell electron are approximated by atomic wave functions neglecting 
the overlapping between the different atomic wave functions. Then for the creation and 
annihilation operators of unfilled shell electrons we can substitute the spin operators S,,, 


and we get the following Hamiltonian 
A3= S)>) E:aF dy -NO SSSI t’) exp [1(k,—k,) R,,] 
t v t ton 
x { Cin Ayr es ay) Si + ay ay Sy taj Ag+ St} ’ 7) 


where N is the number of magnetic lattice points in a unit volume, and 
Je CY =NII dridr, edn) gh Ode /r Pour) Go (ndexp [i(k —K,)R,] (8) 


does not depend on the lattice position R,. When an external field H. is applied, we 
must add to (7) the Zeeman energy 


lel p ae = —fPH, 2 (4, dye id, 4,_) +985,} G (9) 
t 


A similar method was used first by Y. Hasegawa, which is based on atomic functions. 

For simplicity, we assume in this paper that the energy spectrum of the conduction 
electron is free electron like, differing only in the effective mass m. Then the quantum 
number ¢ in (7) is equal to the wave vector k. Next, as J(k, k’) depends sensitively on 
|k—k’| but on & or & not sensitively, we assume that J(k, k’) depends only on |k—k’|. 
It is difficult to obtain the actual functional form of J(q), but, it is clear that roughly it 
behaves as follows; as q increases from zero, J(q) decreases slowly, and when q approaches 
the principal vector of the reciprocal lattice K, J(q) decreases rapidly to become very 
small. From this simplification, Eq. (7) can be written also in a different form. In- 
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troducing the well-known spin-wave operators 


S,2N Sy owerp led iter 
me (10) 


o=N =| GO, exp(iqr;), 


where r, and 6, are the coordinate and the spin operator of i-th electron, tespectively, we 


have 
H,= >>) €pdedn— > hg) 0,0. (11) 
q 


pa la 
kK ov 


or in the ordinary coordinates 


Hs= >) pi /2m— Sd) J (ri R,,|) SF, (12) 
where 
Jdr:—R,|) =N" S3J(q) exp ir: R.,) q]. (13) 
q 


The physical meanings of Eqs. (7), (11), (12) are quite distinct, namely, the 
Coulomb interation between the conduction and the unfilled shell electron is periodic and 
does not scatter the conduction electron, but when the spin directions of unfilled shell 
electrons are disturbed, the exchange interactions are not feriodic and do scatter the con- 
duction electrons. The first order process gives rise to the resistivity, which effect has 
been calculated in another paper. The second order process gives rise to the effective spin-spin 


interaction between the unfilled shell electrons, which interaction we calculate in this work. 


§ 3. The second order perturbation and the effective Hamiltonian 


The Hamiltonian is 
Ay= a BR? /2m (apt, dey + ays ay_) —8 A. (9S.+ o.) 


—N? SSDI EK’ exp [1k Kk’) R,] 


kkn 
* z * = 
x { (a; + Agr 4 ae ay _)S,, + a,* ay _S,, + agh_ dp. 5,7} > (1) 
where 
pe Be, ers! 
5.=>) Sn 


(2) 


o.= 307 = Di (ai, dy, — ag. ay). 
The energy of the first order perturbation is 
H® = —N"J(0)c,S.. (3) 


The energy of the second order perturbation is obtained as follows 
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H® = —N=[SYS3S}S} (RK) exp [i(k R) Ryy]/ (8/2m) (EK 


ACF) Af *(®)) +f) Af * @) Ses 
+ DSSS kk’) exp [i(kK—Kk’) Ryn ]/ (B/2m) (BR?) 


OE) Soe ef eI Ee) Se Sey = (4) 


ot, exchanging the k and k’, and rearranging 
H®=—N-? = at SF Ck—k’)) exp [i(k—k’) R.,,,|/ @/2m) (R —k?) 


Be POE ei (ESF 55} 
<N? SSVI (RAB) exp [1B Ruy /(6°/2m) (PK) 


X if CR) Sn Sn AR) Sm Sef 
+I PU R-B|)/(/2m) (PR) f- )F OF ®)F-®}S. (5) 


kh 


where f*(k) and f~(k) are the Fermi distribution function of plus and minus spin electrons, 
respectively, and prime in >} means that the summation does not include terms where 
k=Kk’, such terms having been already included in H”. This calculation is similar to 
the nuclear I-F coupling in metals.” H™ is now separable into two parts. One includes 


R,=R,, and is written in the form o,S, as follows 
H =—N=SYSSVF Wk #')/ 2m) (HB) +f OSE 
NTRS kk) / @/2m) Oe a hee ei UM ie paca) 


+N* S13} F°(|k—W|) / (6/2) (BK) 


x if) Af" ()) —F ) Af &))} S.. (6) 


The last term in (6) is of a higher order when compared with H" or the remaining 
terms of H, because the expansion parameter of this perturbation is 2m J(0) /i°k; where 
k; is the wave vector of the Fermi surface or o,/N. 

The remaining terms of H™ are written as a sum of the spin-spin interactions between 


the different lattice points : 


Hg =—N? SY SSIS) F k—-#'|) exp 7b —F’) Ram |/ ?/2m) (R—k") 
k kf nzem 


x FED $F- ED} SESE 
NESS (RK) exp [1B B) Run]/ (6/2m) BK) 


! mtem 
K (FR) AF (RD E Sa Se +S St 


_N* SSIS PAH) exp [KY Rl/ E4/2m) (EK) 
k kl nm 
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x {fT (R) —f7 RD} Si Sa Sit So) (7) 


where the last term is the higher order term and should be omitted in our approximation. 
In the first and the second terms of (6) and (7) we can replace {f*(k) +f (k)} /2 
with the average distribution function f(k) in our approximation and performing the sum- 


mation over k, H becomes 


H® ioe i Da i (Kis) 8, Nis ae ps, Die) (Si Si = Si Sz) ? ‘ (8) 


nm em m 


where 


J Rum) =N~* SY IQ) exp FR); (9) 


JR ace aI@) exp ((qft,,,,), (10) 
IM =A/4a)P(Of@, (11) 
f(q) =14+ (4he —@) /4hy-q: In (2k +9) / (2ky—Q), (12) 
a=1/6-0/m-qp/k,, (13) 


J(0) HG? =J*(0) /2a, (14) 


and SY in (9) means the summation over all q, omitting q=0 in the terms S/S, qo 
is Debye’s cut-off wave vector. 


The spin dependent Hamiltonian is now 


Hy= >) 0°R/2m- (aj* ay, +a a,_) —BH. (98, +0.) 
k 


ae N* J (0) oS. =¥ eS > MS (Kea) Ay Sin . ~2 D2 J (Rin) (S352 +5” 52) : (1 a) 
In our approximation, the first term of this can be written in o., and o determined 
by the relation JH,/do,=0. Then, using (14), we have 
Hs= — 8H.g (1 +J(0) /ga)S, — N($H.)?/2a— Ssn) Coie (16) 


o.= (@H.N+4J(0)S,) /a. (17) 


(17). are fundamental equations in the following discussions. 
The spin-spin interaction is thus of an exchange type. 


The relations (16), 


§4. The ground states 
As it is very difficult to obtain the exact solution for the ground state of the 
Hamiltonian (16), we discuss hete only two physically important cases, that is, 


ferro- 
magnetic and antiferromagnetic ordering cases. 


When the ground state is ferromagnetic, all the spins of the unfilled 
are parallel. This state is the exacc solution of the 
state energy is 


shell electrons 
Hamiltonian (16) and the ground 
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E,=— (BH,)*/2a- N— (g+J(0) /a) PH. NS> NS SUCK), (1) 


where K are the principal vectors of the reciprocal lattice, including K=0. 

Hereafter we do not consider the effects of the external field. The effects of the 
external field will be discussed separately. : 

For the antiferromagnetic ordering, we assume a simplified model where the crystal 
lattice is separable into two equivalent sublattices in each of which all the spins are parallel, 
the magnetization of both sublattices, however, being antiparallel. Contrary to ferromagnetism, 
this state is mot an exact ground state. As it is difficult to obtain the exact ground state 
of antiferromagnetism, we calculate as usual by the method of spin-wave approximation and, 
in the next section, we obtain energy correction due to the quantum effect in this way. 


The zero order energy, namely rigid spin model, is easily obtained as follows 


bo —NS*| SII (Ry) — DJ Ri) 
= —NS'/2| 51 (G) — Ba (K) +2J(Q)] 
=—NSSY(Q), (2) 


where R,, and R, are respectively the distance between the lattice points on the same 
sublattice and different sublattices, G the principal vector of the sublattice, and group (Q} 
is a part of the group {G} and equal to {G}— (K}, thus excluding @=0. 

The difference between E,” and E,; is 


Ed) —E,;=NS"| SJ(K) — 33] (Q)}: (3) 


The sign of (3) depends sensitively on the dependence of J(q) on q. Ferromagnetic 
ordering could be established when J(q) decreases rapidly with increasing q. 

As it is difficnlt to calculate J(q) exactly, we can mention in our approximation only 
that s-d interaction can establish both ferromagnetism and antiferromagnetism. 

We must study the thermal stability of these ground states by examining the energy 


spectrum of the excited states. This is done in the next section. 


§ 5. The excited states of ferromagnetism 


In this section we calculate the energy spectrum of the excited states when the 


ground state is ferromagnetic. 
In low temperaiures, actually the spin wave method is a good approximation. Now 


we introduce the well-komn spin-wave operator 
5, (28) Cl — af a, / 28)?" a,,, 
S,- = (28)? 4* (1—a,* a,/25)", i) 


Pett ng La 
Se =4n Any 


and 
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d,= N-? >) exp (—i7qR,) a, 
q (2) 
aX = Ne jeep qity) ae 
q 


then expanding with respect to the parameter 1/25 up to the term of the order of (1/25)’, 
y= —NS+25 S131 LIK) JK al) | of ay 


+ (2N- YUBUVIVI K+ al) K+ a) - 27K + tal) ] 


hm W Wa 4 
x O(g + 42—43— 44 +K) dg:* dg,.* dg, 49, (3) 


The first term in (3) is E, in §3. The second term is the excitation energy at 
absolute temperature zero. The third term is the first order correction at finite temperatures. 


In this section we consider only the second term. We are interested in the low temperature 


region, or in other words, in the small value region of wave vector q, and hence we can 
expand (3) by gq. 
Introducing the following variables 
x=q/2k, p=K/2k, X=p’, 
d= {(K+q)?—K /4ki=2pxtx, (4) 


the energy of the excited states of the spin wave of wave vector q is 


é'=25 S)[J(K) JK +41)] 


d a ay ie 
= —255}} 0- — AP +b J(X). 
549 Foe Sere Fae a 1y¢ ) (5) 
Considering the crystal is to be cubic, and taking terms up to q', we have 
6 deneooS Sales ft seu | Se OR Sra hy 
S "(S “hes aa)t (SG i SX Fa). ©) 


To perform further calculations, we neglect the derivative of J(q). This neglect 
may be a fairly good approximation when K=0, but not so good when K2<0. Therefore 


this approximation may be justified when the contribution to €; is mainly from the pare 


K=0. Then 


Ey = As! (q/qv)* +A; (q/qv)* (7) 


R) 
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Ai= S (2) srs ( 1 RM obrilig aI? tid Lwighpeis—a71) 102 ened 1 ) 
¢ [2 


64a p Bie Sieh at dy eke — (418) 3X 2X1)? 


= (8/2404) (gn/ky)"[ DiS (X) + X+---) 
45/2 SP (XK) 2K +--+), (9) 


The condition of thermal stability of ferromagnetism is €,.>0, or A,">0. If the 
part K+=0 were to make a larger contribution than that of K=0, the condition of the 
thermal stability would be X<1, or in other words, g,/k;<1, i.e., that the valency of 
the conduction electron must be larger than 2. In thermal stability, the patt X>1 con- 
tributes only almost zero and we can neglect this part. 

Considering only the first term of the expansion of part X<1, 


AAs = (1/20) (an/ky)?. (10) 
For comparison, we give the result of the ordinary nearest neighbors interaction. In 


this case 


A,/AS= = (1/20) (qnRy)* (11) 


where R, is the distance between the nearest neighbouring spins. 
For simplicity, we put R, as a diameter of the sphere having the same volume as 


the specific volume per magnetic lattice point. Then 
(qnR,)? =23. (12) 


Therefore (11) is considerably larger than (10), i.e., the T”’” law of temperature de- 
pendence of the magnetization may hold very well. We have calculated this phenomenon 


in the next section. 


§6. Temperature dependence of the magnetization 


Recently Schafroth” calculated the temperature dependence of magnetization by the 
variational method based on Kubo’s method.” According to Schafroth the T’” law does 
not hold except at very near zero. 

Such an implausible result is owing to the variational method, because by this method 
the treatment of the diagonal and non-diagonal parts is quite at disparity and thus the 
character of the exchange interaction is disregarded. Therefore an effective anisotropic 
field appears and the excitation of the spin-waves is unnaturally depressed. This is the 
reason for such an implausible result. To obtain reasonable results we must recognize that 
the non-diagonal terms are important and that in the approximation of spin wave method 
we must use an expansion with respect to the parameter 1/25. A detailed discussion was 
given in a previous paper.” 

Here we calculate the departure of the temperature dependence of the magnetization 
from the T*!? law caused by the following three mechanisms, each up to the first order ; 


(i) the existence of the terms proportional to q' in the excitation energy €,; (ii) the 
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higher order terms in the expansion of the spin wave method, namely, the third term in 
eq. (3) of § 4; (iti) the restriction that the degree of freedom of motion of the spin 


system is finite. 
Now we consider the third term in eq. (3) of § 4. 
The excitation energy of the spin wave of wave vector q contributed by the third 


term in (3) of § 4 is 


4,=2 3} m/N->3[JK +4) +JUK+4/)) J® JNK +44 1))- (1) 


Expanding in q and using the same method as in § 4, we wave 


3 
4 y d 
Fie Mitr 


ang 10 ny 2 9 d* 
4a is See od ea en, (2) 


a’ NS 
whete 
x! = q' /2k,, (3) 


and the others have the same meaning as in § 4. 
The form (2) is the same as the second term in (6), §4, and written with 
A; as 


10 x Rr 
4,=42 4° (4) (4 ny 4 
ya, dE aegis (4) 
Adding this term, the excitation energy of the spin wave of wave vector gq becomes 
€,= A, (9/qv)* +A) (9/q0)', (5) 


whete 


Ay= Ay 1 oe AN Sd * gt 
r c 34,” 


<—l 
q 


Mere 1) 1 q : Ny 

mahie ta 2) yl : 
Aj= (1/20) (qn/k,)? Ay’ (7) 
A,’= (S/12a) (qn/k,)* > F(R) (8) 


and the magnetization in finite temperature T is 


ID 


NS—S,= >i lexp(6,/eT) —1]". (9) 


Replacing summation by the integration, and confining us only to the first order for 
the deviation of each of the three causes, we get 


3/2 
A, Ag A, A! 


ew 
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ee 0 
— 0.43 (45) exp’ (—Z, (eT) | : (10) 


Putting the values of (6) and (7), we have 
IP 
NS— $.=3.5(7, “[1=0. 095 ( 42 __ 0.6; ee «TY 
Cone ee 


Sy 43(2 x —A?/«T) |. (11) 


For example, taking «T/A,’=1/2, the bracket in (11) is 
[1—0.05 (qn/k,)” — (0.21/5) (qn/k,)? — 0.08] (12) 


and the deviation is less than 15% for the usual metal. The result that the T°”? law 
holds very well is in good agreement with the experimental results for rare earth metals, 
especially for Gd.” 

Contrary to the above result, the T’” law does not hold so well when we use the 


ordinary nearest neighbors interaction method. In that case 


A}/Ag= — (1/20) (qnR,)*, (13) 
A, =A, {1— (0.45/S) (qoRy)? («T/Ay)”"} 5 (14) 

and, as mentioned in § 4, by approximating 
(GpRs) = 23, (15) 


the bracket in (10) becomes 
15 5/2 Ae VE f 
142.24 a Peer —0.43 (2) Er ieee heise 4) 


The deviation is very much larger than that in (11) and the T*” law holds only in low 
temperatures. The peculiar term which appeared in Schafroth’s method does not appear 


in ours. 


§7. The excited states of antiferromagnetism 


For antiferromagnetism, we also introduce the spin wave operators Goayand >, b7, 
which ate the creation and annihilation operators, respectively, at A and B sites. Then 


taking terms up to the two spin wave process, in the expansion, we have 
Hy=—NS* 33 }(Q 
25 Si[ ad J(G) =/ E+ 4l)} —2 JQ) ~ 2X) ar a, + b7 by) 
ae G, 7) K 
—28 ST SIO+4l) —S INK + 4g) ] abate (1) 


We easily diagonalize (1) by the well-known transformation, and (1) is written in 
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the new operators a*, a,, f and 2, as 
Hy=E, +33 €,(a7 + Be By), (2) 
where 
B= NS SII —25 SIBIO -MIG-+4))} +EIQ—-VIG)]-BW& 
; BG) 
£,=48 MQ 0+ 4)))} S@ —VIW +I JO K+ al) HT 
; ; (4) 


To perform this transformation, it is required that (i) the coefficient or the second term 
of (1) be positive, and (ii) &, in (4) be real. 
From § 3 and § 4, it is easily seen that 


28 S11J(K) JK + ql) } =42' 4/90)’; (5) 
28 S31 (Q) —JQ+4))} =B:' 4/490)", (6) 
28 {33 I(Q) — SJ ()} = (2/NS) (E,— En!) = AE , (7) 


where B,” is obtained from A," by replacing K with Q. 
By using (5), (6) and (7) 


EE pa [ {4E +A," (q/qv)*} °— (B.)'"¢/qoF’, (8) 
E,=2 [B,' {4E +A," (q/qv)*} }'" 4/90, (9) 
and the restrictions (i) and (ii) become 
(I) 4E>0, 
CT) ton 0; (10) 
(III) B,">0. 


(1) is fulfilled when antiferromagnetic state is more stable than ferromagnetic in the ground 
state energy. (II) is the same as in § 4. (III) is usually fulfilled when (II) is fulfilled 
or, strictly speaking, when the valency of the conduction electron is larger than unity. 
These three restrictions are the same as of thermal stability of antiferromagnetism. 


§ 8. Conclusion 


Here we summarize the above calculations. 


(i) We assume that the conduction electron is nearly free electron like and that 
the unfilled inner shell electron is localized and the interaction between the unfilled shell 
electrons in the different lattice points is small. 


(ii) We assume that the orbital moment of the unfilled shell electrons is quenched, 
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This assumption is true for transition metals because in these metals the crystaline field is 
very strong. In rare earth metals, however, I-s coupling is more important than the 
ctystaline field and j is a good quantum number and hence the above assumption holds 
only for Gd. We will treat in another paper the case in which j is a well considered 
quantum number. 

(iii) We assume the orbital configuration of the unfilled inner shell electrons to be 
fixed. This is related to (ii). The effects of the excited configuration seem to be small. 

(iv) Under the above assumptions, the exchange interaction between the conduction 
and the unfilled inner shell electrons is written as a form of exchange type interaction 
as in Eqs. (7), (11) and (12) in §2. The second order perturbation gives rise to the 
effective exchange-like interaction between the spins in the different lattice points. The 
character of this exchange-like interaction is a long range force and hence it is difficult to 
obtain the real ground state. The ordering of the ground state depends sensitively on the 
functional form of the generalized exchange integral J(q). 

(v) When the ground state is ferromagnetic, the excited state is written by spin 
wave mode, and the excited energy is proportional to the square of the wave vector. The 
T’” law of temperature dependence of the magnetization holds very well, which is satis- 
factory to the experimental fact of Gd. 

(vi) The excitation energy in the antiferromagnetic ordering is proportional to the 
absolute value of the wave vector. 

(vii) For the thermal stability, it is required that the valence of the conduction 
electron be larger than 2. 

The phenomena in fairly high temperatures and in the paramagnetic region will be 
created in a following paper. 

The author expresses his sincere appreciation to Prof. Ariyama for his encouragement. 


He also wishes to thank Prof. Matsubara for his many valuable discussions. 
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In ferromagnetic metals an anomalous electrical resistance is observed which is characteristic of the 
magnetization and is additive to the ordinary electrical resistance. The origin of this anomalous 
electrical resistance has been discussed by several authors, but all such attempts do not seem to have 
satisfactorily explained this phenomenon either quantitatively or qualitatively. 

In this paper we calculate the anomalous electrical resistance from the standpoint of s-d interac- 
tion as developed by the author. It is our opinion that the anomalous electrical resistance occurs 
because the exchange energy between the conduction and the unfilled inner shell electrons depends on 
the relative direction of the spins of the electrons, and that this interaction is not periodic in finite 
temperatures. 


In numerical values as well as in the temperature dependence, our results are in good agreement 
with experimental results. 


$1. Introduction 


In transition metals, Ni, Fe, etc., and also in rare earth metals, especially Gd, the 
electrical resistance depends on temperature as shown in Figs. 1’) and 2”. We can divide 
this resistance into two parts. The first is the normal resistance, proportional to the 
absolute temperature T’ in high temperatures. This temperature dependence suggests that 
this part of the resistance may be caused by electron-phonon interaction. The second is 


characteristic of ferromagnetism. The main feature of the temperature dependence of this 
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part is that when the temperature is higher the Curie temperature T, the resistance is almost 
constant, and when the temperature is lower than T,, the resistance decreases to become 
zero at absolute temperature zero. 

So far the origin of this anomalous electrical resistance has been discussed by Mott, 
etc.,” from the following standpoint. “In metallic ferromagnetics, one must consider two 
energy bands, that is, s-band and d-band. The effective mass of the d-band electron is 
very much larger than that of the s-band electron, and almost the entire electrical current 
is carried by s-electrons. Nevertheless, as the state density of the d-band is very large, 
the transition of electrons from s-band into d-band as caused by the electron-phonon interac- 
tion, is much more frequent than that from s-band into s-band. Thus the electrical tesis- 
tance of transition metal is submitted to this s-d interband transition, and such a process 
depends on the magnetization of the d-band.” 

This process may actually exist and be important in the transition metals, but we 
think because of the following facts this should rather be included in the normal part of 
the electrical resistance, and that it does not correspond to the anomalous part in question. 
The reasons are as follows. (i) In rare earth metals the unfilled shell, that is the 
f-shell, does not seem to constitute a band, but behaves as if it were a free ion. Thus 
the above inter-band transition process does not occur. As is shown in Fig. 2, however, 
the anomalous resistance does occur in rare earth metals too. (Even in transition metals, 
it does not seem to be a good approximation to treat d-electron to form a band). (ii) 
The resistance caused by this process should be nearly proportional to the absolute tem- 
perature in high temperatures because this process occurs through the interaction with phonons. 
Such a temperature dependence, however, does not seem to explain the experimenial facts 
of the anomalous electrical resistance, it rather corresponds to the normal one. (iii) Further, 
this process seems to be unable to explain satisfactorily the abrupt decrease of electrical 
resistance at the Curie point. 

Our standpoint for this phenomenon is based on the s—d interaction described in detail 
in the former paper [I]. We consider that s-electron (corresponding to s-and d-elecirons 
in the rare earth metals) is nearly free and carries current, but the unfilled inner shell 
electron (d-electron in the transition metals and f-electron in the rare earth metals) does 
not catry current, being nearly localized. The Coulomb interaction between the con- 
duction and the unfilled shell electrons has the same periodicity as that of the crystal, 
but the exchange interaction depends on the relative orientation of the spins of both 
electrons. | Therefore at absolute temperature zero, all the spins of d-electrons (we 
mean by “d-electron” the unfilled shell electron) being in order, there is no resisiance, 
while in finite temperatures this order is disturbed and the exchange interaction is no more 
periodic, and thus a resistance appears and increases with temperature. Above the Curie 
temperature, the direction of d-electron spin becomes perfectly at random, and resistance 
remains constant. This temperature dependence is exactly the same as that experimentally 
observed. 

In the following sections we calculate qualitatively the electrical resistance caused by 


the above process. 
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§2. The basic equations 


i iltoni x interacti H en t uction and the 
The basic Hamiltonian of the exchange interaction between the cond 


unfilled shell electrons was discussed in detail in [I] and is written 


A= — 1/N:->3 pat py] (\k, —k,|) exp[i(k, —k,) R,,] 
ome Ween 
x { (dy f *aps ‘ —dy,_* Ay) 5 + ay * Aja Sg + ay_* Ay Sat (1) 


where d,s and a,4 ate the creation and the annihilation operators of the state of wave 
vector k of + spin, SJ, is the spin operator of the unfilled shell electrons located at the 
lattice point R,, and J(|k,—k,|) is the generalized exchange energy 


J (|, —k,]) =N\\ar, As Poia™ (14) Yan™ (12) : Pens(1) Gan (n)) expli (ki — hy) R,]- (2) 
12 

Here, @,,(r) and %,,(r) are the wave functions of the conduction electron of wave vector 
k and the unfilled shell electron at the point R,,, and (2) reduces to the ordinary exchange 
energy when k,=k,. As has already been mentioned, J(|k,—k,|) depends originally not 
only on |k,—k,| but also slightly on k, or k, where, however, the wave vector i is always 
a vector on the Fermi surface, and hence we can completely neglect k, dependence. Eq. 
(1) is not applicable when the orbital moment is not quenched. 

In the following calculation, we use the approximation of the molecular field because 
this method is applicable in the whole temperature range and especially convenient to 
observe the behavior at the Curie temperature. 

Above the Curie temperature, each spin S,, behaves perfectly independently and the 
conduction electrons are scattered at each lattice point. This situation somewhat resembles 
the mechanism of the electrical resistance of a perfectly disordered alloy. When the tem- 
perature is lower than the Curie temperature, an ordering appears and the situation becomes 
quite complicated. We must distinguish between the distribution functions of the conduction 
electrons of -t spins, namely n#. In the approximation that the Fermi energy is much 
larger than the exchange energy J(0) and the temperature (in the unit of energy), we 
can consider that the Fermi energies of + spins, €,* are the same because of the equili- 
brium between the kinetic energy and the exchange energy, as was discussed in [I]. In 
the first term of (1), a scattering can be caused by the deviation of S* from the average 
orientation o, namely (S;—o). From (1) we can easily see that in perfect ordering 
there is no scattering due to the first term. The second and the third terms represent 
the quantum effect and do not appear in alloys. When S;, changes by + 1 because of 
these processes, the change in exchange energy can be written in the approximation of 
the molecular field as Fag, where @ is related to the Curie temperature T, as shown by 


a= (3/S(S+1))xT.,. (3) 


From the above consideration we can derive our Bloch equation. 


For simplicity, 
however, we calculate the resistance not by solving the Bloch equation, 


namely the equation 
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of the detailed balance, but by 


solving the equation of the balancing of the total wave 
vector K. 


The increase of K due to an external field is 


(AK /de) pian (e/b) F. (4) 


The increase of K due to the scattering is 


dk § 
Saree I Ny SS (k, —k,) 
dt seatt b ko So — 
x [Fisica *{(1—nj,) ng, 0 (€%, — Es) + (1—0g,) na 0 (€% — in) } (Sz)? 


+ | Vital? (1 — Mig.) mig (S—S,) (S+8, +1) m, 0(&%,—EL— ae) 
ar | Vital’ ==) Ni (S—S,) (S+8, a 1) 52410 (E4,—€%, + Ac) | “1 (dK /dt) 0 (5) 


where 
|W resteal” =| Vievtg| = (1/.N7) FP (ley — Keel) (6) 


and »,, is the probability that 5; has the value S., and assuming the thermal equilibrium 
of the spin system, 


ao S a¢ ) 
Woz a Se) oy —S, . 7 
oe ‘Gly (2 tg is ferk (7) 


Further, at temperature lower than T’,, we have 


e 
2 Se Wee (8) 


and (dK/dt), means the change due to other processes, for example, interactions with the 
phonons and impurities. As we are now interested in the anomalous resistance, and as 
the resistances due to each process ate additive in our approximation method, we neglect 
the term (dK/dt), in the following calculations. 


Next, we assume the distribution function nf as Kramer’s distribution 
ne —=l|exp((6p —¢,) /er—c>k) --T |. (9) 


This assumption may be satisfactory when the interaction with the phonon is strong enough. 


By the equation of the balancing of the total wave vector 


(dK /dt) field He (dK /dt) seatt 0, (10) 


we can determine C. 


§ 3. The calculations 


To solve the equation of § 2, we use the following assumptions; the energy spectrum 


of the conduction electron can be written by using the effective mass m*; the Fermi energy is 
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much larger than the exchange energy J(0) and the temperature ; the crystal is isotropic, 
and, as usual, the summation S’, may be replaced by an integration over k. 
? ooo 


The technique of the calculation is the same as that of ordinary electrical resistance. 


The calculation is straightforward and (10) becomes 


ae pee 2 uk OA aN ee ae (11) 
b 6. 2 N FR 


where k, is the wave vector of the Fermi surface, and 

Jere =4S0 J (2kyx)x* dx. (12) 
On the other hand, the electric current j is 

j=F/p=(e/m)nk TC (13) 
and thus the electrical resistance () is = 

p= (3am /Neh) (S—o) (Sto+1)J x7 /€ (14) 

or introducing the ratio of the effective mass and the mass of electron, 

p=m*/m (15) 
and putting values of the physical constants, 


p=4.3X 10~"( ee V2 (S—o) (Stot 1) Sut ohm (16) 


Co 


where J.y; and & are measured in the unit of e.V. and N per c.c.. 


§ 4. Diseussions 


Equation (16) corresponds fairly well to the temperature dependence, as we expected. 
At absolute temperature zero, 7=S and thus the electrical resistance p=0. When che 
temperature is raised, o decreases, and y increases. Above the Curie temperature, « =0, 
and ” remains constant. To exemine the temperature dependence more in detail, we 
should proceed to a higher order of the approximation. At sufficiently low temperatures, 
the method of the molecular field is not appropriate and we should use the spin-wave 
method. The situation is not simple unless we use the hypothesis that the spin-wave 
system is always in thermal equilibrium corresponding to Bloch’s hypothesis for electron- 


phonon interaction. In the temperature near Curie temperature too, we should consider 


the short range ordering. For example, the fact that the curving of the resistance-tempera- 


ture curve begins at a temperature slightly above the magnetic Curie point may be the effect 


of the short range ordering. Above the Curie temperature, the electrical resistance (16) 


is proportional to S(§+-1), thus in the metal of large spin, ” would be very large. This 


tendency is seen also in the experimental results. For example, the anomalous electrical 


resistance of Fe is larger than that of Ni, and in Gd (S=7/2) particularly the 
anomalous electrical resistance js very large, and the ordinar 


y resistance due to the electron- 
phonon interaction is rather small at room temperature. 


In rare earth metals, the anoma- 
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lous electrical resistance decreases when the spin value decreases, but in this case, except 
for Gd, there remains an orbital moment and our basic Hamiltonian (1) is not applicable. 
The calculation for such cases is now in progress. 

Finally, we calculate the numerical values of the resistance at a temperature higher 


than T, for two cases, that is, Ni and Gd. In Ni, by Zener” 


W=0.9X 10" per ‘c.c., S=0.3, 


Jes) (C0) =0.48 @.V., €,=3.14/1 ev., (17) 
and 
p=14X10-° 42 ohm. (18) 
The observed value is about 10X10~° ohm, as shown in Fig. 1, 
In Gd, 
INi==3.Ofox 10" petic.c., S=7/2, 
Jes) (0) =0.157 ewv.,. €5=4.4/p ewv., (19) 
and 
p=120X10-* p° ohm (20) 


where, to estimate J(0), we have used the mean value of the results of the optical spec- 
trum”, multiplying by the same factor as in Ni. The experimental value is about 130 X 


10~® ohm. 
In both cases, the theoretical and the experimental values coincide fairly well in th 


order of magnitude. 
The author expresses his cordial thanks to Prof. Ariyama and also to Prof. Matsu- 


bara for their many valuable discussions. 
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The Decay Interaction of K,, and 
K,, and Fermi Interaction 
Susumu Furuichi, Tatsuro Kodama, 


Yoshiko Sugahara and Minoru Yonezawa 


Depariment of Physics, Hiroshima University, 
Hiroshima 


and 
Akira Wakasa 


Depariment of Physics, Kanazawa University, 


Kanazawa 


April 26, 1956 


In the decay events K,. and K,,," for 


which we essume decay modes Kyo¢s)— 
H(e) +¥+7°, it is very interesting from 
the view point of the universality of Fermi 
interaction to study what types of Fermi 
interaction may act in the decay interaction 
of K,4 and K,., if the decays occur through 
the weak Fermi interaction (perhaps (A, 


Nei) cord (SN, 2.) fathe Nee Geer 


(see Fig. 1) 


scheme”) via baryon loops. 


The diagram for the decay of 


Fermi interaction is acting at 0. 


Fig. }. 
Kys(e3)- 


Fig. 2. 
tions which are omitted in the present 


One of the higher order correc- 


consideration. The waved line denotes 


the photon. 


So in this note we show that it is 
possible to obtain some information about 
the types of Fermi interaction participating 
in these processes and also the type of K— 
meson from the energy spectra of the 
secondary muon and electron. 

Following the method similar to that 
used by Dalitz” in the analysis of the 7—> 


Tatle I. Pecssible forms of Kj Fi 
Type of | SF es Rael 
Fermi 
rece SC) Aga) T(oyy) A( Ys ty) P(75) 
_K-meson 7 
; eee hk. FS(A) 
S Hd forbidden ku (p+q)y FS) (p +4)y FSA! FS(E) 
: Sse V7?) ; es 
eB forbidden | Euvap ky (pt+q), FV OY) tb), Fv(r)! Oyy FV (p+q), FP) 
PV | PV (S) 5 VV ky FPV@) e , a, ia 
= (p+ 9), F: s | Ouy Frv(yv) (p+ q)y FOr Fuvreky (pq) FP? (4) forbidden 
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Frequency in an arbitrary scale 
Frequency in an arbitrary scale 


50 100 (Mev) 50 100 (Mev) 
Kinetic energy of the muon Kinetic energy of the muon 
Fig. 3. Energy spectra of the secondary muon for Fig. 4. Energy spectra of the secondary muon fot 
the scalar K-meson. The histogram indicates the the vector K-—meson. 


experimental data (14 examples).* 


Frequency in an arbitrary scale 
Frequency in an arbitrary scale 


(Mev} 
100 200 (Mev) ; 
Kinetic energy of the electron Kinetic energy of the electron 
Fig. 5. Energy spectra of the secondary electron for Fig. 6. Energy spectra of the secondary electron for 
the scalar K-meson. The histogram indicates the the vector K—meson. 


experimental data (11 examples).* 


3a decay with the requirement of Lorentz are the wave functions of the neutral pion, 
invariance, we obtain the matrix elements the muon (electron) and the neutrino 
of the general form respectively, and Fs may be scalar func- 


tions of 4-momenta k, p and q which are 


M=¢" (p) Oo" (q) 0* (kR—p—-9) 
X PR) KEY (R, ps a): O;s ate Dirac matrices. 
Hete D(k), 6(k—p—q), $"(p) and ¢” (9) Possible forms of K;F”s lowest depen- 


taken to be constants in our approximation. 


* Reported at Pisa Conference, and reference Z. 
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dent on four-momenta are tabulated in 
Table I, corresponding to each type of 
Fermi interaction. Here the spin of the 
K-—meson is assumed to be 0 or 1. 

Notice that since we assume Fermi 
interaction the muon momentum p and the 
neutrino momentum gq appear only in the 
combination p+gq, neglecting the small 
contribution from the higher order correc- 
tions such as is shown in the diagram in 
Fig. 2. 

The energy spectra of the secondary 
muon or electron in the K—meson decays 
calculated from these matrix elements with 
the mass of K 965 m, are shown in Figs. 
3-6. The pseudoscalar K—meson and the 
pseudovector K—meson give the same spectra 
as the scalar K and the vector K respec- 
tively, only if the types of Fermi interac- 
tion are altered to the corresponding allowed 
types. And a similar situation occurs if 
we take the opposite parity for the muon 
(electron) to that for the neutrino. 

At present the poor statistics allows 
us no definite conclusion, but the rapid 
increase of the number of observations is 
expected. Besides the energy spectra of 
the muon and the electron, the analysis 
along the same line of the angular distribu- 
tion of pn and en also gives more infor- 
mation of these decay interactions. 

The detailed discussion of this analysis 
will shortly be published in a later issue 
of this journal. 

The authors are indebted to Dr. S. 
Ogawa for his suggestion of the theme and 
helpful discussions. They also thank Prof. 
K. Sakuma, Prof. T, Tati, Dr. S. Oneda 
and Dr. S. Hori for their kind interest 


in this work. 
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Interaction of K*—Meson and 
Nucleon 


Shigeo Minami 


Department of Physics, Osaka City University, 
Osaka 


May 16, 1956 


Recently Lannutti et al.” have observed 
the interactions of K*—mesons in flight in 
nuclear emulsions. According to their 
estimation there were four charge exchange 
and 36 non-charge exchange events in the 
energy region of 30~120 Mev. 

In this paper we intend to show some 
relation between the ratio of charge ex- 
change to non-charge exchange cross sections 
and the relative parities of hyperons and 
heavy mesons. For simplicity, we assume 
that the spins both of A and of » are 
1/2 and that the spin of K* is 0; then 
we can write the interaction Hamiltonian 
as follows :>* 


* Of course this interaction satisfies the well-known 
Gell-Mann‘) Nishijima’s*) rule. 
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Hynr=fP,Obx*t,$+h.c., (t,=1), 
Ayyx=9 P ,O'bx To +h.c., (1) * 


where in, Y, o and ¢x are A, 3, nucleon 


and K-—meson fields respectively, and 


/O (or O’)=1 for spinor hyperon and 
scalar heavy meson, of 
for pseudospinor hyperon 
and pseudoscalar heavy 
meson, 

O (or O’) =7; for spinor hyperon and 
pseudoscalar heavy meson, 
or for pseudospinor hy- 
peron and scalar heavy 


meson. 


Now, let us calculate the ratio of 
charge exchange to non-charge exchange 


scattering 

1/R=o (Kt +n—>K’+p)/{o(K* +p 
Kt +p) +o(K*t+n>K*+n)} (2) 

As the 

angular distribution for these reactions at 

50 Mev (lab.) can be expressed approxi- 

mately by the form of (a+6cos#) in the 


center-of-mass system, we estimate this ratio 


by means of perturbation theory. 


by the differential cross sections at 90° 


and obtain the following results. 
1/R= (C,—2C,x+ Cx) /(C,+2C,x 
+5C; xy (3) 


where x=g'/f? and C’s are given in 


Table 1. 


Table 1 
SR  —————— 

Case O On Cy Cy C3 
D4 1 6.91 6.26 | 5.68 
(ID) 1 its 6.91 — 3.04 1.34 
‘i ate 146 | =288,| 5.68 
CNV) lpetie ITs 1.46 1.40 1.34 

| 


From eq. (3), 
C,(R—5)x°—2C,(R+1)x 
+C,(R—1) =0. (4) 


Here, it should be noticed that there are 
the following allowable ranges for R because 


x=g°/f? must be a positive number. 


Read for the case of (I) or (IV), 
5 > R=1/2 for the case of (II) or (III). 


(5) 
In spite of the energy dependence of C’s, 
these allowable ranges are not affected by 
the energy, at least, up to 100 Mev. 

Although the value R=9 which has 
been given by Lannutti et al. may suffer 
some changes by the increasing accuracy of 
experimental data, it may be said that this 
value is consistent with the result derived 
from (1) or (IV) of our model.* 

Since we adopt a special model and 
employ the perturbation theory, it will be 
dificult to reach any definite conclusion. 
But, as mentioned above, the value of R 
is sensitive to the relative patities of hy- 
perons and heavy mesons, so we may expect 
that R will play an important role for 
determining the parities of strange particles. 

In conclusion the author should like 
to express his thanks to Prof. Y. Yama- 
guchi and Mr. S. Iwao for their valuable 


discussions. 
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Nature of Nuclear Forces Indicated 
by the Photodisintegration of 
the Deuteron, I 


Shih-Hui Hsieh 
Physical Institute, Nagoya University, Nagoya 
May 24, 1956 


In the 


ptoposed a method to observe properties 


previous letter we have 


of nuclear forces. It is to analyze the 
photodisintegration of the deuteron using 
the phase shift analysis of p-p scattering. 
Using this method some interesting features 
of nuclear forces can be brought to light. 
One of these will be shown here. 

In the photodisintegration of the 
deuteron it seems to be well established 
that the isotropic part is large in a wide 
range of energies, although the experiments 
are not very accurate yet.” W/e wish to point 
out that this fact can be accounted for, if 


0," is smaller than, and Bee Ogres ice 


eel, are 
larger than and are quite different from what 
they have been thought vp to today. Here 
we only show the result of calculation at 
11.2 Mey referring to the phase shift analysis 
of 18 Mev p-p scattering. 

The p-p scattering at 18 Mev was 
investigated by Yntema and White, and 


the phase shift analysis was done by 


Clementel et al.” Because of the experi- 
mental error the numerical values given by 


How- 


ever it is possible to make use of these 


Clemeniel et al. is not quite definite. 


data to reveal the properties of nuclear 
forces mentioned above. 

They interpreted p-p scattering data 
by means of four phase shifts 0,’, 0,", 0,’, 
and 0,°. For a given angular distribution 
we can determine 0,’ at first, and then 
corresponding to one value of 0,’ three sets 
of the phase shifts, 0,7, 0,', and 0,° are 
obtained. 

In our case for 18 Mev p-p scatter- 
ing, the following result was given by 
Clementel et al. 1) If one assumes that 
o (30°) =25 mb, o (40°) =26.60 mb, and 
o (60°) =27.37 mb, one finds 0,°=43.7°. 
2) Assuming that the contribution from 
the nuclear part is isotropic, and o (90°) 
= 27.37 mb, 0," is determined to be 50.5°. 
For each 0," three sets of 0,°, 0), 0° are 


given as shown in Table 1. 


Table 1. Phase shifts which can account for 18 
Mev p-p scattering given by Clementel et al. The 
first three sets are obtained by assuming o (30°) = 
25 mb, o« (40°) =26.60 mb, and o« (60°) =27.37 mb. 
Other three sets are for the case when the nuclear 
part is assumed to be isotropic. The last column 
indicates the sign of polarization. 


50° 0° Oy) be 
A 43.7° 19.4° —7.4° 25 =i 
B 43.7° | —14.6° 10.5° | —1.5° _- 
Go AB 78) 2k a9 Ne aig? ee 
D BO. Sc —4,3° io? + 
By | 50.5% |— 490 | see |) mockge 
F 50D" Got —3.2° O55 + 


Now for the calculation of the photo- 
disintegration of the deuteron” referring 


to these data, the following procedure was 
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adopted. 

As the wave function of the deuteron 
we used that of Feshbach and Schwinger,” 
whose numerical formula was given by 
The effect due to the detailed 


form of the wave function of the deuteron 


Austern.” 


is very small at low energies. 

Since On (On indicates the magnetic 
quadrupole cross section and so on.) and 
O,, are quite negligible,” we calculated only 
Omq and o,,. Also we neglected the con- 
tribution from the exchange current in the 
calculation of o,,,,, for its contribution is 
very small at such low energies.” 

In the calculation of o,, (the final 
states ate *P,, *P,, and °P,.) we used free 
8P waves shifted by 0, in Table 1 at all 
inter-nuclear distances (because the contri- 
bution from 1<1.0/x'” to the required 
integral is very small). 

For o,,2 we estimated its upper and 
lower limits. The upper limit is given, 
when we take 'S, wave in the form 


U,=sin (kr +0,°), (1) 


and the lower limit is given, when we take 


1S, wave in the form 
U,=sin (kr +0,°) A—e*”), (2) 


where € is determined from the effective 
In the first 


case 07) is estimated somewhat larger, and 


range theory (€=1.59 x). 


in the second case somewhat smaller. It 
is to be mentioned here that the effect of 
a hard core is very small at low energies. 

The result is shown in Table 2. The 
angular distribution of the phoiodisintegra- 
tion of the deuteron can be expressed in 


the form 
a+b sind, (3) 


if we neglect the contribution from Ong 


and o,,. According to Allen’s estimation,” 


a/b=0.05 £0.02 (4) 


at this energy. From Table 2 we see that, 


for the three cases the calculated value of 
a/b falls within the experimental error given 


in(4), when 0,’=43.7°. However when we 


Table 2. The calculated result of the photodisinteg- 
ration of the deuteron at 11.2 Mev using the phase 
shifts given in Table 1. The upper half of the 
table is for the case when we estimate o by its 
upper limit, and the lower half is for the case when 
mq is estimated by its lower limit. All cross sec- 


tions are in unit of 10-29 cm’. 


Ted |\Tmal oF of |o®,| op a/b 
1 i} 
oa lOSe| 113 | 2.08 6.38 | 0.040 
| | | 
B 115 |4.84, 120 | 4.79 |4.30| 9.09 | 0.055 
E 107 | 112 | 2.48 6.78 | 0.043 
1) lent OSal 112 | 1.04 4.60 | 0.028 
E 115 |4.05] 119 | 1.76 |3.56] 5.32 | 0.030 
F 109 113 | 0.93 4.49 | 0.028 
A | 108 = | a1 2081" | 4.53 |0,029 
| 
B 115 |2.72) 118 | 4.79 | 2.45] 7.24 | 0.044 
e 107 110 | 2.48 4.93 0.031 
D 108 110 | 1.04 2.90 0.018 
E 115 |2.11] 117 | 1.76 |1.86| 3.62 | 0.021 
F 109 111 | 0.93 2.79 | 0.017 


adopt 0,’=50.5°, a/b turns out to be too 


small. 
able. 


Now we wish to discuss the reason 


Therefore the smaller 0,’ is favour- 


revealing the nature of nuclear forces. In 
Table 2 we see that, if 0,’ is smaller, o/f, 
(the isotropic part of oq) 1s larger. This 
can be understood as follows. The main 


part of oe, ts chee tt 


md 


| wotadr” (where 
U, is the *S, part of the wave function of 


the deuteron), and this integral is larger 
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when 0,° is smaller. The reason is that, if 


0," is small, U, is pushed out toward large 
r, and therefore makes the integrated value 
large. 

Next if 0," is smaller, the three phase 
shifts 0,°, 0,', and 0° must be larger in 
their absolute value, and, moreover, the 
difference between any two of them must 
be larger, in order to account for p-p 
scattering. Such a tendency is just what 
we require, because the large and separated 
values of 0,", 0,1, and 0,° make o%, (che 
isotropic part of o,,) larger. (See Table 
2). This point can be seen from the 
formula of o%, which is given by Rarita 
and Schwinger.'” 

Therefore in such cases, where 0," is 


small and 0,", 0,', 0,” are large and different 


from each other, both o”, and o” are 
This is 
favourable to the photodisintegration of 


increased, and make o,, large. 


the deuteron. 

Our conclusion can also be summarized 
To account for both 
photodisintegration of the deuteron and the 
p-p scattering, we must adopt a smaller value 


of 9,’, and larger values of 0,°, 0,1, and 0,, 


in the following way. 


than they have usually been treated up to 
today. Similar conclusion has been obtained 
by J. Iwadare et al." by a different analysis 
(from the point of view of the pion 
theory) . 

At last we wish to point out that, 
improved experiments on photodisintegration 
of the deuteron and the polarization of 
p-p scattering will determine more reliable 


. 0 SJ0 
values of the four phase shifts, Ons i 


| 
0; 


and 0,°._ If the polarization is positive 


at 18 Mev, the first set of Table 1 is the 


best among the six sets. 
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On the Quantum Mechanics-like Description of {he Theories of the 
Brownian Motion and Quantum Statistical Mechanics* 


Nobuhiko SAITO and Mikio NAMIKI 
Department of Applied Physics, Waseda University, Tokyo 


(Received March 30, 1956) 


Analogies among the theories of Brownian motion, quantum mechanics and quantum statistics 
are pointed out from various aspects. Along this line of thought quantum mechanics-like dcscripiions 
of Brownian motion and quantum statistics are presented. 


§1. Introduction 


In quantum mechanics, of essential importance is the introduction by Born of the 
notion of probability for the square of the absolute value of the wave function. The 
role of probability in quantum mechanics lies in this respect and the wave function itself 
does not have any dizect physical meaning. On the other hand, in connection with wave 
function and probability theory, Schrédinger” and Metadier? pointed out chat the Schrodinger 
equation for a free particle 


— (4 /i)0p/0t= —2?/2m- Ap (leD) 
and the diffusion equation which appears in the Einstein’s theory of the Brownian motion 
OW /ot= DAW (1-2) 


have a similar form and (4/2m)i is to be compared with diffusion constant D. Further- 
more Fiirth” showed that the measured values of positions and velocities of a Brownian 


particle give rise to an uncertainty relation 
(x) Xv?) =D’, (1-3) 


which again gives the same correspondence between / /m and D as above. These facts 
suggest that there will exist a close formal analogy in the structures of both theories, 
although, as is said above, in the theory of Brownian motion the function W has the 
meaning of probability, while in quantum mechanics ¢ itself is not the probability, but 
only the probability amplitude. Thus the connection of quantum mechanics to probability 
theories is twofold, i.e., firstly for the square of the absolute value of wave function and 


secondly for the evolution of wave function as a stochastic process. In this note we start 


* A preliminary report of this paper was published in Busseiron Kenkya, No. 78 (1954) 95 (in 


Japanese). 
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io elucidate in detail the latter properties of quantum mechanics and quantum statistics, 


comparing with those of the Brownian motion. 


§ 2. Analogies in the theories of Brownian motion, quantum 
mechanics and quantum statistics 


X;, t,) 
be the conditional probability density or transition probability that a Brownian particle 


Brownian motions are regarded as stationary Markoff processes. Let T(Xeek 


which was at x, at time ¢, lies at x, at ¢,, then we have the following Kolmogoroff- 
Chapman’s equation 


T (x,, ty|%4, t)= \T@, ty|%55 t5) Diloegy Bl xis t,) dx, 
Ae tee (2-1) 


This was the starting point of Einstein’s theory of the Brownian motion and a diffusion, 
or, in general* a Fokker-Planck equation is derived under some assumptions from eq. 


* In the most general treatment, we have two kinds of Fokker-Planck equations. For the sake of 
simplicity, we confine ourselves here to one-dimentional problem. 
Putting 
T(x2y t2|x1, 4) = u(x2, to) 
or == 0 (xy, i) (2+1/) 
we have 
Ou (xo, to) /Oto= — {a (x2) u (xa, ty) }/Oxe 
+0? {6 (x2) u (x2, to) }/Oxo? 
= Lj u(x, te) (2¢2’) 
and 
Ov (x1, ty) /Ot= —a(x;) (Ov (x1, t) /Ox;) —b(x;) (v(x, t)) /Ox;*) 
=— Lov (x, ty) (2+3’) 
where a(x) and 6(x) are functions related respectively to the first and second moments of the displacement. - 
These two functions u und v are so introduced as to describe the time variations of final state and initial 


state respectively. The differential operator L, is adjoint to Ls, i.e., one has for two duely defined arbitrary 
functions f and g, 


\ 9* Li fdx= \ (Log)* fdx. (2+4/) 
Let the eigenfunctions and eigenvalues of the operator L, be um(x) and a», then we have 
Ly tm (x) = Am tm (x) (2+5’) 
Le Vm (x) = Am* Um (x) (2+6/) 
and 
\ Um* (x) Vn (x)dx=6 ym (2¢7/) 


where vm is the eigenfunction of the operator Ly belonging to the eigenvalue Am*. The eigenvalue 3,, is 


teal (A,,=A,,") and its inverse 1/2,, is called relaxation time. In effect the transition probability is easily 
shown to be developed as follows, 


T(x, talxiy tt) = Duin (x2) ev, (x), t= to — ty, (2+8/) 


nw 

is self-adjoint or hermitian. The discussions thereof are 
’ The probability density W(xo, ty) that the Brownian particle lies 
at xy at ¢y satisfies the differential equation (2+2’), and this is the so-called Fokker-Planck equation. 


In quantum mechanics the differential operator 
simpler than those of Brownian motion. 
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(2:1), e.g., in Hinstein’s case of a free particle one obtains the equation for free diffusion 
gts 


In quantum mechanics let (x, t) be the wave function and we have 


#2 te) =| K (Hn lay 6) Py dey, (2-2) 


where K(x,, f,|%,, ¢,) is the transformation function. The latter function itself obeys a 
Kolmogoroff-Chapman’s equation, 


K(f toi 1) = | KC tal) K (ay fly 4) dy (2:3) 


This implies nothing but that quantum mechanics can be described formally as a Markoff 
process and its Fokker-Planck equation is the Schrodinger equation.* 

From eq. (1:2) Einstein obtained for the transition probability the following ex- 
pression, 


— 1 -?. (x,—x,)? e 
Py tlt A) {47D (t,—t,)}*” ep | 4D(t,—t,) |. e3) 


» gave a mathematical formulation to Einstein’s theory. He rewrote 


and later Wiener’ 
Kolmogoroff-Chapman’s equation (2:1) using (2:4) and introduced an idea of path 
integral, giving a measure for the path; that is, he expressed the transition probability as 


follows, 


2 ta j 
T (X» tle 6) =N| xp|-—-|( = ) ae! d(path) (2:5) 


a 


t2 
where | (dx/dt)*de is an integral along a path, and exp{:--} corresponds to the above- 


a . . . . 
mentioned measure, with which the integral jod (path) is carried out. N is the normali- 


zation constant. Path integrals as above are called Wiener integrals. In Einstein’s theory, 


for the projection q of x upon an axis we have from eq. (2:4) 


{ (Go—- 91)" ) = 2D (— th), (2:6)"* 


* In the theory of Brownian motion we have a normalization condition 
\ W(x, t)dx=1, 
on the other hand in quantum mechanics normalization condition holds not for ¢ itself but for ||?. 
| 1o@, ) Pdx=t. 
This yields a trivial difference in form between Schrédinger equation and general Fokker-Planck equation. 
*& From eq. (2*6) we have for the velocity 
(Av?) =¢Aq®)/P=2D/t, 
therefore the uncertainty relation (13) is rather written as 
(Av?) (Ag?) ~4D° 
or ¢(Ap)< 4q)=2mD 


where p is the momentum. 
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therefore the velocity of Brownian particle which corresponds to the time derivative of q 
can not be defined. The stochastic process like this is called Wiener process. Einstein’s 
consideration lies in that the motion of a Brownian particle can never be described by the 
classical deterministic dynamics, but must be treated as a stochastic process. On the other 
hand Langevin settled an equation of motion of a Brownian particle, as follows, 


m (d?x/dt®) +¢ (dx/dt) = X(t) 


where € is the friction constant, X(t) is the fluctuating force which gives rise to the 
irregular motion of the particle. X(t) is assumed to have the properties* that its average 
(over an ensemble or over a long time) is zero and there is no correlation between X (t)’s 
at different times. Then one can easily integrate the above equation (2-7) and show 
thai Einstein’s relation (2:6) holds only after a long time, and in short time interval ¢ 


one has 
( (%—%,)*) 022, (2-8) 


where v, is the initial velocity ; this is because the influence of the velocity of the im- 
mediately preceding past persists in short period. In this case the velocity can be defined 
and this stochastic process is called an O—U (Ornstein-Uhlenbeck) process. The pach 
integral formulation for the O—U process was given by Onsager-Machlup” and Hashitsume” 
and was applied to derive a variational principle in the irreversible processes. 

In quantuin mechanics the path integral formulation was introduced by Feynman” 


in his space-time approach to quantum mechanics as follows, 


K (ay tly t,) =N| exp { (i/b) I} d(path), (2-9) 
ta 
1=\ L(x, x, t)de, (2-10) 
A 
where L is the Lagrangian of the system and [ is the action integral. This formulation 
is based on the Kolmogoroff-Chapman’s relation (2-3). A similar consideration of Wiener 
integral formulation in quantum mechanics was discussed by Montroll. 


The density matrix which plays a fundamental role in quantum statistics is written as 
P(x,|%, ; 8) = >19n (x2) eT BEng (x), P= 1/kT , (2°11) 


where ¢, is the eigenfunction belonging to eigenvalue E,. For the sake of convenience 
we define ,’ and ,' by 8,/—B/=1 /T and write the density matrix as ?(%», B’|x,, B,’), 
then we can show easily 


P (Xo, Be’ |x, ,') — Joc, By |x., Bs’) 0 (%55 Ps |x §,’) dx, (2. 12) 


In other words this is a Kolmogoroff-Chapman’s equation, if 3’ is regarded as time. The 
Fokker-Planck equation for (2:12) is the well-known Bloch equation 


* A more detailed qualification for X is discussed in § 3. 
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—k(d0/0P') = Hp. (2~13) 
Comparing this equation with Schrédinger equation 
— (4/1) O¢)/dt= Hf, (2:14) 
a correspondence 
it/6>9”/K=B) (2.15) 


exists here. Rather one may say that Schrodinger equation for transformation function 


— (b/i) OK (xo, tal, t1) /Oty= (Hy fe) K(X, flu #1) 


covresponds to Bloch equation (2:13). 


icrzomagnetism. 


(2-16) 


Bloch” applied this formalism to the theory of 
Recently Feynman" discussed the problem of liquid helium by introducing 


path integral formulation for density matrix using the correspondence (2-15). The 


trensformation function is developed as follows, 


K (Xe tel1, #:) = D3$n (2) ene 7 6,* (a). 


(2-17) 


This development shows that the transformation function and density matrix have same 


structure with correspondence (2-15). 


The analogue in the theory of the Brownian motion of (2:11) in density mairix 


and (2-17) in quantum mechenics 1s 


the one encountered in the method of cigen- 


function development frequently used in the theory of relaxation phenomena. The essentials 
are described in the foot-note to §2 (p. 2). 


Above considerations suggest that there is a close similarity in the formal structure 


of the theories of Brownian motion, quantum mechanics and quantum statistics. 


are all described formally as stationary Markoff processes. Table I shows the analogies 


of these theories. 


Brownian Motion 


Table I. 


Quantum Mechanics 


They 


Quantum Statistics 


Transition probability 
T (xe, to|%15 t) 
Kolmogoroff-Chapman’s equation 
eq. (2+1) 
Fokker-Planck equation 
Eigenfunction expansion 
PSS iilgs e Ant y,* 
Wiener integral 


Uncertainty relation 
(Wiener process) 


(Ap) (4q)~2mD 


Transformation function 


K (xo, to|%y, #1) 


eq. (2+3) 
Schrédinger equation 


K= a bn eo ie dn® 


Feynman integral 


Dersity matrix 


(Xo, Bo’ |x, By’) 


eq. (2-12) 
Bloch equation 


(= Ddbn ets bn®* 


Feynman integral 


On the other hand one may say tha 
theories achieved by human race, 


most beautiful and magnificient 


t the theory of quantum mechanics is one of the 


and the various techniques 
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have been invented for the wide problems of quantum mechanics. The above mentioned 
analogies permit us to apply the techniques of quantum mechanics to the theories of 
Brownian motion and quantum statistics. These are discussed in detail in the following 


sections. 


§ 3. “Schrédinger ” representation of the Brownian motion 


Schwinger’s dynamical principle of quantum mechanics has an advantage that the 
various relations which are obtained separately in the traditional theories of quantum 
mechanics are derived from one variational principle. For example we obtain Schrédinger 
equation, Heisenberg equation or commutation relation, etc., from this principle. In 
Appendix we give a review of Schwinger’s dynamical principle in a manner somewhat 
different from the original description of Schwinger. This method can be applied im- 
mediately to the theories of Brownian motion and quantum statistics, provided that we 
can write down the path integral formulation for transition probability or density matrix. 
For this purpose we will give a brief discussion for the method of introduction of path 
integral in the theory of Brownian motion. 

Langevin equation for a Brownian particle under external force with potential U(x) 
is 

mx+Cx+U! (x)= X(t), (3-1) 
where X(t) is the fluctuation force, which is assumed to have the following properties 
i) (X(t))=0 (3-2) 

ii) (X(t) X (ty) )={X?)0(t,-—f) (3-3) 
and ¢X”*) is independent of time. 

iii) Further the probability density for X is given by 

V(X) cexp(— X?/4EkT). (3-4) 


This Gaussian form is easily suggested by central limit theorem from the fact that 
the fluctuation force is regarded as a resultant of numerous elementary random forces due 
to impacts of molecules, and the coefficient 4€kT is determined so that the distribution 


of the velocity of the Brownian particles should lead to Maxwellian after sufficiently 
long time.” 


Define 


t+At 


B,(4t) = | X()\dto He) ae Fox ammalloty (3-5) 


and we have from (3-3) 


t+ At 


(B, (dt)*) = \|<xe@ X(s)) dtds=(X®) dp, (3-6) 
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Then we can easily show that the distribution of B,(4t) is Gaussian, ice., for the pro- 
bability density of B,(d¢) 


W {B,(dt)} cc exp{—B2(dt) /4CkT dt} . (3-7) 


On the other hand for small time interval between ¢ and t+J4t¢, the path of a Brownian 
particle is determined by specifying Xd4t=B,(4t), whose probability density is given by 
(3-7). Consequently the probability of a path from ¢, to f is given from ii) by 
4 {B,, (dt) } f {By +02 (4e)} ua {Bi.—as (Ae) } 
t2 
cc exp {— (1/4CkT 48) 33B? (e)}—azav? =exp (— (1/44) [XC 3-8) 
ty 
That is to say, if X(t) for t,<#<4 and initial conditions are given, the path of a 
Brownian particle is determined completely. Eg. (3-8) gives the probability for a path. 


Consequently, the transition probability is written down at once, as follows 
ia (Gn sieeasoey shia state) oc | exp {— (1/4gkT) | X*de d (pathy (359) 


which is the form of path integral given by Onsager and Machlup.” (See also Hashi- 
tsume”” 

The above formulation is for O—U processes. For Wiener processes, we have only 
to neglect the inertia term in Langevin equation. Then Langevin equation (3-1) reduces 


to 
x+(1/0) U'@) = (1/0 XO=YO), (3-10) 


and the transition probability turns out to be 
ta 
T (final | initial) oc jew {— (€/4kT ) | Y(t) *dt} d(path). (3-11) 
t1 


This is the path integral representation of Wiener for Brownian motion which reduces to 
(2-5) for free particles (U (x) ==0)', 

The important difference between the two processes, Wiener and O—U, is that the 
initial condition to be required for the determination of a path is the values of position 
and velocity in an O—U process, and the value of position in a Wiener process. Conse- 
quently the initial and final states in the transition probability are specified by positions 
and velocities in an O—U process and by positions in a Wiener process. In the present 
section, a few examples will be discussed in a manner analogous to the “ Schrédinger ” 
representation in quantum mechanics. The “ Heisenberg” representation is treated in § 4. 

3-1 Wiener process 

As is discussed above, the transition probability of a Brownian particle under the 


influence of the potential U(x) is given by 


T (2) f|%, 4) =N \ exp {— (€/2kT) J(path)} d(path), (3-12) 
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t2 


ie \ LS case 


t1 


&=1/2- {dx/dte+ (1/C)7U}?. (3-13) 
The correspondence with the case of quantum mechanics developed in Appendix is 
i/b—> — (€/2kT) (=—1/2D) and Lo£. (3-14) 
Then we have from eq. (A-5) in Appendix 
t,=x-+ (1/C)0U/dx, (3-15) 
HE =1/2- {de/de+ (1/0)PU} - {dx/dt—(1/e)FU}, (3-16) * 


which yield immediately various relations: i.e., the differential representation of momentum 


is given from eq. (A:9) by 
@,=x-+ (1/C)9U/8x—> —2D(3/dx), 


in a representation which makes x diagonal, and Fokker-Planck equation is given from eq. 
(A-10) by 


2D(OW /dt) =H6 (x, x) W 
= (1/2)z- (x— (2/E)7PU)W 
=2DP - (DP —(1/€)VU) W, 


or 
OW /ot=P - (DF — (1/£)FU)W. (3-18) 
3-2 O-U process (1) 
Putiing dx/dt=u, the path integral formulation of a free Brownian particle is given 
by 


Ps 


H(i, fl Uys ty) =N\ exp {— (1/2¢kT) I} d(path), (3-19) 


I=1/2- \ (mu +Cu) dt. 


a 
In this case the path in u-space suffices our present purpose and the specification of the 
path in x space is noé necessarily required. This equation was given by Onsager-Machlup.” 
Momentum operator 7,=m (mu,.+€u,) is represented by a differential operator 
7 ,=m (mu, - Cu,) > —2€kT (0/du,) (3-20) 


and Fokker-Planck equation is given by 


2¢kT (OW/9t) =H (x, u)W (3-21) 


* The physical meaning of the Hamiltonian opera‘or in Brownian motion is the logarithmic decrement 
(see Fokker-Plarck equation (2°2’) (L, is Hamiltonian apart from cons.ant factor) and (2+8’), and see 
also the final paragraph of the Appendix). 
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HE (2, w) = (1/2) (mu+Cu) - (mu—Cu) 


= (1/2m) 2: (7 —2¢u) (3-22) 
or, 
OW /dt=PV,,. (UW) + (kTB/m) 4,,W, B=C/m (3.23) 
which is the eq. (277) in Chandrasekhat’s paper.” 

3-3 > O—U process (II) 

In 3-2 the specification of positions in initial and final states was not required to 
the expression of transition probability, and only the path in u-space is considered. How- 
ever one may take into account the path in x-space. General treatment of this case 
requires further development of dynamics of a system whose Lagrangian involves x, u 
and u. This generalization is easily carried out following the method of Ostrogradsky™ 
and is outlined in § 4. However in our case of free particle we can derive Fokker-Planck 
equation without recourse to this generalization. The transition probability is represented 


by 
Ti ane tlt) =N\exp{— (1/2CkT) I} d(path) 


t2 
1e= 1/2 \ (mu +Cu) dt. (3-24) 

Lagrangian of this case is same as that of the preceding case, because the fluctuation force 
is same. The path of eq. (3:24), however, is to be taken in xu-space, satisfying the 
condition u=dx/dt, which means that the arbitrary path in xu-space cannot be followed. 
One may rather say that the path in x~space is determined by the condition x= | ude. 
In consequence the Fokker-Planck equation is obiained by adding a term u-l’,W to the 
left-hand side of the above equation (3:23) of O—U process (I). One obtains 


OW/dttul,.W=P,,.(uW) + (kTB/m) 4,W. (3-25) 
This equation is already obtained by Chandrasekhar (eq. (249) in his paper"). 


§4. “Heisenberg” representation of the theory of Brownian motion 


In the present section we shall develop the operator formalism of the theory of 
Brownian motion, which is analogous to the “ Heisenberg” representation in quantum 
mechanics. 

4-1 Generalities 


From now on we will use Dirac’s notations, in which a state of Brownian motion 
is described by an abstract vector, the “ket” |) or the “bra” ¢| say, and a physical 


quantity by an operator* acting on it. 


* We shall denote an abstract operator by the under-bar, for instanse, x for the position x or vid for 


the logarithmic decrement I: 
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On the analogous way to quantum mechanics, assume that the set of eigenvectors 
of any operator be complete orthonormal one. However, in the theory of Brownian 


motion, it seems that this assumption may as well be required only for the position x 


and the logarithmic decrement x ; 
Now, the transition probability density for the motion of the particle from (x, ¢,) * 


to (x, t,) is written down in the form 

T (%, tolx,, &) = D4 (%) e Ura (Ao (x), 
where 7 stands for 2D in Wiener process or 2kT€ in O—U process and u,(x) and v,(x) 
are the representatives (x|@;) and («@;|x), respectively, of the eigenvector of He belonging 
to the eigenvalue a; in the diagonal representation of x. In virtue of the condition for 
normalized completeness 

Sle) (a =1, 

the expression (4:1) is easily reduced to the compact form 


T (%» ty |%, t) = (x,|T (ty, t) lx.) (4-2) 
with 


T(t, t,) =exp[— (1/7) (—#) 6] : (4-3) 


Obviously this is the transformation operator governing the evolution of Brownian motion, 


obeying the Fokker-Planck equation in the operational form 


(8/Bt) T (ty t.) =—I6 T (ty 4), (4-4) 
with the initial condition 
T(t, 4) =1. (4-5) 
Moreover, it is evident that the operator T satisfies Kolmogoroff-Chapman’s equation 
T (ty t) =T (ty &) T (ty &). (4-6) 
The normalization condition is usually expressed as 
\76 sicher, uy (4-7) 
v 


where V is volume of the total system. Thus, the normalization condition for the operator 
T turns out to be 


(VT (t, ty) |x) =1 (4-8) 
from (4-2) and (4-7), where |[V)= | dx|x). Consequently, the condition (4-7) requires 


y 


the property 


a fs . : 2 ‘ 
In O—U processes one must take other independent variables i.e., velocity u or x and u, however, 
for the sake of simplicity x is used throughout for such independent variables. 
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(P| 2 |xy=0 (4-9) 
for the operator aw . It is true that this requirement is of great importance as a funda- 
mental character of the operator 3 on a par with the Hermitian character of the 
Hamiltonian operator in quantum mechanics, but it is always possible to construct the 
operator “ug with such a character in the framework of the theory as formulated in the 


preceding section. We shall see this fact later. Further it holds that 
VTE, ty) lf=l ’ 
if 
l= { |x) dx f(x) and | foo dx=1 , 
y y 
In what follows we shall treat only the operator ug with the character (4:9). 


Next, let us consider the mean value of a quantity A(x) after (t—4,) for an initial 


distribution f(x) at f), that is, 
lA s=\)4@ Tix, tly: ty) fe) deed, (4-10) 
F 
This easily rewritten in the operational form 
(A) a-t) s=VIAGO IP >» (4-11) 
where x(¢) is the time-dependent operator 
x(t) =exp| (1/7) 26 (#4) x exp[— 1/7) 26 (t—-4)], (4:12) 
obeying the “Heisenberg” equation of motion 
7 (dx(t) /dt) =[26, x] (4-13) 
and the initial condition x(0) =x. The proof of the equality of (4-11) to (4:10) is 
performed as follows ; since the operator A(x(#)) has the same time-dependence as (4 12) 


for x(é), the right-hand side of (4° 11) becomes 


(VAG O)ID= | VIT Gn 9 peer) TOs AD 


V 


=| 14@ 76 OID 


Ay 


a \)4@ T (xy thXyy ty) f Oxo) ded 


7 


where we have made use of (4-8), (x|A(x) |x’) =A) Oe —*) and (x"|Py=f(x"). 
Thus the problem turns to solving the “Heisenberg” equation of motion (4:13) and 
then computing the matrix element (4-11). We shall show a few illustrations for some 
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simple problems in the {ollowing sub-sections. 

4.2 Wiener process 

As given in § 3, the “Lagrangian” for the Wiener process has the form 

£ = (1/2) (w+ (1/0E)V U(x) )* (4-14) 
for the given external force with the potential function U, from which we get the operators 
m=x-+ (1/0)FU(e), 

re i il (4-15) 
= (1/2) x (H— (2/E)PUC)). 


Here it is to be noted that the order of factors in 76 has been chosen to satisfy the 


condition (4 9). The commutation relation between 7 and x is obtained from (A-13): 
[z,, x,]= —2D¢,;. (4-16) 


Hence their matrix elements become 


{x|2|x,)= —2DIl'd (x—x,), 
am : (4-17) 
(x|%|x))=%,0 (x—%). 
which give us the relations 
(P| x|x) =X» (V\z|x))=0 : (4-18) 


For simplicity, let us consider the motion in the case where there exists no external 
force, that is, U=0. The equation of motion (4:13) gives us the equation for free 
particle 


d'x (0) /dé=0 (4-19)* 


and imposes the initial conditions on x(t) as follows ; 


x (0) =7 (4-20) 
besides the trivial one 
pA 
Thus, we get the solutions 
x(t)=x+7t. (4-21) 


If we take the initial condition f(x) =0(x—x,), the mean value of x is easily computed 
from (4:21) and (4-18): 


(®)¢,29=%p « (4-22) 


The mean square deviation from the initial position is similarly obtained : 


* Note that x(t) =0. 
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€ (X:— Xu)? Dero = C89) 29 — Me 
= (Vx) +770 +e (1%, +2) |X) — x= 2D, (4-23) 

because of (4:18) and the relations 

(V|n;'|x)=0 , 

CVX 1:7; |X) =2D4+ (V|7,x |x) » 

VT i%5|%o) =X V7 |X>) = - 

The transition probability is given by the symbolical form 

T (x, t|x,, 0) =exp[2D:’*]0(x—x,). (4-24) 
Thus, we obtain the usual expression (2:4), by using 0 (x) = (1/27) (etrdk, for a system 
ip a space with infinite extension. For the system in a cube (edge L) with the rigid 
wall, one has only to use the expression 

Yeo=" Sere >| sin (Imes Thin (a, /D) 
x > sin (mmx,/L) sin (m7Xo/L) b? See ENO IEY. 


4-3 O-—U proress 
For simplicity, we shall discuss the O-U process only in case there exists no external 
force for the case of 3-3. The “Lagrangian” given in § 3 is 
£= (1/2) (mu+tu)?, u=x 


for this process. In order to deal with the velocity variables u like independent ones 


and to construct the canonical formalism, it is more convenient to make use of the 
modified Lagrangian” 
Lo’ = (1/2) (mu+lu)* +p: (x—wu), (4-25) 


p being the so-called “ Lagrange’s undetermined coefficients.” The Lagrangian L,' generates 


the “ momentums” 2 and p canonically coujugate to the variables u and x, respectively, 


as follows ; 


1,=0L,' /du=m (mu; +Cu;) , 
(4:26) 


p=oL'/Ox=p.- 


. . ” : 
Hence, it turns out that the Lagrange’s coefficient p is the “ momentum” coujugate to 


the | osition x. The operator iG has the form 
I =u: p+ (1/2m") x (7—2mLu). (4-27) 


in which the ordering of factors ensures the condition (4:9). From (A:13) one gets 
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[7,, ujJ= —2kT C0, , 
[pes x]= —24T CO, 


The matrix elements of x, u, p, 7 and XC are written down in the following form : 


(4-28) 


(x, ula|x’, =x (x—x') O(u—u’), 
(x, ululx’, uw’) =u'd(x—x’) 0(u—u’), 
(x, u|p|x’, w= —2kT CV 0 (x—x’) 0(u—w’), 
(x, ula|x’, uw) = —2kTCV,,0 (x—x’') 0(u—u’), 
(x, uf Hb |x’, w= —2kTC {uP ,— (kT B/m) 0 2— BV ,,-u} 0 (x—x)/O(u—w’). 
(4-29) 
As the results of (4-29), it holds that 
CV |X [Xo Uo) =X op (Vey UX) Hy) = Up » 
CP u| P| Xo» Uo) =Viul EX» Mo) =O 
(Veoulx TlXoy Ho) = (Viral Uc PslXo> Ho) =O , (4-30) 
CV cul PiXj)% 0» Uo) = (Vuel ®itg|Xo> Yo) = 5 
CVrul PeX +X Pilko» Mo) = (Venl Mits + uj Meloy ly) =2KTC « 


As in the Wiener process, the “ Heisenberg” equation of motion gives us the 


equations 
(d°u (t) /dt*) — u(t) =— (1/m) p, 
(4-31) 
u(t) =dx(t)/dt, dp(t)/dt=0 
and the initial conditions 
«(0)=u, x(0)=u(0) =(1/m)2—fu, 
is rie Aes 4:3 
2 (0) =u (0) =f"u—(1/m)p, ona 


besides the trivial one 
x(0) =x. 


The equations (4-31) under the initial conditions (4-32) are readily integrated with 
the result 


w(t) =x +u(1—e™") /3 + p(1/m*) (Bt—sinh 2) 
+ 2 (1 /mf3*) (cosh Pt— 1D) Se (4-33) 


from which we obtain the mean value of the position 


Ce, (20,0) =Xy+ Uy (1 —e™) /f, (4-34) 
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and the mean square deviation ftom the initial position 


€ (= 05) Ye, Gro,uo) = Met (1 — 2? 
+ (kT /m") | 28t—3 +40 — J , (4-35) 
In the derivation of (4:34) and (4-35), the relations (4:30) have been used. 
It is easily shown that the symbolical solution for the transition probability 
T (x, u, t|xo) Up» 0) 
=exp[—t{u-V,— (kT ?/m)V2—PV,,-u} ]0(x—x,) 0 (u—u,) (4-36) 
is reduced to the conventional expression (3-25) in a space with infinite extension, while 


it needs to use the special expression of the O—functions in the case of the system with 


other particular boundary conditions. 


§ 5. Quantum statistics 


For a while we shall treat a one-particle system in a heat bath as an_ illustrative 
example of our formulation of quantum statistics. The extension to a many-particle system 
will be discussed later. 

In virtue of the correspondence as mentioned in §2, it is natural to define the 


density matrix for a one-particle system with the Lagrangian Libs x) by the path integral 
p (ty Balla Bi) = N | exp {— (1/8) L(path) } d (path) 


with (5-1) 
Bo! 
I(path) = | G(x(#), *()) 49, 


Bi! 
where the function G is to be obtained from L(x, x) by the replacement 
G(x(s), x(s)) =—L(x(s), (i/b)kx(5)). (5-2) 


For the conservative system with the Lagrangian L=T—V (in which T and V are the 


kinetic and potential energies of the system, respectively), this relation becomes 
G= (m/2) (F/#) x(s)?+V. (5-3) 
Here it is noted that, in quantum statistical mechanics, the dot must not stand for the 
derivative with respect to time but to inverse temperature. The conjugate momentum to 
the position x 
mt =0G/Ox=m (K/h) x (5-4) 
is considered to be the differential operator 


m= —k(3/dx) (5) 
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in the diagonal representation of the position operator x. In such a representation, we 


get the “ Hamiltonian ” operator 
H= — (m/2) (E/#) xP 4V 
= — (6° /2m) (8/A2) +0. (5-6) 
Thus the density matrix must obey the equation 
R90 %y Bs’ lx Bi’) /982!) =[— (0/2 88x") + V (x2) ] 0 (xs Bel, By’), 
(5-7) 


being the well-known Bloch equation. 
The abstract operators Z and x satisfy the commutation relation 


ere (5-8) 
from (A-13). If we teat the variable = (1/kT), in the place of 8’=(1/T), like the 


time variable in quantum mechanics, the commutation relation becomes 
[z, x]=—1. (5-8) 
Now, if we define the abstract operator ((9,', 2;) by means of the matrix clement 


(x9| 0 (8, By) [x)= (X25 Be! |x 8’), (5-9) 


it must obe: ‘perator equation 
—k (p(B, BY) /8By') =H p (By, By’) (5-10) 
with the initial cendition e(3,', 8) =1, where 
H= — (1/2m) (8/R) 2° 4+ (), (5-11) 


The equation (5-10) has the formal solution 
pe (BY, Be) =exp|— (1/k) (f.’— 8,') H] > (5 : 12) 


whose matrix element is the conventional expression for the density matrix 
P(X, By! |x,, 8’) = 259; (x2) e7 (1/4) En (Bo! — Bi’) 0,;* (x). (5-13) 


Here we have used 6, (x) =<xlE,), H\E;)=E,|E,) and the normalized completeness condi- 
tion >j|E,)(E,|==1 for the set {|E>}. In some simple cases the potential function is 
F 
linear or quadratic in x and 7, one can easily solve the Operator equation—the “ Heisen- 
berg” equation of motion—for the temperature dependent operators defined by the relation 
as (4-12). However, we do not enter them. 
Next, we shall discuss a many-particle problem. Let the density matrix for an N- 
particle system be ». In case there occurs no increase or decrease in the number of 
particles, the operator p\? js similarly obtained by 


eo (Bd, 8) =exp[— (1/h) (A —8/) H), (5-14) 
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where H‘”) is the Hamiltonian operator of the N-particle system. However, if the 


system contacts with the source of particles, the number of particles is indefinite and it 
is necessary to define the grand density operator 


P(B,’, By’) =>) eG Bs/uN om epi aN ’ (5-15) 


— f 
where / is the chemical potential of particles. In this case, it is convenient to use the 


method of description given by the second quantization, in which |E‘”) turns to the 


simultaneous eigenvector of the Hamiltonian operator H and the number operator N (in 


the second quantized form) belonging to the eigenvalues E; and N, respectively. By 
making use of the normalized completeness condition 


DDE) EY |=1, 
NS = 
it is shown that (5-15) is reduced to the simple form 


Py; re) =exp[— (1/k) (8, — 8) 7], (5-16) 
where 
H!=H—pN. (5-17) 
The operator H’ represents the total energy including the interaction energy between the 


system and the source. The form of H’ is concretely expressed in terms of the second 
quantized field operators (x) and ¢*(x) as follows: 


H= \e" (x) [— (B/2m) 7? +V (x) |p (x) dx 
+ || oe) PHO) Viole *) PO) PO) de de, (5-18) 


N= | y* @) $@) ak 
with 
9), ¥ @)]e= 96-2), | ses, 
[$@), $@) ]-=[4*@), o*@) ]3=0, 
where [A, B];- =A B+BA and one must take minus or plus, according as the particles 
are vases a fermions: V(x) is the potential function for the external forces and 
V(x, x!) for the inter-particle forces. Moreover we can construct LE) gas 


p 


n= a4 dx) «-.dx p* (x) +. h* (x47) |0)> 4d; (x, oe, x) (5-20) 
N! ; e 


in which the vector |0) represents the vacuum state, having the properties 
¢|o>=0, N|O)=0 and H\0)=0 (5:21) 


The temperature dependent operators ¢ (x, f’) and ¢* (x, P’) are defined as 
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if — (1/A)B/ HI! 
f(x, BY) =O" Px) e = 
+ (5*22) 
Gi (A) enn ye a) errmrE 

‘ — 
which satisfy the ‘ Heisenberg” equation of motion 


k(Ob (x, 8) /08) =—[P 2), H’). (5-23) 


By using (5:18) and (5-19), this equation is reduced to the Bloch equation with the 
source terms as an operator equation. If the quantity 


pe (x, Pe'|%1, By’) = (0/9 (%, B,/) p* (x, 1’) |0> (5-24) 


is defined by the above operators, it obeys the Bloch equation (5-7) and, by making 
use of (5-21), it becomes 


O° By Bal xs B/) = S10 (2) [EP Deg O/H Ee Be’ —Bx) EM | b* (x,) 0). (5-25) 


Here we have used the fact that ¢*|0) is an eigenvector of the operator N belonging 
to the eigenvalue 1, that is, (0|¢|E{”)=0 and (ES |b*|0)=0 for N=—1. Since the 
function (0|¢/(x,)|E;) can be interpreted as the amplitude for finding one particle at x 


in the state |E,), the expression (5-25) is just the conventional one for the one-particle 
density matrix. For the two-particle problem, one can define 


si (7g , Bo |xf?, see 3’) 
= Old GS, Bo!) POP, Be’) * Xf, Bi) O* (x, B,) 0D 


and, furthermore, similar definitions of the density matrices for the many-particle problems are 
possible. Such a formulation'?’" has the complete analogy for the theory of the propagators'” 
in the quantized theory of field and then various field-theoretic techniques may be powerful 
for calculation of the density matrix in case of more general sources of particle. 

Finally it may be interesting to note that the quantity ~“” can be expressed by the 
functional integral—not to be the sum over paths, but to be sum over fields— 


0 (x, Belay, BY!) =N| $( Bi!) $* (xy By’) 


x exp[—(1/b) | da’ \ ax GW (x, 8), 39 (x B)/Ax, Agb(x, 2) /38) JO a6, 


Bi! —© 
(5-26) 
where the function G is the field-theoretic Lagrangian which will give us the Hamiltonian 
like (5-17) with (5-18). 


§ 6. Conclusions 


An essential feature which distinguishes quantum mechanics from classical mechanics 
is the commutation relation 
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Lp, q]=6/i. (6-1) 
In the limit ->0, we are led to classical mechanics. 


In the above treatment, we have various commutation relations, tor example, for a 
Wiener process discussed in §§ 3-1 and 4-2 


[z,, x,]=—2D6,,, (6-2) 
for an O-U process discussed in §§ 3:2, 3-3 and 4-3 
[z,, uj] = —2kTCO,,, 
[Pn x)= —2kT C0, (6-3) 
and for quantum statistics 
[z, x]=—k. (6-4) 


In these cases, in the limit D0, kT€—>0, or k-0 every dynamical quantities commute 
each other and deterministic description is possible, corresponding to the case of classical 
limit of quantum mechanics. 


In quantum mechanics of a free particle the transformation function is given by 
K(x thx fo) =[—im/276 (¢—1,) }!” exp [im (x—my)?/26 (tA) ] 


in one dimentional case. This is the same form as eq. (2:4) for Wiener process, with 
the correspondence im/b—>1/2D. This is the reason why the commutation relation 
(4-16) holds for Brownian motion. Inversely quantum mechanics may be said as a 
Wiener process in the sense that in q-representation the velocity cannot be determined. 
However the important difference between quantum mechanics and Brownian motion lies 
in the structure of the Lagrangians which appear in path integral formulations. In other 
words quantum mechanics cannot be described by introducing a fluctuation force as is 
done in Langevin’s equation of Brownian motion. It might be possible to construct a 
modified quantum mechanics by means of introducing higher time-derivatives of velocity 
in Lagrangian in a way analogous to the relationship between O-U process and Wiener 
process, so as to make possible a simultaneous determination of position and velocity of 
a particle. However such a direct modification of quantum mechanics would be of less 


significance, because the Hamiltonian in this formulation would not be afforded any physical 


meaning. 


Appendix. Feynman’s and Schwinger’s formalism of 
quantum mechanics 


For the convenience of the applications given in the present paper, we shall briefly 
interpret two new formalisms of quantum mechanics obtained by Feynman and Schwinger, 
in which the theory is constructed directly from the Lagrangian without tesore to the 
canonical formalism. In particular, the latter gives us the unified descripiicn for the 


separate fundamental requirements of the conventional theory, that is, the commutation 


90 N. Saito and M. Namiki 


relations and the equation of motion, etc. 

We first mention Feynman’s theory, on the basis of which one explain the dynamical 
principle in Schwinger’s theory.* Let the Lagrangian, L, of the system be a function 
of the independent dynamical variables, as, and their time derivatives, as. For simplicity, 
we neglect the dependence of L on the higher time derivatives. The extension to the 
system with the Lagrangian containing the higher derivatives is readily performed by the 
method given by Ostrogradsky'” ; for example, see the O-U process (II) in §4. The 
quantization in Feynman’s theory is attributed to the postulation that the transition 
amplitude for finding the values a/”s for the dynamical quantities @,’s at the time ¢, in 
the system with the initial state having the values @;’s for them at the time t, be obtained 
by evaluating a path integral as follows ; 


(2 


Lat", tat’, L=N| = [i/o | L(a (1), a(t) dé]d(path)., (A-1) 
where N is a normalization constant. The matrix element of any dynamical quantity F 


between the above-mentioned states is defined by 


ta 


(a, t5|Fla’, t,) =N| F (path) exp[i/t \ L(a(t), a(t))dt]d(path),,  (A-2) 


t1 


where F is an operator having (A-2) as its matrix element, corresponding to the classical 


dynamical quantity F. As is easily seen, Feynman’s theory consists of evaluations of the 
c-number path integrals rather than the operator calculus. However, the operator defined 
by (A-2) has the same character as the corresponding one in the conventional cheory 
and obeys Heisenberg equation of motion, in case the canonical variables can be considered. 
This means the equivalence of Feynman’s formalism using the path integral to the con- 
ventional one containing operator. In order to perform this transformation of the descrip- 
tion from Feynman’s to the operator formalism in general cases, we must investigate the 
law of variation of the transition amplitude for the following three infinitesimal variations ; 
i) to modify the system, L->L-+0, L, ii) to displace the path, a(t)—>a(t) +0*a (t), 
and jii) to change the interval of motion, (ty, t)) > (t+0t, t,+0t,). For such Variations, 
the action iunction on a path 


ta 


Iy= | Lan, a,(t)) de (A713) 5 


iat 


suffers the following variation 


* Such an explanation of Schwinger’s principle is offered by Dyson (Advanced Quantum Mechanics 
Cornell University, (1951) p- 36). Many parts of the Present section in this paper owe to the lectures a. 
by Professor R. Utiyama, to whom the authors express their thanks. Readers may also refer to his work in 


quantum theory of the non-local field, Imamura, Sunakawa and Utiyama, Prog. Theor. Phys., 11 (1954) 29 
** The suffix H is used to denote a path or values on a path. 
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12+ 6t2 


OL, = \ {L(a_z+0*ay, hy +0*az) +0, L(az, @y)} de 
41+ 6t1 


t2 


#4 | Lm ERY? 


= [33% (1) day!” — H(t) d45]—[S3,(t,) da’ — (4) 34] 
+ | {8,L(em ey) +S aun d* inh dt, (A:4) 


where 
1,=9L/da,, da,=d*a,+a,0t, 
H=317,,—L, (A-5) 
[Lle, =OL/8a,— (d/dt) OL/q, . 
The variation of the amplitude is given as 
d(a", ta’, t= Ca’ +0a", t,4+0t,.|a’+0a’, t,+0t,)—Ca”, tla’, t,). 


Thus we obtain from (A-1) and (A-2) the variational equation of the transition 
amplitude 


0{a"’, tla’, t,) = (i/b) Ca", t,|OT (a) anny (A-6) 


Here OI(@) is an operator composed of the c-number function (A-4) by means of the 
tule (A-2). Consequently, such a change in the description results in the appearance 
of the operators, instead of making the explicit use of the path integrals. 

Now one may consider the equation (A-6) as a quantization condition, although it 
has been derived from (A-1). In fact, to postulate the equation (A-6) as a starting 
principle of quantization is equivalent to (A-1), because (A:1) can be derived from 
(A-6) as is easily proved. This is the dynamical principle required by Schwinger. 

In Schwinger’s theory, the kinematical postulations of quantum mechanics are just 
same as the conventional ones as follows. A state of the system of described by a vector 
in an abstract vector space, and a dynamical quantity is represented by a hermitian operator 
mapping a vector to another vector in the space. The transition amplitude for the process 
(a’, t,) > (@”, t2) is given by the inner product, (a, t|@’, t,), composed is the eigen- 
vectors |@”’, t,) and |a@’, t,) of the operator a(t) belonging to the eigenvalue all ate ts 
and a! at ¢,, respectively. An operator F (a(t)) can be represented by the matrix element 
(ai!, t|F (a(t) ) |@’, t,), which is an inner product composed of the vectors |@”’, t,) and 


F(a(t))|a’, t,). The set of the vector |a’, t) is a complete orthonormal one at any 
instant. Consequently, one gets 


Cal’, F(a (t)) la’, =F (a’) O(a” —a) (A-7) 
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and the multiplicative law for the matrix of 1 
(a, nF Gla’, 4=( Ca", el Fla”, al”, a)Gla’, adal”. — (A-7/) 


From (A-7) and (A-7’), it holds that 


{a", t|F(a(t)) |a’, t= \ Ca”, ta’”,t) F(a’) Cal”, tla’, t,) da!” 
= .. (A-7") 
(aes Bia i= | a”, pla, Pee he t,|a’, f. yaa”, j 


In addition to these kinematical postulations, the equation (4-6) is taken up as a dynamical 
postulation. 

The dynamical principle (A-6) contains the following facts : 

1) Equation of motion. For the special variations, da’’/=da’=0, 0t,=0t,=0 and 
0,L=0, it is expected that (A-6) becomes the variational expression of the equation of 
motion. Indeed, since the left-hand side of (A-6) vanishes for these variations, we obtain 


t2 


o=(a”, 4 ([L],, O*a,dtla’, 4), 


¥ 
a 


from which the equation of motion written in terms of operators is derived in the classical 


form 
[L].,=0. (A-8) 


In what follows, it is to be remembered that (A-8) always holds in so far as we 
investigate the real dynamical system. 

2) Representation of momentum operator by differential operator. For the special varia- 
tions, 0f,=d0t,=0, da’=0, 0,;L=0, da/’=0(i=Kk) but 0a,!'+=0, (A-6) becomes 


(8a, nla’, t,)/Bay!) day! = (i/6) Ca”, tl m() |e’, ¢,) day” 
= (i/b) dau!" \ Cer", ee (0) lal”, €) a, tla, t.)da”, 
from which we obtain 
Ca", tlm (0) la’, t= (6/i) (A/a!) O(a” — a’). (A-9) 


3) — Schridinger equation. If we take all vanishing variations except Jt,=|-0 and put 
Cal’, tla’, t= (a"’, th), (A-6) becomes 


(dyp(a", t,) /dt,) dt,= — (i/b) al", mL (@(), a(t) la’, 44) 98 
=— (i/b)9t,| (a t,| (7 (t), a(t) ) lal’, bh (al”, t,) dal”, 
which results in Schrédinger equation 


ib (O) (a’, t) /dt) = H(b/i-d/da"’, a’) h(a’, 6), (A-10) 
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where (A-7) and (A-7’) have been used. 


The operator form of Schwinger’s dynamical principle is also obtained. Now, let 
us consider the expression 


a, t,|F (a (t.) ) |a’, t,) = F (a!’) 0 (a"’—a’) 


and take its variation under the three infinitesimal variations as mentioned above. Since 
the right-hand side of it suffers the only variation a//—a!+0a", the variation of the 
quantity (a’’, t,|F—dOFla’, t,), in which OF is an operator with the property 
<a’’, t,|0 Fla’, t.) = (F (a +0a"’) — F(a”)) 0 (a —a’), vanishes, that is, 


|| Kal taal”, + dblal”, 4) Cal", | +94) +0, F(t) —9F (4) |a™, 6) 

x <a’, t.|a’ +a’, t,+0t,) 

—{al", tae!”, tC al", te F(t.) |i’, ty Ca, tela’, t,)} dada’ =0 . 
By using (A-6), this becomes 

(i/b) Ca", to|[OT (to), F (40) ]]@’, t2) 
+a", t.|F (t,+0t) +0; F(t) —0F (2) —F (t) |@’, t)=0. 
Thus we obtain the operator form of Schwinger’s principle 
OF (t) —Fot—0, F(t) = G/b) (01), FO). (A-11) 

Here it is to be noted that, since (A-8) has been used for the one-side variation in the 


above derivation of (A-11), the operator 0I(t) must be expressed as 
t2 
81) = S14, da, — (0) d+ | a,L ce (A-12) 
(ee “7 vs 
If one adds G=— >17,a@, to the Lagrangian from the outset—this addition is a canonical 
transformation and Asn does not modify the system (because the equation of motion is 
invariant) —, the operator OI (t) is changed as follows ; 


8I() =— Soma, (0) —H(0 oe+ | aiL dt. (A-12') 


a1 


From (A-11) one can get the various operator equations : 
1) Commutation relations. Let F be a. For the special variations d¢=0 and @;L=0, 


(A-11) becomes 
—ibda;(t) = Pale (t) [z; (t), &% (é)], 


that is, 


[z; (4), a; (¢) |= G/i) 0,5 : (A- 13) 


For F=7,, 07;=0 because 7 is independent of a. Thus it holds that 
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[7,(¢), 7, (#)]=0. (A-13’) 
If we use the expression (A-12’), we obtain 
La, (4), a(t) ]=0. (A- 13") 


These are the canonical commutation relations. 
. . . . . N 
2) Heisenberg equation of motion. For all vanishing variations except 0t-!-0, (A-11) 


gives us the equation 
FO = G/)[HO, FO). (A-14) 
This is well-known Heisenberg equation of motion, which means that the operator H is 


. . . - a ‘ 4 
a generating operator for time translation. Putting all variations to zero except 0a,==0 
in (A-11), we obtain 


OF (a) /Be,= (i/0) [Ay F(a). (A-15) 


This is a general expression of the fact that the momentum operator and the angular 
momentum operator are generating operators for space translation and space rotation, 


tespectively. Moreover, one can obtain from (A-11) and (A-12’) 
OF (x) /Om,= — (i/b) ax, F(r)]. (A-15’) 


Finally, we consider the conservation law of the dynamical quantity. If the action 


function is invariant under a transformation group, it holds that 0[=0 for an infinitesimal 


transformation belonging to this transformation group. Consequenily, the expression (A- 4) 


as an operator equation becomes 
[33 7,0a,— Hét),,=[S17,0a,—H0t},, , (A: 16) 
er = eo a 


where we have used 0,L=0 and [Lla,=0- If we take a time translation t>¢-+0¢ for 


the invariant system under it, we obtain the conservation law of energy because of the 
fact dx=0 and 0t,=0t,=0¢t in this case. Similarly, for the invariant system under space 
displacement or rotation, (A-16) results in the conservation law of momentum ot angular 
momentum. Thus the expression (A-16) is considered to be a unified representation of 


the conservation laws of various quantities. 


References 


1) E. Schrédinger, Sitzungsb. Preuss. Akad. Wiss. (1931), 144. 
2) J. Metadier, Comptes Rendus 193 (1931), 1173. 
3) R. Firth, Zeits. Phys. 81 (1933), 143. 
4) N. Wiener, Acta Math. 55 (1930), 117. 
5) L. Onsager and S. Machlup, Phys. Rev. 91 (1953), 1505. 
6) N. Hawa Proc. Intern. Conf. Theor. Phys. (1953) Kyoto and Tokyo, 495. 
7) R. P. Feynman, Rev. Mod. Phys. 20 (1948), 367. 
8) E. Montroll, Comm. Pure & Appl. Math. 5 (1952), 415. 
9) E. Bloch, Zeits. Phys. 74 (1932), 295. 
10) R. P. Feynman, Phys. Rev. 91 (1953), 1291. 
11) S. Chandrasekhar, Rev. Mod. Phys. 15 (1943), 1. 
lla) N. Hashitsume, Busseiron Kenkya 80 (1955), 52 (in Japanese). 
12) E. Whittaker, Analytical Dynamics, 4th edition, p. 265. 
13) H. Ichimura, Prog. Theor. Phys. 11 (1954), 374, 385, 519. 
14) ‘T. Matsubara, Prog. Theor. Phys. 14 (1955) 535i, 
15) P. T. Matthews and A. Salam, Nuovo Cimento, X, 2 (1955), 120. 


OS, 


Progress of Theoretical Physics, Vol. 16, No. 2, August 1956 


Nucleon Magnetic Moments in Ps-Ps Intermediate 


Coupling Meson Theory 


Akira KANAZAWA* and Masao SUGAWARA** 


*Physics Department, Hokkaido University, Sapporo 
**Mathematical Physics, Royal Institute of Technology, Stockholm, Sweden't 


(Received October 24, 1955) 


Tomonaga intermediate coupling meson theory is applied to the symmetrical ps—ps meson theory, 
where we have taken account of the nucleon recoil, though non-relativistically, and the S-wave mesons, 
so as to give the pair damping automatically, besides the conventional P-wave mesors. Magnetic 
moments have been calculated, retaining up to three bound mesons and allowing virtual trarsitiors to 
some excited states accompanied by single unbound meson emission. The results turn out to be too 
small to be consistent with the empirical values for reasonable cut-off momenta and coupling ccrstants. 
Especially the effect of excited states has been shown to be negligible. Sachs’ theorem has been ob- 
tained as regards the bound meson contribution. 


§ 1. Introduction 


Even if we confine our attention within the magnetic moments of nucleons, it is known 
that the present meson field theory is incapable in getting the quantitative agreement with 
the empirical values. To see whether the present meson theory itself is basically insuffic- 
ient or the present method of calculation is rather unsatisfactory, we must carry out many 
more refined calculations than currently used. In order to give such an example, we have 
applied Tomonaga’s intermediate coupling meson theory to the symmetrical ps-ps meson 
theory, taking account of some effects which have been neglected thus far, to calculate 
nucleon magnetic moments. 


”, the intermediate coupling theory was applied only to the case where we 


Heretofore 
neglect the nucleon motion and retain only the derivative coupling term, and the effect 
of excited states has been completely neglected. In order to take account of these neglected 
effects at least partially, we have retained the non-relativistic recoil term of nucleon motion 
and some (nonlinear) term containing S-wave mesons, besides the derivative coupling term 
(P-wave meson term), after we have applied a canonical transformation”® to the original 
Hamiltonian of ps-ps meson theory. We have considered, moreover, the virtual transitions 
to some excited states, accompanied by single unbound meson emission. 


Our approximate Hamiltonian is constructed in section 2. As a first step of solving 


t) On leave of atsence from Physics Department, Hokkaido University. 
ti) Now, at Department of Physics, Purdue University, Lafayette, Indiana, U.S.A. 
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the resulting problem, we first eliminate the nucleon coordinate retained? (section 3) and 
expand the meson field in terms of spherical waves (section 4). Then the Tomonaga 
approximation” is introduced in section 5 for both S- and P-wave mesons. The results of 
the eigenvalue solutions of the bound meson Hamiltonian are given in section 6. The 
calculated values of magnetic moments without and with the unbound meson effect (the 
effect of the excited states) are given and discussed in section 7. Main conclusions are 


summarized in the final section. 


§ 2. Construction of approximate Hamiltonian 


The Hamiltonian for coupled nucleon and meson fields, assuming symmetrical ps-ps 


theory, is given, in an external electromagnetic field A, by 


H=|{y*[—ia( 2 ie $% A) + f+ 1 STe + gad, +1780] 
“ Ox 2 ig 


+Dy"if, 78. +eA(0, 2 9,-9.4, )} de, (1) 


using the ordinary notations. 


To get an expression which is more suitable for our purpose, we first apply the Foldy 
transformation”; 


exp (iS), S==(f*shdx, s==(1/2) tan (D) fy;720./*)» (2) 
and retain only the following terms 
H’=exp (iS) H exp (—iS) 
rt : Oey Yeiak te 1 : 
=| 9" ia (Fie EA) y+ Sat + grad? 4, +1060] 


fe) 
Ox 


+S (2) 0 22.6.4 (0) Bp 


ted] oF (* lo (6,r.-$. 79 @) 
+(:2-4,—d-2-6,) |}, 


e* =e 1 +3) fb? /x7)?. 


where 


In (3), we have neglected other higher order terms* in f/2« and also a direct term (a 


*) We have carried out the detailed calculations including some of these neglected terms. Actord- 


ing to them, these effects are never quite negligible, nor large enough to modify the conclusions of this 
paper completely. 
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biquadratic term in ¢ and #*), since the one nucleon part of the latter can be shown to 
be a pure constant (infinite in general) except the higher order terms than those given 
above. Also we did not give explicitly in (3) those terms which contain the Dirac’s odd 
matrixes, since they will be neglected in the next step. It is essential here that we have 
never expanded the nonlinear operator «*, which contains many higher order terms. 

As we can take account of the nucleon motion only in the nonrelativistic approximation, 
we further apply the Foldy and Wouthuysen transformation upon (3). After that, we 
come back to the configuration space representation as regards the nucleon motion. In 


the one-nucleon problem, we get finally the following approximate Hamiltonian 


H” =H" +H", (5) 
where 
FR es ae 2S \t2.! + grad” $,-+ 6," |dx 
2K 2 « 
Ph f K ‘ o e) 6 
+(k )+aF(4) age 9 (6) 
and 


HN" =f (Joa fee eee \ el 62-44-62 4, [de 


als 1+ 49 ak 4S Es ee | 
K 2 Ox 2K 2 


f o4l(£) Sram) tSrety() | @ 


where we have dropped the nucleon rest energy and it is understood that the nucleon 
coordinate should be substituted in the terms without integrals. From (7), the magnetic 


moment operator M is obtained as 


y t fe) 
ul e 1+7, AC e fo) a fe) |e- 1e det Tey 
dire 2 i 2 | [ox Ox Pr— Sete X Ox Pr 2 «=o Ox 


—F(# exons) +Lxxol(&) itareta) + reteta) a 
8 


In this paper we take as our starting point the approximate Hamiltonian (6) and the 
approximate magnetic moment operator (8). . 

If we put «*=« and neglect the nucleon motion in (6), we get the gee Hamil- 
tonian as used in the previous investigations”. It is seen that two essential seapreve Rien 
are done: the first is the nucleon motion, although non-relativistic, and the second is the 
meson pair term characteristic in ps-ps meson theory, though we shall make further approxi- 


mations in the following relating to these two. It is added that the meson pair effect 
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will be taken into account so as to give the pair damping automatically, which is intimately 


connected with the fact chat we have not expanded the operator «* in (6). 


§ 3. Elimination of nucleon coordinate 


To calculate the magnetic moments we shall first solve the meson-nucleon problem 
with the Hamiltonian (6), using the Tomonaga intermediate coupling theory” and then 
make the expectation value of M(8) in terms of the solution obtained, since the electro- 
magnetic interaction may be treated as a weak perturbation. In order to apply the inter- 
mediate coupling theory, we first eliminate the nucleon coordinate”, employing the fact 


that the operator P,,, defined by 


Py=—i2— Saat de (9) 
Ox ¢ Ox 

commutes with H’’, We can show that the total momentum operator in the original 
Hamiltonian (1) is transformed into P.,, after the transformations and approximations we 
have done to derive the Hamiltonian (5), (6) and (7). Thus we can interpret P,,, as 
the total momentum operator of the system. The eigenstate Y of P.,, belonging to its 
eigenvalue P is given by 


om ; fe) 
O=(1/VV )exp i(P+d|z. he dx) x} ¥, (10) 
« x 
where Y does not contain the nucleon coordintate x any longer, V being the normaliza- 
tion volume. 
Let us consider the case where the center of mass of the whole system is at rest or 
P=0. Then the unitary transformation in terms of exp [7 {>}\7,(00,/0x)dx} x] can 


eliminate the nucleon coordinate in (6), the result of which is given by H’” in which 
4 is replaced by —[$}|7.(0¢,/0x)dx] and the nucleon coordinates are put equal to zero 


in the final two terms without integrals. Then the Schrédinger equation satisfied by V 
allows a direct application of Tomonaga’s method”. It should be noted that only the 
first two terms of (8) give non-vanishing contributions to the expectation value of M, 
since the remaining two vanish under the integration with respect to x. The magnetic 


moment can thus be calculated as the expectation value of 


Mite itt ee || 9x2 Mi stigesy ao: 6, |de (11) 
2k 2 2 Ox Ox 

with respect to Y (not M). The first and second terms represent the nucleon and meson 

contributions, tespectively. It is seen that the effect of the nucleon recoil does not ap- 

pear explicitly in the magnetic moment operator (11). Its effect is, however, contained 

through the terms in the Hamiltonian and can be said as indirect with respect to its in- 


fluence upon the magnetic moment. 


It is valuable here to note that there ate two more constants of motion of the 
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Hamiltonian (6): 
J=—ixX (3/dx) + (1/2) 6 —S){x, (x xd/dx) 6, dx, (12) 
T= + (1/2)t+§ (6X2) dx, (13) 


in the latter of which we have used vector notations of d, and 7,. Quite the same 
way as P,, in (9), J and T can be interpreted as the total antular momentum and 
isotopic angular momentum operators in units of 6. It is clear that P.,, commutes with 
T but not with J. Therefore, cannot be an eigenstate of J, since VY is an eigenstate 
of P,,. Let us, however, consider the averaged operator J’ of J with respect to the 
nucleon coordinate only : 


J'= (1/V) fexp[i {S3( 2, (00,/0x) dx} x]J exp[ —i{S1(z, (09,/0x) dx} x |dx 
= + (1/2) 0—}(7, (xX 0/dx) 0, dx. (14) 
Then T and J’ both commute with the Hamiltonian acting upon FY (not P). We 
shall obtain such a solution of / that has eigenvalues + (1/2) of operators I’ and J’, 
which means that our solution corresponds to a nucleon coupled with meson field, which 
is at rest as a whole (P=0) and has eigenvalues + (1/2) of the <otal isotopic ancular 
momentum (proton or neuiron) and expectation values + (1/2) of the total angular 


momentum (spin up or down). 
§ 4. Spherical wave expansion 


For the present purpose, it would be convenient to expand the meson field ¢, and 


7, in terms of spherical waves : 


$. (x) =S3(1/20,)"" (a +424) U; (x), 


Ma (X) = Dii(wy/2)"" (ax*— a2) Oak ha)s (15) 


with 
A= (k, l, m), —A4=(k, 1, —m), a= VE+PE, 


where the normalized eigenfunctions U,(«) are given by 
U, (%) = (2/R)R jr (kr) Yin FY), (16) 


normalized within a sphere of the radius R. The allowed eigenvalues of k are nz/R ot 
(n+1/2)2/R for even or odd J, respectively, where n is zero or positive integer. ie 
(15) and (16), a¥ and a{* are the annihilation and creation operators of a meson speck 
fied by @ and A; j,(kr) and Y,,,(4, y) are the spherical Bessel and spherical harmonic 
functions. 

Then it is shown that, in the Hamiltonian belonging to Y, only the S-wave mesons 
appear in «* and only the P-wave ones in the derivative term. In the Bueion recoil term, 
however, all waves appear and the successive two waves having /-values different by one 
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are coupled together. It is, therefore, seen that only S- and P-waves interact with a nucleon 
when the nucleon recoil is neglected; once it is taken into account, all waves appear with 
mutual coupling terms. We shall, however, retain only S- and P-wave mesons and neglect all 
others in the nucleon recoil term. 
To simplify the notation, we now introduce the S-wave meson annihilation operator 

ay, and the P-wave one 6b,,; by 

A pg = Aion» ba=(1/“2 ) (dis1 tans), 

= (1/ V2) (a%1i1— ai), b jpg3=A fn (17) 


In order to treat the «* term in the Hamiltonian, we rewrite it as 
c*—K= >) f° Fa/(K+K*) (18) 
[4 


and then treat the denominator of (18) and also «* appearing in the derivative term 
only approximately, which will be specified in section 6. The Hamiltonian acting on 
is then given by, dropping dashes, 


2 
H=S\(o+ © Jab, die + Son + Vike baa 
ha 2K hat 2K 


[aX dive 5 2a%, Aye + Big 4ys¢ | (19) 


FL f/4e Rote) S) hades 


hkl Vo, On 


+[ fic/4 V3mR («*) IS aden om +bios; 
kat OW, 
where we have dropped a constant self energy term and a direct S-P coupling term due 
to the nucleon recoil*. We should remark, however, that S- and P-terms are never se- 
parable in this Hamiltonian because of the «*-term. It is added that the P-D cross term 
in the nucleon recoil can contribute to the nucleon recoil energy in (19). 


The same procedure transforms T’ and J’ into the following expressions : 
T= (1/2) T TEST (aie dks — ay Aig) +23 Orasbise — bist bss) |, (20) ; 
Ji = (1/2) Frtidi> (Dia bij — Oi bias)» (21) 


where (a #7) and (ij k) are even permutations of (123). As it should be the case, 
the S-meson does not contribute to J’. 


M’(11) then takes a form 


melt ls rae 
M,! = Spay ers > sat [bint +6i1) (bx +b) 


) The neglect of this §-P coupling term is due to (i) that, according to our more detailed calcula- 
tion (see the footnote on page 3), it has only a small numerical effect on the final result and (ii) that a 
great simplification is attained by this neglect when estimating the effect of transitions to excited states ; 


especially equation (34) in section 5 is satisfied only when we neglect this term (see the discussion after 
(34) in section 5). 
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— (ja. + bi2) (O21 +631) |, (22) 
where the S-meson again does not contribute. 


§ 5. Tomonaga’s approximation 


Following Tomonaga”, we expand a and 6 in terms of the orthogonal functions f 


and 7; 
Ane =fi (k) Ay i 2 Ki (k) des 


bigs = Jo (k) bu t>} Ys (k) ae (23) 
where we assume that 
k a 
a at : 24 
fot) VR (a,+k/2x) Vo I(®) = Vf nae (a,+P/2«) Vo, Ce) 


with the normalization constants f and g. The functional form of g,(k) was determined 
by the general prescription in the intermediate coupling theory and is the same as used 
by other authors” except the appearance of the nucleon recoil energy in the energy deno- 
minator of (24). The form of f,(k) has been determined from an analogous argument, 
which is explained in Appendix I. It is added that the integral over k should be cut 
off at some suitable value. 

Upon substituting (23) in (19), we get 


A= Hi, + Fh; + Ay (25) 


where 


Hy= SIMO of 4+ 30M} 65 b4)+ F (“ve Sak at 
« +x* 


+2a* aytdy ay]+ 


K 2 % 
ei Sir, afb 45.;], 26 
nae om "ar ea Feat Pal ee 


Fh,= I> [Ma (ae a ata ast) +> (be Bee ba, OF) | 


Lf (_# Wit Sat ath tat ebay oe +a, a] (27) 
TORN foe orc o 
Vey Shite a bs +55; > 
xy a. (8 ) ley 
Hea SIDI ot + SIME bot Bi ai 


with 


Mil = Sor tk /20 6,0 fos Mi => Vo tk/20 9.0 go, 
7 kh 
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bo bi mbk bbl teen etl Ok 1), 
a LOND Vo ea 


(29) 


K 


which are valid for all s including 0. In (28), we have neclected the double unbound 
meson term due to the third term in (19), since we are going to carry out the lowest 
order calculation with respect to the unbound mesons. Also we assumed that f and g 
are real and satisfy 


D1 (@, +8 /2«) f(b) fir (bk) =M8 Oy, 21, +R/2K) 7. (8) Jer (k) = MG" Bu. (30) 


We shall furthermore neglect all the unbound meson terms in «*. The expansion (23) 

gives the expressions for M,/(22), T;(20) and J (21): 
M,= My, +My ,o, +o, 03 
TL=T,o+Ty2, J =Juyo! + Says 


where we do not make any approximations. Naturally no cross terms appear between bound 


(31) 


and unbound mesons in T, and J)’. 
Finally we mention our method to treat unbound mesons. It is most convenient to 


choose f,(k) and g,(&) in (23) as the eigenfunctions of the integral equations 
(K—S) f, (k) =f (h) (Sf) K’ f.(R)), 
(K—S) 7. (k) =9 (A) (2% (k’) K’ 9.(k’)), 


where K=a,+k/2« and S =w,+s/2«. Then the equations (30) are shown to be 
satisfied, with M*=M;;=S. In practical calculations, we need not specify the particular 
functional forms of f; and g,; the summation over s can be carried out with the help 
of the integral equations (32) and the equations such as 


VAOLE) =O —KOfy(®). (33) 
Using the interaction Hamiltonian H (27), we can show that 
(maz| Hh.|n) = — (Mt /M®) (E,,—E,) (m|ag|n), 
(mbs:| Hyy|n) = — (M"S/M®) (E,,—E,) (m|bai|n), “f 


where |m) and |n) are eigenstates of H, belonging to eigenvalues E,, and E,, and |ma’) 
is a state in which one unbound meson specified by a’ 


(32) 


is present, while the meson con- 
figuration is specified by the quantum number m. (34) implies that the bound meson 
state must always be changed under the virtual emi 


ssion or absorption of one unbound 
meson ; this simplifies the calculation very much (s 


ee the footnote on page 6). 
S$ 6. Solutions of eigenvalue problem 


Now we must specify our approximate method to treat «*, which is, after the trans- 


Nucleon Magnetic Moments in Ps-Ps Intermediate Coupling Meson Theory 103 


formations and approximations thus far introduced, given by 
en 1 +31 (f?/4ae) V2 (ag* a,* +24,* dy + dy dg) |”, (35) 


neglecting unbound mesons and an infinite self energy. In evaluating the matrix element 
of some operator f(«*) containing «* with respect to states |i) and | f >, we approximate 
Cf IFC&*) iD as (1/2) {f(e*|) +f (e*|,)}, where «*|, is x{1 af A478) Voni2es* 
a,|i)]'". This procedure is exact when neither |i) nor | f) contains S-wave mesons, 
except the self energy terms. Otherwise, it is but one very simple approximation. If 
either |i) or | f) contains S-wave mesons, the above procedure makes «* much larger 
than «, which reduces the strength of the interaction since «* appears always in the deno: 
minator of the interaction Hamiltonian in (26). Thus, our approximate procedure can 
give rise to the pair damping automatically. 

To solve the eigenvalue problem belonging to the Hamiltonian H,(26), we expand 
the state vector in terms of basic vectors of T, and J,’ belonging to eigenvalues + 1/2 
and determine the coefficients so as to minimize the total energy of the system. Retain- 
ing amplitudes of up to 3 mesons*’, there are 9 independent basic vectors for states 
(1/2, 1/2) (4 others do not couple to these), 7 for states (3/2, 3/2) and 5 for states 
(1/2, 3/2) and (3/2, 1/2) where the numbers in brackets are the total isotopic and 
ordinary angular momentum quantum numbers, respectively. The explicit expressions of 


basic vectors are given in Appendix II. The secular equations were solved numerically 


Table 1. The probability amplitudes, squares of which are normalized to unity, in the ground states 
(1/2, 1/2), together with the eigenvalues, for various values of the ps-ps coupling constant and the 
cut-off momentum. 


Notation As A, 
Cut-off (1) 6 5 
ps-ps coupling : “ 
constant (f/V 47) 

Eigenvalue («) —0.5566 — 1.0378 
9, (0, 0) 0.6472 0.5803 
920, 1) —0.2217 —0.2581 
ys(2, 0) — 0.0686 —0.1016 
9,(0, 2) 0.0041 0.0053 
95(0, 2) 0.0150 0.0190 
96(2, 1) 0.0155 0.0342 
97 (0, 3) —0.0002 —0.0003 
gs(0, 3) —0.0005 —0.0008 
99(0, 3) 


*) 3 mesons, including both S- and P-mesons. It is again remarked that Ho (26) is not separable with 


respect to S: and P-mesons because of the «*--term. 
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Table 2. The probability amplitudes in the first excited states (1/2, 1/2), squares of which are nor- 
malized to unity, together with the eigenvalues, for various values of the ps-ps coupling constant and 
the cut-off momentum. 


Notation A, Ay A; ae 
Cut-off (2) 6 6 6 5 
ps-ps coupling 

constant (flV4n) > ? 3 = 
Eigenvalue (x) — 0.1886 +0.1584 + 0.4289 —0.0120 
a; (0, 0) 0.2564 0.2341 0.1971 0.2305 
60, 2) 0.3348 0.3745 0.4653 0.4102 
a3 (2, 0) — 0.0896 —0.0677 — 0.0426 0.0712 
a, (0, 2) — 0.0541 — 0.0586 — 0.0544 — 0.0449 
ds (0, 2) — 0.1468 — 0.1626 — 0.1623 —0.1324 
el eG —0.0787 — 0.0647 —0.0506 —0.0840 
a; (0, 3) 0.0066 0.0064 0.0048 0.0046 
aa (0°) 0.0228 0.0218 0.0156 0.0152 
dg (0, 3) — 0.0100 — 0.0097 — 0.0072 — 0.0070 


5 5 4 4 4 

4 3 5 4 3 
+ 0.2376 + 0.4305 +0.1135 +0.2779 +0.4025 
0.2038 0.1637 0.1947 0.1648 0.1248 
0.4632 0.5633 0.5041 0.5682 0.6708 
—0.0513 — 0.0295 —0.0505 — 0.0337 —0.0171 


Nucleon 


— 0.0468 
—0.1419 
— 0.0691 
0.0042 
0.0135 
— 0.0064 


— 0.0415 
—0.1341 
—0.0518 


0.0029 
0.0089 
— 0.0043 


Magnetic Moments 


in Ps-Ps Intermediate Coupling Meson Theory 


—0.0355 
—0.1135 
— 0.0856 
0.0029 
0.0089 
— 0.0043 


—0.0352 
—0.1158 
— 0.0690 
0.0024 
0.0073 
— 0.0036 


— 0.0293 
— 0.1017 
—0.0485 
0.0014 
0.0043 
—0.0022 
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Table 3. The probability amplitudes in the ground state (3/2, 3/2), squares of which are normalized 
to unity, together with the eigenvalues, for various values of the ps-ps coupling constant and the cut-off 


momentum. 

SN 
Notation Ay Ay As A, 
Cut-off () 6 5 
ps-ps coupling - : 
constant (f/V 47) 

Eigenvalue («) +0.1470 — 0.3689 
6, (0, 1) 0.7144 0.6892 
by (0, 2) —0.0153 —0.0134 
bs (2, 0) — 0.1883 — 0.1637 
yn (5) — 0.0681 —0.1200 
bs (O, 3) 0.0035 0.0034 
bs (0, 3) 0.0003 0.0003 

0.0101 0.0099 


(0, 3) 


As As A, As As 
5 5 4 4 4 
4 3 5 4 3 
—0.0321 +0.2462 — 0.1000 +0.1189 +0.2965 
0.6892 0.7566 0.7288 0.7567 0.8055 
—0.0134 —0.0114 —0.0103 — 0.0098 —0.0078 
—0.1700 —0.1602 — 0.1427 —0.1272 —0.1272 
— 0.0924 —0.0631 —0.1098 — 0.0834 — 0.0547 
0.0031 0.0023 0.0023 0.0019 0.0013 
0.0003 0.0002 0.0002 0.0002 0.0001 
0.0090 0.0063 0.0064 0.0054 0.0034 
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Table 4. The probability amplitudes in the ground states (1/2, 3/2) or (3/2, 1/2), squares of which 


are normalized to unity, together with the eigenvalues, for various values of the ps-ps coupling constant 


and the cut-off momentum. 


Notation Ay Ay As A, 
Cut-off (1) 6 6 6 5 
ps-ps coupling ' : : ; 
constant (f/47) 

Eigenvalue («) — 0.3265 + 0.0840 + 0.3962 —0.1072 
G1 (OsL) 0.7766 0.8078 0.8519 0.7998 
ty(0;-2) —0.0435 — 0.0488 —0.0481 —0.0377 
ei(2e1) —0.1788 —0.1425 —0.0993 —0.1620 
G (0; 3) 0.0002 0.0002 0.0001 0.0001 
cs (0, 3) 0.0007 0.0007 0.0005 0.0004 


As Ag 4, As Ay 
5 5 4 4 4 
4 3 5 4 3 
+0.1857 +0.4066 +0.0571 +0.2468 +0.3879 
0.8317 0.8480 0.8277 0.8604 0.9033 
—0.0406 —0.0378 —0.0312 —0.0317 —0.0275 
—0.1270 —0.0858 —0.1408 —0.1076 ~0.0691 
0.0001 0.0001 0.0001 0.0001 0.0000 
0.0004 0.0003 0.0003 0.0002 0.0001 


LO 


by the digital electronic computor BESK (Binary Electronic Sequence Computor) in Stock- 
holm, Sweden. The results of the calculations are summarized in Tables 1, 2, 3 and 4. 
The former and the latter figures in brackets in the Tables represent the numbers of S- 
and P-wave mesons, respectively, in respective basic vectors. 

Some characteristic points of these results are summatized : First, the approximation 
of retaining up to 3 mesons may be regarded as_ reasonable, especially for the ground 
state (1/2, 1/2). Secondly, the S-meson amplitudes are seen to be reduced rather much 
and be comparable with the corresponding P-meson amplitudes. Thirdly, the eigenvalue 
depends rather sensitively on f//47 and cut-off; che probabilities of various states are, 
however, rather insensitive to them, which implies 


that the calculated magnetic moment 
would also be insensitive to them. 


Finally, the isobar separation seems to be somewhat 
too large to fit the pion-nucleon scattering resonance. 


S$ 7. Magnetic momenis 


a) Magnetic moments without unbound meson corrections 


Nucleon Magnetic Moments in Ps-Ps Intermediate Coupling Meson Theory 107 


The magnetic moment can be celculated straightforwardly, by evaluating the expecta- 
tion value of M,' given by (22) and (31). Let us first neglect all the unbound meson 
effects ; the expectation value of M,,, in terms of the ground state solution is given, in 
units of e/2«, by 


10 
Mp=1——T ALB, fy sank (36) 


where A and B are functions of the probability amplitudes of various states: 


A= Jo +95 +96 +98 +9 =1— (G2 +92+92+92), 


Pa (5 \(see co  Nagagtite = ae 5 Iae+ = =o edit aoe 


20 40 ae 3 92) 


+— — 93> 3766" rsp DoJ 3 — ST Iete Og 2— I3J9— 


3 FF 33 

(37) 
whete g,’s ate the probability amplitudes in the ground state, given in Table 1. From 
(36), it is readily seen that 


Het x= 1-4, (38) 


which is just Sachs’ theorem”, since, from (4-6) in the Appendix II, A is the proba- 
bility that pions (any number or charge) occur in the ground state with the total angular 
momentum one. If this is equated to the empirical value, 0.8797, then A must be 
0.0902, which implies a weak coupling of mesons with nucleons. Our present calculation 
never predicts so small A (in case A, A is 0.37 and even in case 4, it is 0.15). It 
is expected that, if the theory could predict so small A, then B would correspondingly be 
small, which would result in too small s, and ty. Since, however, B contains a divergent 
integral, it may be possible to make B large enough to explain 4, and /4,, without making 
A increase so much, simply by letting the cut-off momentum large enough. We must 
stress that such a procedure has no meaning since we based ourselves on the non-relativistic 
Hamiltonian. Besides this basic difficulty, our numerical results in Table 5 give too small 
meson contributions. It is finally added that the results are rather insensitive to both 


coupling constant and cut-off momentum. 


Table 5. The calculated values of magnetic moments, for three cases classified in Table 1. 


Experiment 


Case 
Nucleon Contribution —0.06 —0.03 
Meson Contribution —0.48 —0.31 
Total without 29154 0.34 


Isobar Contribution 
Total with 


Jsobar Contribution 
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b) Effects of excited states 


The difficulty relative to Sachs’ theorem (38) is nothing but the one which was 
inferred from a simple intuitive argument by one of the authors”. In that paper, he 
pointed out that the idea of the nucleon isobar may resolve this difficulty, although it 
was shown afterwards that it might not be the case”. Anyway, as the Tomonaga ap- 
proximation predicts nucleon excited states such as given in Tables 2, 3 and 4, it seems 
interesting to see how these excited states may modify the results. We have, therefore, 
extended our calculation so as to take account of the virtual excitation of nucleons under 
a virtual emission of one unbound meson, where we have considered all the isobar states 
given in Tables 2, 3, and 4. 

For this purpose we have solved the Tamm-Dancoff equation belonging to the total 
Hamiltonian H given by (25), (26), (27) and (28), retaining up to the one unbound 
meson amplitude and calculated the expectation value of M,(31) without any further ap- 
Proximations. Details are given in Appendix III. The results are also given in Table 
5. It is seen that the results are still worse, though the correction is quite negligible. 
The reduction of the calculated values is due to the fact that the isobar effect is insufficient 


to recover the reduction of the original value due to the change of the normalization. 


§ 8. Conclusions 


Although not yet quite satisfactorily, we have taken account of the effect of nucleon 
recoil and S-wave mesons partially, so as to give the pair damping automatically, in apply- 
ing the Tomonaga intermediate coupling meson theory to the symmetrical ps-ps meson 
theory. We have considered also some of the excited states, into which the ground state 
nucleon can jump under the virtual emission of one unbound meson. The calculated 
values of nucleon magnetic moments turned out, however, to be too small to be consistent 
with empirical values for the reasonable coupling constant and cut-off momentum, mainly 
due to meson contributions. Sachs’ theorem has been obtained as regards the bound 
meson contribution. The effect of excited states has been shown to be quite negligible. 
The results of these calculations seem to imply that the present meson field theory is 
essentially insufficient to predict the correct values of nucleon magnetic moments. 

Finally one of the authors (M.S.) would like to express his gratitude to Professor 


L. Hulthén for the hospitality and helpful arrangements in carrying out most of the 
numerical works in this paper. 


Appendix I 


In order to find out a reasonable functional form of fi (k), we shall employ the fact 
that, if we regard «* as a pure constant, the Hamiltonian A, given by (26) becomes 
separable as regards S- and P-wave mesons, the S-wave part of which can be solved rigorously, 


since it reduces to a system of harmonic oscillators if we use a new set of canonical 
variables 
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tye (te td)/¥ 25 pp (q—a%) (V2 i. (4:1) 
The lowest eigenvalue is given by 
Ee (3/7 2) UR 1+ Oey ry MS) y* 
— {14+ (@V2/M7)} }. (4:2) 


We then require that E, should be minimum for a reasonable choice of f,(k) or 


0, E,=0. (A 3) 
If we solve this variational equation under the restriction that 
Sf ® =1, (4-4) 
we get 
fol cc k/[ Vr {an + (R/21) +const.} }. i) 


In the text we have simply neglected the constant term in the denominator only because 


it makes the calculation much simpler. 


Appendix I 
The basic vectors are constructed by using the well-known Clebsch-Gordan’s rule. 
For J=1/2, J.=1/2; DW yelg t/t s 
(1) =|+, Ts WCQ) ==>) Dy Ces Cay Pelt 73 


m+o/2=1/2 $+7/2=1/2 
2(3)=AP*|4, 7), P(4) = (1/18) BP*| +, TDs 
M(S)= 31° >) CY Ce Blt o), (A-6) 


m+o/2=1/2 ¢+7/2=1/2 
(6) =AP* (2), FH7) = (1/6 )detlbenl | +, 1)» 
(8) = (1/V22) BP* Vi5(2), 
(9) = (22 /5) ¥2(8) +(V11/5) SS Cute Cee Biel ts o), 


m+o2=1/2 t+t/2=1/2 
where 


AP* = (1/VE)D) ak ah, BE*=D) En bbe mw 
tc C.m 
Ben = (1/v2 ) > ae deren Dintm!! Deira! BX mits 


tl+tl=t mi +m!!=m 


‘ 2 
Die sy > deren Dsatimt! bE ms Beas 
: tl4+tll=t ml +m!!=m 


CL=C f=, m=6 jo=1/2, my=0/2| fr jo j=1/2, m=1/2), 

dig = (i=l, m=, fol, m= C' lj J» f=, m=C€+¢'). 
The upper suffixes of WY mean the P-wave and S-wave meson numbers and the lower ones 
denote eigenvalues of the total angular momentum and the total isotopic spin of the meson 


field. 
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For J=3/2.) joy ee i 172, T,;=1/2; 
¥nG) = See Ce belt, tp Pa) — Secs aie. | 
StH T/2=3/2 


2=5 E+7/2=3/2 
Pi (3) =4P* Fi), FR(4) = (1/22) BO* FX), (4:7) 
30 (5) — (2 ay) /5) pe (4) -f ( v LED) ids og, Gis BEF c, t ep 


where 
CL=(ji=1, m= Jo=1/2, m=t| jy jo f=3/2, m=€+7/2). 
Bore fee 7208 == 1/2, T=3/2, T,=3/2, we have only to exchange the angular mo- 
mentum variables and the isotopic spin variables. 
For J=3/2, a3) 201 =372, 143/25 
n(1)=b%|+, fT), 22(2) =B®,| +, Ts 
72(3= >) ips ee loo 


A+7/2=3/2 pt+o/2=3/ 
(4) =b8 AP*|+, $), 9S) = (1/V22)5* B*| 4, 7), (4-8) 
Pn (6) = (22 /5) 0 (5) + (W11/5) BO* we .», 
Pa)= SS pif AE BMEIs, 0), 
A+ t/2=3/2 p+o/2=3/2 


where 


BES=n( eS) SY dbs daw BE, bE 


ml!» 
S+Sl/=A mtm! =p 


iy ! ea | | 2 2 (2) Lx 
Bt (A, /) nD pa de i. ier Bes by, 


C+t/=2 m+m! =p 
dev == 1, m=, fo=1, m,=€'j,, Joo J=2, m=C+27), 
pera S22, m,=4, jo=1/2, m,=7/2| Jv Jo f= 3/2, m=/-+7/2), 


n(A, #4) and n'(/, 2) are the normalization factors, which are necessary vecause of deal- 
ing with the assembly of identical particles. 


Appendix III 
To estimate the effects of excited states we solved the Tamm-Dancoff equation 
E|¥ )=(H,+H,+H)|¥), 


. et ah (4-9) 
| ¥ d= CY) + >CG, 5) li, #)} 


retaining only one unbound meson amplitude, where IJ> is the ground state of the 
nucleon and |i, s)’s represent the exciteds tates with one unbound meson. The parameter 
# specifies the state; i=1, 2,3 or 4 corresponds to J=1/2, Pals2 3 J=3/2, T=1/2; 
J=1/2, T=3/2 or J=3/2, T=3/2, respectively. We do not need the amplitude of the 


ground state with one unbound meson because of what was discussed in the end of the 
section 5, 
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After some elementary calculations, the coefficient C (i, s) and the expectation value 
of the magnetic moment are given by ; 


COs (0;X (i) M,"/M,;" (S+ 0;) ) Cy, 
CP (MP )=CP|M, oP )+ (0 |Mygl +00 (Ma IP), (A-10) 


CP | Mol P= Cy g|Moylg) + C23} OXG) ne 
ij (MM)? [= (S+0,) (S+ 0;) | 


x (i, 5|M, lj, DY 


CPi yancrs9O (203 Manoa 


X ti, 5|M,, 9.19), 


4 
(P|Mool¥ =P) —<P(2)—2 PB) +2 PC), 
where 
6 (¢) = 22) Sood n res goed Cree Jndad Lreldeel b ceil Gordy Dyed Sul? oP), 
te X(t)? [> sci eal 9, (Rk) Jor (k) 
P C: 0 195 (R) 9 | 
Dass iC ) (My)? Lee S48) (S’+0,) (3 oO, ) 


J,1/2 1/2 : . . 
Cre and Cp!’ are the Clebsch-Gordan’s coefficients and 0, is the energy difference bet 


mdz 
ween the respective excited and ground states. The summation over s can be carried ou 


by virtue of (34). 
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On Quantum-Mechanica! Nuclear Dipole Vibrations 
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The semi-classical collective model of nuclear photo-efect, which assumes the existence of nuclear 
dipole vibration, is reformulated quantum-mechanically according to the S. Tomonaga’s general 
prescription, and a modified collective model is proposed, which takes into account the velocity- 
dependent character of neutron-proton exchange forces. The experimental and theoretical evidences 
for the validity of the dipole vibration model are discussed. 


§1. Introduction 


Since the giant resonance in nuclear photoeffect was first interpreted by M. Goldhaber 
and E. Teller? as the dipole vibration of the nucleus, in which the bulk of protons and 
neutrons move in opposite directions, the phenomenon has been studied theoretically by 


many authors.” 


Various explanations proposed so far can be grossly classified into the 
following three categories; the independent particle model, the sub-unit model and the 
collective model. Especially the recent shell model treatments” based on the success of 
cloudy crystal ball model in the high energy region seem to be successful in interpreting 
at least qualitatively many details of the experimental facts concerning the giant resonance, 
ie., the angular distribution of the emitted particles, the anomalously large yield of 
protons, the difference between the maxima of the (7, ) and the (7, p) excitation curve 
in some light nuclei, the systematic behaviour of the widths of the giant resonance, etc. 
However, the difficulties in providing the explanation for the absolute magnitude and the 
A-dependence of the photon energy corresponding to the maximum absorption cross section 
and the harmonic mean energy of the excitation curve suggests the necessity of studying 
some other models involving correlations among the nucleons. 

In view of this unsatisfactory situation it would be desirable to investigate the other 
extreme moce!, that is, the collective model of photo-reaction, which assumes the existence 
of nuclear dipole vibration. In most of the previous collective models the dipole vibration 
was treated semi-classically and it is not clear how to get the knowledge about the detailed 
structure of giant resonance. We hope that the experimental facts for which the shell 
model treatment is successful can also be explained by the dipole vibration model if we 
derive this model quantum-mechanically. Already M. Ferentz, M. Gell-Mann and D. 
Pines” treated the dipole vibration quantum-mechanically applying D. Bohm and D. Pines’ 
theory of plasma oscillations, but it seems difficult to extend the theory to the problem 
with the more realistic boundary condition involving the nuclear surface. I. Bloch and 
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Y. Hsieh” have also discussed the normal coordinate corresponding to the dipole vibration 
in a very special case where internucleon forces obey Hooke’s law. 

Recently quite an interesting collective model has been proposed by S. Takagi and 
S. Fujii) and S. Gallone et al,” which unifies the existence of the dipole vibration and 
the validity of the shell model. However, since it is not formulated in a completely 
quantum-mechanical manner, we do not know how to improve its approximation further 
and what kind of role the exchange forces in the nucleus play, which may not be 
negligible. 


> has given a method to formulate the collective motions 


Recently S. Tomonaga" 
quantum-mechanically, which are described by classical displacement potentials. According 
to his general prescription we can also reformulate the classical dipole vibration quantum- 
mechanically. The aims of this paper are first to reformulate the dipole vibration model 
according to his general prescription and secondly to make the physical meaning of the 
neutron-proton exchange effects clear and construct a collective model which takes into 


account their effects. 


§ 2. Collective coordinate and collective momentum 


The quantum-mechanics of a particle interacting with electromagnetic field is well- 
established and can be applied directly to the theory of giant resonance, in which the 
electric dipole interaction is known to be predominant,” as is also inferred from the order 
of the photon wave length 2=6X 107" cm or *%=1X 107" cm corresponding to 20 Mev. 
Thus the situation is quite similar to the problem of light absorption by an atom. There 
are, however, two points which need special attention. 1) Instead of the true charge e¢ 
of the proton, we must take the effective charges eN/A and —eZ/A for the proton and 
the neutron respectively because of their motion relative to the centre of mass of the 
nucleus. 2) The exchange current between the nucleons, which has no classical analogy, 
has to be included in the interaction. Of these the second gives rise to a difficulty. 
A.J.F. Siegert” showed that the usual interaction expressed in terms of w, the frequency, 
or the energy difference between the initial and the final states, remains valid in long 
wave length limit, even though the relation p=mz=imax, Z: the displacement along the 
electric vector, is no longer tenable. According to L. L. Foldy,” Siegert’s results may 
not be utterly correct. For the want of more reliable theory and the consistency’? with 
the experimental facts about the deuteron disintegration in the energy region of the order 


of 20 Mev., we take in phenomenological or semi-empirical sense, 


FAiraa.int. = (ie/c) o>) {(N/A) (1 —T,;) /2) Tx (Z/A) aa +7.) 12) Zn (Zod) 


J 


as the interaction energy between the nucleons and the electric field polarized in z- 


direction. 
Now ac 


coordinates €’s, if the 3 lect 
is given. Though the choice of the displacement potential is not unique, it 1s necessary 


4 abe) 6) 3 F 
cording to S. Tomonaga’s general prescription” we can determine the collective 
displacement potential which describes the classical collective motion 
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that Asa int, 18 expressed either only or partly 

in the coordinate €, which is derived from the 

displacement potential. For instance we take 

M. Goldhaber and E. Teller’s third model,” 

where the displacement potentials, ¢, and @y 

for protons and neutrons are 

ép(r)=(1/Z)z, dx(r) =—(1/N)z (2:2) 

respectively, if we take the stream lines parallel 

to z-axis. (Fig. 1). We can replace (2:2) by 

é(r) —— {(1/Z) (1 —T,) /2 Fig. 1. Goldhaber-Teller model. 

—(1/N) (1+) /2} <8. (2:3) 

Then the corresponding collective coordinate = is, by the general prescription, 


F=>10(r)) =z. (2-4) 


Obviously the physical meaning of € is the z-component of the distance vector between 
the centers of mass of neutrons and protons. 
Thus (2-1) becomes 


fee ree — (iew/c) (NZ/A)E ~ (2 5) 


In this case the electric dipole interaction is expressed in terms of the collective coordinate 
§ only. We will restrict our discussions only to the Goldhaber-Teller model in this paper, 
since it is the simplest type of dipole vibration. The other collective models will be 
touched upon in Section 10. 


The momentum, 7, canonically conjugate to &, is 
m= —tb >) (NZ/A),9/9z. (2-6) 
Between € and z the commutation relation holds exactly : 
[z, €J=—ib. (2-7) 


Obviously = is the relative momentum of neutrons and protons in the dipole vibration. 
Since our space is three-dimensional, we need three &’s and three 7’s to describe the 
collective motion, though they are not explicitly introduced for simplicity. 

Using the canonical pair 7 and &, the collective part corresponding to the dipole 
vibration is separated from the total Hamiltonian of nucleus according to S. Tomonaga’s 


general procedure as shown in the next section. 


§ 3. Separation of the dipole vibration 


The total Hamiltonian is 


A= Ay + D5 Os + 1 Dee > 3 ‘ 1) 
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where H, is the Hemiltonian of the nucleus and Hrga. of the radiation field : 
Hy=—1/2m-S14,4+V x. (322) 


For simplicity we assume that Vy consists of the two-body interactions only, the central 
forces. of the Wigner type and the Majorena ype. It is quite straightforward to extend 
the formalism to include the other types of interactions We also neglect the contribution 
from tensor forces which may probably be small. 

The kinetic energy part of the Hamiltonian can be separated” into the collective 
part 7°/2M and the internal part* containing neither ¢ nor z. M represents the reduced 
mass related to the dipole vibration, that is, M=NZ/Am if we denote the single nucleon 
mass as m. 

The potential part of the Hamiltonian commuting with ¢ can be expanded into the 


> while the other non- 


power series of < in accordance with the general prescription," 
commuting part, V’, which contains 7, or Tt, in our case, must be omitted in the course 
of expansion. The details about V’ will be discussed in Section 8. Thus we separate 


the potential part, V, into the two parts: 


VV», SV PP = SV (Gy) +>" (5); (33) 
where 
V (53) =V (7.3) [1 —x—x {(1+6,6,) /2} 1 +72 725) /2] (3 -3a) 
and 
V’ (75) = —xV 4 (1;5) 1. (Tes Tag te Tye. ys) /2} (1+6;9;) (Ze (3: 3b) 


The total Hamiltonian of the nucleus can be written as 
Hy=H® (0) +H (Qe (1/2) HO (Qe be $R/2M4, BA) 


In this expansion, the coefficients H“(€) etc., which contain only the internal coordinates 
¢’s orthogonal to the collective coordinates <’s, can be easily calculated by the general 


» In our case 


AY (€-) =T 4+ A—yV%= (1-2) V™ 
H® (¢) =T° 4+ (1—n) V = (1—x) V 


prescription." 
(375) 


where T® is the coefficient for the i-th power of € in the expansion of the internal 
kinetic energy part, — (1/2m)>},4;— z°/2M, while (1—x)V © js that of the potential 
energy part V. Their explicit expressions are 
(1—x) V =i[x/b, V]—é? [2/h, |2/b, Vy|p ce 
= (NZ/A) OV /Or3 | (Z—%) [tgs (4 t;) 
= (4%) (NZ/AP Get) 
X[{(a—z) [rah PV nj + ris — i —%)"t [1 OV'/Or) | (3-6) 


* Only in the case of the Goldhaber-Teller model the internal part of the kinetic energy Hamiltonian 


contains neither € nor z. 
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and 
(1—x) V =F [2/b, [2/b, VIJ—++ee 
—= (NZ/A) 34 (t,—ty) fi { (z,— 2) [v.33 "eV /Or5 
+ {r5— (z— 2) t [13g (OV /Or3) J— . (3-7) 
We can see that the only non-vanishing terms in the above equation are those terms 
which have the suffixes (i, j) related to the proton and the neutron. 
Next problem is how to solve the Schrédinger equation derived from the Hamiltonian 


(3-4). We will formulate the quantum-mechanical dipole vibration model based on the 


variational principle in next section. 


§ 4. Formulation of the dipole vibration model 


First we assume that the wave function of the ground state of the nucleus has the 


separated form of variables, * 
a (1/ VA!) SEp oy (Er) P,(Cr, Tp) Op, (4-1) 


which changes its sign when all the coordinates of any two particles are interchanged. 
In (4-1) @, is the wave function for the isotopic spin 


$p=a(1p) @(2,)--a(Zp) B((Z+1) pe) P (4p), (4-2) 
in which @ represents proton and /7 neutron, P stands for the operation that rearranges 


the set of numbers (1, 2, ---4) to the set (1p, 2p, ---Ap), Ep and €p are C-—numbers 
which satisfy the relations, 


Sp=Epb, and Cbp=CpOp, (4-3) 


and &, takes the value +1 or —1 as the rearrangement P is even or odd. For simplicity 
we omit the spin variables, o,, in the argument of @, hereafter. 

It can be shown in Appendix that the collective wave function ¢/,(€») and the 
internal wave function %,(€,) have to satisfy the following integral equations in the 
self-consistent manner in order to minimize the expectation value of the total energy, in 
which the isotopic spin wave functions are eliminated and the V’ is transformed into the 


space exchange operator P,, between the proton and the neutron. 
[w'/2M + {(1—x) /2} V pags? ++] €) 
+ (P, (f) > x > V, (74) Pe W (¢) PD, (C) ) 3 3 — BS Po (é) (4 7 4a) 


and 
[HO + {(1—x) /2, VOC >, eet OSE) 
+ (Yo(S)s XIV 4 (tu) Par Po (E) Po (C)) = EO (C), (4- 4b) 


1 é s : ‘ 
The below discussions are not valid for the case where the total isotopic spin of the nucleus is a 
good quancum number. 
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where we have written €, or €p simply as € or €. It is to be noted that the ¢,(€) 
of the third term of (4-4a) cam not be taken out from the integral generally. 

An orthonormal set of ¢;(¢) ?,(©)’s is defined as the solutions of the following 
equations, 


Fon fs (E) = Ej" p, (é) (4: 5a) 
and 
Fi, ?;(€) =E;';(C), (4: 5b) 
where 
Fey =O /2M + {(1—x) /2} VO pagS? +xC SV (ta) Prdootiesss — (46a) 
and 


Fy, = HO + {(1—x) [250 4. +X SV 0 (rat) Pat gob oes > (4: 6b) 


provided that the third terms in the right hands of (4-6)’s become the last terms in 
the left hands of (4-4)’s if they operate on ¢,(€) or Y%,(€). Therefore, the total 
Hamiltonian of the nucleus Hy are separated into three parts, 


Ay= Ay + Ay, +’. (4 . 7) 


If we put P,, equal to 1 tentatively, (4:4a) and (4-5a) are reduced to the 
Schrédinger equations of the simple harmonic oscillator. Then 


Hey = 7 /2M + (1/2) VO Pood? + s00* (4-8) 
and 
P= VO EF (1/2) YO P— VO pag VO GS gg] tree oe 3-2) 


This simplified collective model will be studied in Sections 5 to 7. 


§5. Internal coordinates 


Since it is impossible to obtain the exact solution of the internal Hamiltonian, 
(4.6b), we will consider three conventional ways to get over the difficulties. 

The simplest of them is the Hartree approximation, though we must modify it taking 
into account the fact that degrees of freedom are reduced. For example, the internal 


wave function %,(€) can be reasonably assumed” as follows ; 


(0) 06 IT fil) lnov=H1 fil”), (5-1) 


where H fi(%,) is the wave function in the ordinary Hartree approximation, which is not 


Be mepized for simplicity. The newly introduced quantity, x{?, stands for the position 
vector in the coordinate system of the center of mass of neutrons (or protons) if i-th 
particle is a neutron (or feoton) Thus the physical picture given to the wave function, 
(5-1), is obviously that n’s and p’s move freely in their own well. Therefore we can 
see that, when we use the Hartree approximation with respect to the internal coordinates,” 
we get the model of “movable wells for protons and neutrons,” which has been already 
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proposed by S. Takagi et al.” and S. Gallone et al.” independently. 

It is notable that this model is compatible with the success of the j—j coupling 
shell model for explaining the properties of medium or heavy nuclei in their ground states 
and we have no means to discriminate between the shell model and the model of “ movable 
wells for protons and neutrons” by the static properties of the ground state. However, 
in the latter model there should exist the correlation effect of the zero-point oscillation of 
the dipole vibration in the ground state, which will be discussed later. 

One of the other approximations is to separate also the collective coordinates cor- 
responding to the surface vibration from the internal part of our Hamiltonian. However, 
we need to adopt the collective coordinates and their conjugate momenta a little different 
from the ones as used in S. Tomonaga et al.’s theory,”’” in order to make them satisfy 
the set of commutation reletions together with ¢’s and 7’s of the dipole vibration. Pheno- 
menologically this model has been studied by M. Nogami et al.” and S. Gallone et al.” 

The other type of correlations, which can not be expressed by the simple displace- 
ment potential, such as a—model, d-model, will be taken into account in our theory if 
we can construct the corresponding forms of the internal wave function, Y,(€), though 
it does not seem to be an easy task. 


§6. Estimate of the resonance frequency 


In this section we estimate the magnitude of (V., by the same method as T. 
Tamura et al.’s'? tor the calculation of surface tension, assuming the uniform density and 
N=Z for simplicity. In the form of Fourier integral, 


(V)=—S3| FO) Re oF) dle, (6-1) 
where f(k) is the Fourier coefficient of V o(r). The assumption of uniform density within 
the spherical region with radius R=r,A'" leads to 


o 


(YO )=— 32/1") \f (k) {R°/2 + (R°/2) cos2kR+1/2k—cos (2kR) /2K 


Vv 


— (R/k) sin (2kR)} dk. (6-2) 
In the case of Yukawa well, V,(r) =Vye"/pr and f(k) =V,/2n (e+ p2), 
(VO) = — (3V,Al"/pe 74) (1— 1 oS ab ad (6-3) 
In the case of Gaussian type interaction, V(r) =V,e~*”? and f (ke) = (V,/8 (Bx) ) e#18, 
(Paves (BV (4716 Br.) (1 — 1/28R’). (6-4) 


The parameters contained in the two-body interactions are deter 


mined from the analysis 
of the nucleon-nucleon scattering,’ 


where Serber’s exchange character, x=1 /2 is taken. 
For Yukawa well V,=—51.0 Mev, #=1/1:125 10" em! 


and for Gaussian well Voz 
—59.6 Mev and Vf =0.644X 10" cm-l. 
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We obtain the value of the resonance energy of the simplified collective model (4-8). 
by=hV (V)/M, by inserting the numerical values of (V). It is interesting to notice 
that (6-3) and (6-4) have the same A-dependence as the Goldhaber-Teller’s original 
prediction except the small correction terms. The results are shown in Fig. 2, together 


15 


10 
0 50 100 150 200 250 A 


Fig. 2. Resonance energy #y: The crosses give the experimental data.) The 
curves, a) and b), stand for the Fujii-Takagi’s results®) using the uniform density 
model for ry=1.35 and 1.50X10-' cm and the square well type interaction. c), 
d) and e) represent the uniform density model using the Yukawa well potential 
Voe-¥*/ur (Vo=—51.0 Mev. and w=1/1.125X10%cm-!) for r=1.2, 1.35 and 
1.50X10-!cm respectively. f), g) and h) are the corresponding curves for the 
Gaussian well potential Vy e—8"?(V)= —59.6 Mey. and VB =0.644X 10! cm). 


with the Fujii-Takagi’s results” using the square well type interaction. All of them agree 
reasonably with the experimental data,” if we choose the appropriate nuclear radii. How- 
ever, in Section 8 the additional effects of n—p exchange forces are discussed and it will 
become clear that the numerical value of the radius parameter 7, which gives the best fit 


to the experimental data has almost no quantitative meaning. 


§ 7. Interaction terms 


The couplings between the dipole vibration and the internal coordinates come from 
the interaction Hamiltonian, H’, which has been called the internal friction phenomeno- 
logically and consists of H®€, etc., quantum-mechanically Though the diagonal parts of 
H* should vanish as we expect from the classical analogy, the non-diagonal parts of H" 


will be very important to determine the fine structure of the giant resonance When we 
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study the coupling effect, it can be known how wide the peak of the giant resonance is 
or how much the true ground state deviates from (4:1). If the effect is so large that 
the true ground state wave function deviates remarkably from (4:1), our collective model 
has little significance. However, we know in this section that it is difficult to obtain a 
reliable estimate to give a criterion whether the dipole vibration model is valid or not. 

First we will develop the order of magnitude theory using the method by which 
E. P. Wigner et al.'” discussed the width of the resonance in the neutron scattering. 
The function X, of the compound nucleus, which satisfy the wave equation, 


Hy X,=E,X,, (7-1) 
are decomposed in the form 
Xa 2 Cris) P50), (7-2) 
where ¢,(€) ,(C) satisfies 
(Hy— A’) $F) 9(C) = E34) (0). (7-3) 
According to the reference 13, it can be proved that 
Me = S)(E,—E,) Chy= (WP » (Hy —E,) G0). (7-4) 
Then we obtain 
DE, — Ey t+MG)}? Ci y=MP — (MP)? (7°5) 
Therefore we can see that the quantity M{—(M{))°* should provide a measure of 


deviation of the ground state from the state ¢/,%, On the other hand, if the dipole 
vibration model is valid and C,3, can be regarded approximately as 1, M{? — (Mf)? 
should provide* a measure of the square of the widths J’, since by E1 interaction the 
¢)%, can transit only to the ¢,9,. 

The calculation of M{) for the simplified interaction (4-9) can be easily carried 


out** if the surface correction is neglected.'” Using the Gaussian well, V(r) =V,e-*”, 
M3) — (Mi)? = (90°V2/32 mr, sbv) V 22/8 + (270 Vi2/32 Amby 
X11") V Ba /2A! + (27 3/32 m? (bv) 8dr) VIBE poe (7-6) 
in which the first and second terms in the tight hand come from H and the third 
from H®. The contribution from H js predominantly large and the others are less 
than 8% even at d=20. The parameters of the nuclear forces are assumed to be the 


same as appeared in Section 6 and r,=1.37 and 1.50. The numerical results are shown in 


Table I, together with the half of the empirical width /'/2. 


* Tt may happen that the distribution of Cy, 


has a long tail in the high energy region because of the 
effect of H’ and the calculation of 


the second order moment gives an overestimate for the half-width. 


In our case, since the interactions exist only between neutrons and protons, it is almost unnecessary 
to consider the correlations due to the Pauli principle. 
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Table I. Calculated values of M® — (M())?, the square root of the second moment of the interaction 
Hamiltonian: We assume the uniform density model and the nuclear potential, 
Vy=S'1 (Vo/2) (1+ Ps) exp(—Bret2), in which Vj= —59.6 Mev. and V8 =0.644X 103 cm-!. 


V Mi) —(Mi))? Mev.) (T'/2)ovs. (Mev.) 
P=1 Py=0 

“tage 1.37 1.50 1.37 1.50 
20 72.1 59.9 36.0 30.0 

50 74.2 61.2 37.1 30.6 ~4.5 

100 75.4 62.5 37.7 31.3 ~4.0 
150 | 763 63.5 38.2 31.7 

200 77.1 64.3 38.5 32.1 ~3.5 


Apparently our results fail to explain the absolute values of the experimental half- 
widths of the giant resonance. Now we have two possibilities: (1) The effect of the 
interactions is so large that our orthonormal set of the dipole vibration model is not useful. 
(2) We have obtained too large estimate for the widths because of the assumed uniform 
density wave function being wrong, as seen from the fact that we can not obtaiy the 
finite results for Yukawa well. If we assume the existence of the hard core, the results 
will be greatly improved.* 

Also the theoretical half-widths increase a little with A in contrast with the okserved 
ones. However, it may be necessary to take into account the detailed structure of the 
individual nucleus to discuss the half-widths of giant resonance, since the fluctuation of 
the observed data is remarkable. 

Next, we will study phenomenologically the rough relation between the impurity of 
the ground state and the wide width of the giant resonance. According to the above 


results we can reasonably assume that the main contribution comes from H®€ in Hi’. 
Then 
Mi? — (MQ)? = 3 (MY — (M)’). (7-7) 
If we put the left hand side equal to the observed (/' /2)?=2 16 Mev’ phenomenologically, 
we get M® — (M8)? 16/3 Mev?. Since our choice of H’ in Section 4 leads necessarily 
to (~;9,;, H’ $)P) =0 for either i or j=0, except i=j=0. Therefore 
Crd ee ees (f,D;, H’ fo) / (Eq — Ex) |? 

>1-—3(M9 — (Mw 2) / (bv)? ~13/14 (7-8) 

assuming the validity of the first order perturbation theory and hy~15 Mev. The factor 


3 is added, since our space is three-dimensional. 
The equation (7-8) tells us that the wide width of the giant resonance, ['~8 Mev, 


* It is interesting that our situation is quite similar to the intermediate coupling optical model by E. 


P. Wigner et al.!, 
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can be explained* if there exists the configuration mixing of the probability 1/14. The 
ground state may be regarded approximately as Y,~¢!,V%,, if the dipole vibration model 


is valid. 


§ 8. The effect of neutron-proton exchange forces 


It is tried in this section to survey the effects of neutron-proton exchange forces and 
clarify the physical meaning of Levinger-Bethe’s general argument’ using the sum 
rules. We can construct a new collective model taking into account the exchange effect, 
which we will call the Modified Collective Model (M.C.M.). 

The fundamental equation of M.C.M. is the equation, (4-5a); 


(7°/2M + ((1—x) /2) VODE + AE) + (PoC), x S1V 4 (tat) Pre PE) P (0) ¢ 
=E ds, (€). (4-5a). 


It is shown that the integral with respect to all the internal coordinates in the left hand 
side of (4:5a) has the velocity-dependent character, namely the different effects for the 
different ¢/,’s. 

If we confine ourselves to the ground state (i=0) and the first collective excited 
state (i=1),** we can rewrite (4-5a), neglecting the higher order terms of §, 


('/2M + ((1—x) /2) (V 3° 4-28, + (x/2) KF +++} h(E) = EMG, ($) (8-1) 


where x/2-K,<~ stands for the contribution from the neutron-proton exchange forces to 
the resonance energy and x8, the additional level shift for the state ¢,. 

The aim of this section is to obtain the estimates for K, and S;. First let us study 
the effect of P., to ,(¢). We can assume that 


fo (¢) =N,  staahlale gr (8 2) 


Putting N=Z and using the relation, 


Ba — (1/2) Tied (8-3) bike 
then 
| ee (8-4) 
where 
ts = (4/A) { (zs? —z!) +6}. (8-5) 
Thus 


* By the same reason as the first footnote of this section the factor 3 of (77) can not be taken 
seriously. The higher order perturbation terms may also decrease the value of |Co.o |2. Thus the numerical 
value 1/14 has little quantitative meaning. 

"* For the larger suffix 7 than one it is questionable that (4+5a) can be rewritten at once in the form 
of (8+1), since the states with lower suffixes may also appear in (81). 

"'" Te is the characteristic of Goldhaber-Teller model that there exists no term having the higher power 
than one. 
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P.) (&) =N, e7 2) a2 (E~us 2)? 
ZY (F) e— C/A aA — 2)? 11 4 AME L (1/2) AO 4}, (8-6) 


where 
A = (402/A) (2 — 2) (8 - 6a) 
A? = 8a"/A+ (16 04/A’) (2° —g)?, (8 6b) 
Similarly we assume for the first excited state as 
ite N 2a Ce, eee (8-7) 
Then 
Pah, (€) =, () e~ G/M )a? (9 — 29)? (7 —4/ A+ Ae! 4. Ae" E 
+b (1/2) 496? 4-6} —N,2a! (4/A) (2 — 2) e— C/A) a? QP — 2)? (7/2) (8.8) 
where 
Bee (oa (A) (Z—2)) 5 (8-9) 


and Ji’ and J’ are obtained by inserting @’ instead of @ in (86a) and (8-6b) 
respectively. 
Also we can expand P,,%,(€) and V(r.) into power series of ¢ : 


Pop Py (C) = PE (6) BVP" (CE (1/2) PoP” (CY EP pores (8-10) 
Vga van PHS Sa /2) VP aps.-2.. (8-11) 
The contribution from P’(£) can be reasonably neglected* for sufficiently large A. 
Substituting these equations into (4-5a) and comparing with (8-1), we obtain 
§,—Sy= — (A6a!*/A) (Dy, SVP —2?)? 9) 
— (4/4) [(%, SVP OS) + (B, SVP (zO—z) OM) J vveees, (8-12) 
K,= (0, SVP OM) + (8a*/A)[ (Py SVP OM) + (Op SVP (2 — 20) OJ] 
+[ (1604/4) (Py SVE (x9 =z)? DI) + (Poy SVE PO") Jerre (8: 13a) 
and 
K,=Kj +--+ . (8-13b) 


where K,/ involves (@’)’s instead of @’s in Ky. 

Since the difference between K, and K,' is approximately independent of A, the 
frequencies of the dipole vibrations in the ground and the first collective excited states 
are practically the same for large A. In order to determine the resonance frequency by 


theoretically, we can use the relations, 


py=bv {((1—x) VO) 4xK,} /M and a? =M- by /P. (8-14) 


* We can check it by using the Fermi gas model. 
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Therefore we obtain a=a’. It is noticed that each of the second to the fifth terms of 
(8-13a) has probably a large absolute value compared with the first term. Unless they 
almost cancel each other,* the discussion of Section 6 will lose its value entirely. It 
seems difficult to derive a definite conclusion about it. 

The observed level spacing (bY) ys, between the ground state and the first collective 
excited state is the sum of the resonance energy of the dipole vibration and the additional 
level shift x(S,—S,). The first term in the right hand side of (8-12) can be easily 
evaluated by making use of the calculated value” in the Fermi gas model to a first 


approximation : 
— (16a7/A") (Py, SVO (z? — 2)? OM) 
~— (16 a°/3A*) (Fo, SV (re) 12 Pu F 9) 
~0.8 by. (8-15) 


On the other hand the second and the third terms of (8-12) can be rewritten by the 


partial integration as follows ; 
== — (4/A)[ (Oy SVP OM) + (Dy, SVP (2 — 20) BY] 
~ (2/A) >. V (tu) (&— 2.) (0/8%,—3/8z,) (Fy* Pu’ de. (8-16) 


If we ignore the exchange operator P,, the right hand side presumably vanishes. Thus 
it is a quite delicate problem to evaluate the magnitude. However, for purposes of 
illustration, let us adopt the same model'” as are necessary in order to obtain the value 
0.8 of (8-15) Assuming the square well potential with depth V, and range 6, 
okt 
0’ =18V,/(kr,)*[ (1/2) | (sinx/x) dx—kb(j.°(kb) +),°(kb))], (8-17) 

where k is the maximum wave number for nucleons in the nucleus. The quantity in the 
large parentheses of (8-17) is quite sensitive to the assumed value of kb; 1/200, 1/20 
and 1/5 for kb=1.0, 1.8 and 2.5 respectively. The parameters of the nuclear potential 
in the eq. (22) of reference 16 and r,=1.50 lead to the results, 0’=13.5 Mev for 
triplet and 15.8 Mev for singlet, which are too large to be compatible with the observed 


facts. However, the numerical results do not seem to be very reliable because of the 
involved uncertainties. 


In the result 


(OY) ons, = (1 +20) bv, (8-18) 


where 


0 0.8 +0" /by (8-19) 


* We can prove that the third and fifth terms of (8+13a) are positive and 


prt the second and fourth 
terms are negative in the Fermi gas model, though the total contribution may not \ 


anish exactly. 
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Since 0 is probably positive, the CET AIF 
resonance energy of dipole vibration 
by is expected to be somewhat smaller* 
than the observed one if there exist 
Majorana forces. This situation is Av (1+x0) 
shown in Figure 3 schematically. rag 

We can easily obtain the sum 
rules in M.C.M. using (8-18) : 

%)(é) ®,(¢) 

\oaw = (472¢ /Be) (NZ/A)?(BY) oye 


a) The ordinary b) The modified collective 
a Ce & Y) collective model. model. 
& (2776 b/mc) (NZ/A) (1 4x0), Fig. 3. Schematical picture of the additional effect 


of the n—p exchange forces. 


(8-20) 


which agrees with Levinger-Bethe’s sum rule’ if 0’ is small. 
\ (o/W) dW =4n? (2/be) (NZ/A)2( y BE) 


= (27° eh /mc) (NZ/A) (1 +0) / BY) ons. (8:21) 


and 
Waa joawy| (o/W) dW (BY) ous. , (8-22) 


which means that the allowed levels are concentrated over the energy region near to 
(ab) oy... Because of the interaction Hamiltonian H’, ¥, must deviate somewhat from 
the pure state ¢,(F)Y(C), but the deviation will not be large if the phenomenological 


estimate of Section 7 is valid. 


§9. Correlation effect of the dipole vibration in the 
nuclear ground state 


The success of the Goldhaber-Teller model for explaining the 4-dependence of the 
photon energy corresponding to the maximum absorption cross section, if we may say so, 
suggests simultaneously that the deviation of the true wave function from ¢,(¢) %,(0) 
is small. The aim of this section is to study the possibility for the validity of the dipole 
vibration model. 

First we will discuss the relative superiority among the ordinary independent particle 
model and the model of “the movable wells for neutrons and protons” from the view- 
point of the variational principle. The ground state of the Goldhaber-Teller model, 7 aa; 


is assumed for simplicity as” 


* The discussion of this section can be reformulated also as follows: 


(190, Hy $1 Do) — (Yo Do, Hy bo Do) =bv +x(Si— So) =bv(1+x8). 
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PE? = by(F) OC) < Oo (F) [Fi ]e~0 » (9-1) 
where V7! is the wave function in the ordinary independent particle model. 


CPO", Ah 07) = (3/2) by— (Pi, (/2M) FV) + (F05 Ay Po), (9-2) 


where we have neglected the effect of higher power terms than =° as well as the additional 
effect due to the reduction of the degrees of freedom. If we neglect the interference 


terms, 
(1/2M) (Pi, 7 P) = — (BP /2mA) (F, DF) SCT )/A. (9:3) 


Therefore the relative superiority between both models can be determined if it is known 
whether the average kinetic energy per nucleon is larger than the three dimensional zero- 
point oscillation energy, (3/2)b». If we put the Fermi gas model, (T)/A~14.3 Mev 
for ry,=1.37 and the larger for the smaller radius. Though (bv)... 15 Mev for 
medium nuclei, (bv) is probably smaller by about 30%, than (bv),,. because of the 
exchange effect. Thus (3/2)#»~15.7 Mev and it is possible that the dipole vibration 
model has comparable value compared with the independent particle model as a model 
for the ground state of the sufficiently large nuclei. 

Next let us study the direct experimental evidence of the correlation effect in the 
nuclear ground state. It is already known’ that the experimental harmonic mean energy 
Wy, for photon absorption is nearly equal to the resonance frequency (bY) ops. According 
to the conventional way'” we can obtain the absorption area of photon from Wy, by the 


assumption of no correlation. It is usually understood"! that the comparison of <r*),, 
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(85) (1947/3)? 


Plane wave model 


20 


(34?/2MW.) A% 


dipole vibration model 
x 


10 


x 


ae : “—a@ particle model 
50 100 150 200 ee 


0 


Fig. 4. The crosses give the values of <r?)o9 which are obtained!7) from the empirical ]77’s 


assuming x=0. The strongly ascending curve represents the calculated values of ¢r2)o) obtained 


from the plane wave model of the nucleus and the straight line parallel to the abscissae the 


value of (3/5) (r9A!/")? for A=4, for which we assume tentatively r9>=1.35X10-13cm. The other 
curve stands for the dipole vibration model with x=0 
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with the experimental data strongly: favours the alpha-particle model as shown in Figure 4. 
However, we have not the definite experimental evidences for the validity of the alpha- 
particle model except for the light nuclei. The situation that the uniform absorption 
over the total area of the nucleus can not explain the experimental (r°),, as shown in 
Fig. 4, needs modification by taking into account the correlation due to the Pauli principle 
between like nucleons, for which quite elaborate analyses have been carried out by J. S. 
Levinger et al.,” the neutron-proton correlations being neglected. 

In the dipole vibration model the quantity corresponding to the (r°),. can be easily 
calculated using (8:21) and (8-22). Our results for x=O are compared with the 
empirical data of (1°) in Fig. 4, which J. Goldemberg et al. obtained from the empirical 
Wis assuming x=0. In the numerical calculation, the empirical relation by ~ W,Aq\" 
~36A™""" Mev is used, which has the A-dependence predicted by Goldhaber-Teller and 
is not inconsistent with the experimental data. The agreement with experiment is very 
good and the correlation effect of the dipole vibration in the ground state may give an 
alternative explanation instead of the alpha-paticle model at least for the medium or heavy 
nuclei. 

However, there are significant exchange forces in actual nuclei, hence to put x=0 is 
wrong and the experimental values (1°), in Fig. 4 must be somewhat increased. Simul- 
taneously /» must be taken to be small by the same factor compared with the observed 
value (bY) .,s, as seen from (8:22). Thus the above conclusion needs no change. 

Recently it has become clear” that the E, gamma-ray transitions of low energies are 
quite suppressed in the heavy nuclei. It seems to suggest strongly the existence of 


correlations between neutrons and protons in the nuclear ground states. 


§ 10. Relation to the other theories and discussions 


In this paper Goldhaber-Teller’s model, the simplest type of collective model, 
was reformulated as M.C.M., taking into account the additional effects of n—p exchange 
forces. It was emphasized that the existence of the dipole vibration is compatible with 
the success of the j—j coupling shell model in explaining the static properties of medium 
or heavy nuclei. Therefore the most interesting problem is which of the ordinary inde- 
pendent particle model and the model of “ movable wells for neutrons and protons’ seems 
to be the better model. From the viewpoint of the variation principle the relative 
“superiority was discussed in Section 9 and the conclusion suggests that both models may 
have comparable values because of the effect of exchange forces. 

Phenomenologically the two points favour the dipole vibration model: One of them 
is that the smooth A-dependence of the photon energies corresponding to the maximum 
absorption cross section can be naturally explained as first pointed out by Goldhaber- 
Teller” and the absolute values of them are consistent” with the data of the two-body 
nuclear forces, though the effects of n—p exchange forces are not clear as remarked in 
Section 8. All the other theories of the photoreaction do not seem to be very successful 
‘as to this point. Another advantage of the dipole vibration model is that the systematics 
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of the harmonic mean energies of the photon absorption cross section can be quite easily 
understood” by the idea that the states to which the nucleus can transit by E, absorption 
from the ground state, are concentrated over the certain narrow energy range. The 
observed 4-dependence of the harmonic mean energies is entirely different from the predic- 
tion of the independent particle model, in which no correlation between nucleons is considered. 
The introduction of the Pauli principle’? can give a better explanation, but it does not 
seem to be completely convincing. Whether the model of movable wells is excellent or 
not with respect to the other various points, for which the shell model is successful, are 
left for further investigation. 

The direct evaluation of the second moment of the interaction Hamiltonian fails to 
explain the observed widths of the giant resonance as shown in Section 7. However, S. 
Takagi et al.” and S. Gallone et al.” assumed the interaction* between the collective 
motion and the internal motion phenomenologically as 


H’=—>* (t.;/2)¢ OU (r,) /Oz;+ Sonny ee (10-1) 
(N=Z) 


which can be easily derived from H" in our formalism, if we assume V=S),U(r,) 
instead of (3-3) and insert it into (3-6). The fact” that the phenomenological 
interaction can give an estimate having a right order of magnitude for the absorption 
widths seems to suggest the inadequacy of the assumed form of internal wave function 
for the calculation of the second moment, though the relation between the second moment 
and the absorption width is also not clear-cut. 

The other well-known collective model of photoreaction is the Steinwedel-Jensen 
model,” which treats the relative motion of protons and neutrons in the nuclear matter 
hydrodynamically imposing the two conditions that the total density is constant and the 
surface is fixed. The coordinate € corresponding to the Steinwedel-Jensen model is 


E~S18; jx (brs) Yio (2) (10-2) 


instead of &~S}t,r, Y,,(2,) in the Goldhaber-Teller model. Though we can formulate 
it quantum-mechanically in a similar manner, we meet with several additional complexities 
as compared with the Goldhaber-Teller model; (1) [z, |= —1b can be satisfied only 
approximately, for which the applicability of “the law of large number’ is questionable. 
(2) Electric dipole interaction contains not only ¢ but €. (3) The coupling terms of 
the kinetic energy involving © appear. However, it seems that the best collective model 
should be somewhat modified" from the Goldhaber-Teller model to the Steinwedel-Jensen 
model. Though the empirical symmetrical energy gives somewhat small resonance 
frequency,” the difficulty will be well settled by the same reason as shown in Section 8. 

J. M. Aratijo” considered also the compressibility of the nuclear matter adding to 
the above Steinwedel-Jensen model, which can also be formulated similarly as in this paper. 
But in this case the situation becomes far more entangled. 


The surface interaction adopted by Bohr-Mottelson'®) just corresponds to it in our case. 
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M. Nogami et al." and S. Gallone et al.” treated the coupling between the dipole 
vibration and the surface vibration. K. Okamoto” discussed the relation between the 
nuclear deformation and the absorption width of photon. The extension of our theory 
to these directions is straightforward in principle as already referred to in Section 5. 

Previously D. C. Peaslee*” has tried to connect the classical picture of the dipole 
vibration with the configurational mixing in the shell model quantum-mechanically and 
explain why the maximum cross-section of the giant resonance is so large. In our theory 
the excited state, to which the electric dipole transition from the ground state, Y,~¢,(€). 
,(€), is allowed, is P= ¢,(§) (0), although Y~ may be shared over the broad 


energy region because of the coupling terms. Omitting the constant factor, 
PT o~te ”. (10:3) 


This equation clarifies the correspondence to the configuration mixing such as discussed by 
D. C. Peaslee,” that the excited state is a superposition of the jumped states with the 
different phases for neutrons and protons from the viewpoint of the independent particle 
model. 

This work was done chiefly during the term of the seminar of “ many-body problem ” 
held at Research Institute for Fundamental Physics. The author wishes to express his 
sincere thanks for the stimulating discussions of Professors S. Tomonaga, M. Nogami, S. 
Hayakawa and Dr. T. Tamura and many other members who attended the seminar. The 
author is also much indebted to Professors M. Kobayasi, S. Takagi, Y. Fujimoto and 
many other members of Kyoto University and Professors T. Yamanouchi, S. Nakamura, 
Messrs. A. Sugie, T. Kikuta and M. Yamada of Tokyo University for many valuable 


suggestions and discussions. 


Appendix 
For simplicity we consider the case of two independent variables, Sand ¢. 
H=H,(§) +H,(Q) +H; (A-1) 
Taking the trial function, 
P= (F) MC), (A-2) 


we want to minimize the expectation value of H with respect to V,: 


(OF »y HE.) = (04, (E)- Py(C), Ho E) Po(C)) + OPO) PoE), Hol) %.)) 
(A: 3) 


and 


(BB ,, B.) = Oo), PoE) + OP(O), PolC)) (A 4) 


Therefore 3{(%,, HE.) /(Lo Fo)} =0 is equivalent to 
$F (E) +( Hy (0) Yoot PoE) + (Po(O)s Heo (F) Po(Q)) «= Foto () (A: 5a) 


and 
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{H,(€) +H, (€) uot PO + oF), Hoo ©) ®,(CY) -=E,P. (Ow (A*5b) 
Thus 

H (6) 6) + (PO) Aro d'o ) P(E) ¢= {Eo — (Fa () oro Ho (F) (A: 6a) 
and 


H,(£) (0) + Pos Hoo) PO) e= Er ©) Duct P(O)- (A 6b) 


which are so-called Hartree equations. 
It is straightforward to apply the above theorem to our problem: (A-1) corresponds 


to (3-4), and instead of (A-2) we assume the trial function (4: 1). Then 
(Lo, HE.) = Por) Py (Cr), LA Er) + Ae (C1) fo Fr) Po (Cr)) 
+S) (Epil Fr) Po (Cer) O15 H Ep $y (Fp) Py (Cr) Op) » (A-7) 
Pl 


in which we have used the symmetry property with respect to P. If we take into account 
the explicit form of H,, and introduce the Majorana exchange operator Py, 


(F,, HY.) = (Y% (Fp) PD, (Ep) ? [H, Fx) =e H, (fp) 
+0 (ra) (1 —x+xP,) | (F,) P(Cr)) - (A-8) 


The equations (4:4a) and (4-4b) are derived from the relation O(¥,, HY ,) =0 
corresponding to (A-6a) and (A-6b). 


References 


1) M. Goldhaber and E. Teller, Phys. Rev. 74 (1948), 1046. 
2) H. Steinwedel, J. H. D. Jensen and P. Jensen, Z. f. Nat. 5a (1950), 413. 
J. M. Aratjo, Nuovo Cim. XII (1954), 780. 
P. Morrison, Report to Photonuclear Conference (1953). 
I. Bloch and Y. Hsieh, Phys. Rev. 96 (1954), 382. 
3) J. L. Burkhardt, Phys. Rev. 91 (1953), 420 (L). 
A. Reifman, Z. f. Nat. 8a (1953), 505. 
J. S. Levinger and D. C. Kent, Phys. Rev. 95 (1954), 418. 
J. S. Levinger, Phys. Rev. 97 (1955), 122. 
D. H. Wilkinson, Proceedings of the 1954 Glasgow Conference (1954) 161. 
4) M. Ferentz, M. Gell-Mann and D. Pines, Phys. Rev. 92 (1953), 836 (L) 
S. Fujii and S. Takagi, Prog. Theor. Phys. 14 (1955), 402; 405, (L). 
U. L. Businaro and S. Gallone, Nuovo Cim. 1, 6 (1955), 1285. 
6) S. Tomonaga, Prog. Theor. Phys. 13 (1955), 467; 482. 
7) K. L Brown and R. Wilson, Phys. Rev. 98 (1954), 443. 
8) S. Tomonaga’s lecture at Research Institute for Fundamental Physics on May, 1955. 
9) A. J. F. Siegert, Phys. Rev. 52 (1937), 787. 
10) L. L. Foldy, Phys. Rev. 92 (1953), 178. 
J. S. Levinger, An. Rev. of Nucl. Sci., Vol. 2 (1953), 105. 
11) M. Soga, S. Iijima and M. Nogami, private communication. 
12) T. Tamura and T. Miyazima, Prog. Theo. Phys. 15 (1956), 255 
13) A. M. Lane, R. G. Thomas and E. P. Wigner, Phys. Rev. 98 (1955), 693. 
14) J. M. Blatt and J. D. Jackson, Phys. Rev. 76 (1949), 18. 
E. E. Salpeter, Phys. Rev. 82 (1951), 60. 
15) R. Nathans and J. Halpern, Phys. Rev. 93 (1954), 437. 
R. Montalbetti, L. Katz and J. Goldemberg, Phys. Rev. 91 (1953), 659. 
16) J. S. Levinger and H. A. Bethe, Phys. Rev. 78 (1950), 115. 
17) J. Goldemberg and J. L. Lopes, Nuovo Cim. 12 (1954), 817 (L). 
18) A. Bohr and B. R. Mottelson, Dan. Mat. Fys. Medd. 27 (1953), No. 16. 
19) V. de Sabbata and A. Sugie, Nuovo Cim. X (1956), 16. 
20) K. Okamoto, Prog. Theor. Phys. 15 (1956), 75 (L). 
21) D.C Peaslee, Phys. Rev. 88 (1952), 812. 
22) N. P. Heydenburg and G. M. Temmer, Phys. Rev. 100 (1955), 150. 


131 


Progress of Theoretical Physics, Vol. 16, No. 2, August 1956 


Energy Loss of a Charged Particle Traversing Superconductors 


Satio HAYAKAWA* and Kazuo KITAO** 


*Research Institute for Fundamental Physics, Kyoto University, Kyoto 
** Department of Physics, Osaka City University, Osaka 


(Received April 16, 1956) 


The energy loss of a charged particle traversing superconductors is calculated by taking account of 
the London equations of the superconductivity. A small amount of excess energy loss, which is of 
the order of 10~ or less, is expected, in comparison with the energy loss in normal materials. As 
this is just the limit of observability, an accurate measurement of the energy loss may give us informa- 
tion on the value of the characteristic constant of a superconductor, A, introduced by London. The 
excess loss relative to the normal energy loss is estimated as about 2m/e’nA, where m is the mass of 


an electron and n the density of electrons. 


§ 1. Introduction 


In their recent paper Ivanenko and Tsytovich” have discussed the energy loss of 
charged particles traversing a ferromagnetic material. The contribution of the magnetic 
permeability to the energy loss was found to be negligibly small, ie., only of the order 
of 10-*. This can be expected, because ihe magnetic permeability is appreciable only at 
very low frequencies of the electromagnetic field caused by a charged particle, whereas the 
main contribution to the energy loss comes from its optical frequencies. The present 
authors” have also considered similar problems, independent of Ivanenko and Tsytovich, 
paying particular attention to the superconductor. As the influence on the energy loss is 
much larger in the latter case than in the case of ferromagnetic materials, we want to 
publish our result, hoping that observations of the energy loss, if accurate enough, may 


serve to determine a constant characteristic to the superconducting state. 
The energy loss of a charged particle in superconductors is different from that in 


normal matter in the following respects. It is well known that the energy loss due to 
electronic excitation is proportional to n/m, where n is the density of electrons and m the 
mass of an electron. In a superconductor the so-called superelectron behaves in a different 
way from normal electrons, so that the effective mass of the former, m,, is different from 
m. Hence the contribution from superelectrons is considered to be proportional to n,/ Mes 
where n, is the density of superelectrons. As it is believed to be m,<107*m, one might 
think that superelectrons would contribute to the energy loss great deal, even though 2, 
is far smaller than the density of whole electrons, n. However, the characteristic behaviour 
of superelectrons almost disappears in the optical region where the main contribution to 
the energy loss comes from normal electrons ; superelectrons play an essential role at lower 
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frequencies. | This means that the characteristic frequency for superelectrons, w,= 


V4zen,/m,, is smaller than that for normal electrons, w,= V4zen/m. As we know 
that «w, is smaller at least by one order than w,, the contribution of superelectrons relative 
to that of normal electrons is estimated as (w,/w,)°, that is of the order of 107° or less. 
This is an effect which can barely be observed. 

In addition to the effect discussed above, the perfect diamagnetism in superconductor 
shields the electromagnetic field produced by a charged particle. This may modify the 
density effect, but its magnitude seems to be negligibly small, because the modification 
takes place in the argument of a logarythm that appears in the formula of the energy loss. 

The same conclusion can be obtained by the other way based on the London equa- 
tions for the superconductivity. According to them superelectrons decrease the real part 
of the dielectric constant, so that the energy loss increases by the order of (w,/w,)?. 
If conduction electrons play a special role in a microwave region, as suggested by Landau” 
their contribution to the energy loss is practically neglected, because they are essentially 
inert for the absorption of light at optical frequencies. 

In §2 the formula of the energy loss is derived by a conventional method employed, 
for example, by Budini?. The formula is expressed, so that the characteristic constant of 
a superconductor, A=47/w,’, introduced by London appears explicitly. In $3 numerical 
results are discussed for some typical superconductors. For Sn the energy loss at zero 
temperature is estimated as larger by 1.4% than that in the normal state, provided that 
the special role of conduction electrons is not operative. As this is just at the limit of 
observability nowaday, our case is not purely academic, in contrast to the case of Ivanenko 
and Tsytovich. 

In Appendix is given the formula of the energy loss in magnetic materials. Although 
this is essentially the same as that derived by Ivanenko and Tsytovich, our formula applies 
to the case where both the dielectric constant and the magnetic permeability are different 
from unity. 


§ 2. Derivation of formula 


Let us consider a particle of charge Z,e travelling along the z axis with velocity cf. 
Its charge and current densities at time ¢ are expressed as 


P=Zed(x)I(y)O(@—cAt), jP=c Bp’, (2-1) 


where x, y, and z, indicate the position of the particle at t=0. The Fourier components 
of p” and j’ are given of angular frequency w by 


Pw (Zie/2 ¢ 8) 9 (x) 8 (yy) exp (i w m/c), j."=cBp,.°. (2-2) 


Our aim is to obtain the electromagnetic field induced by the charge and current given 
above. 
In our case where the medium is a superconductor, the electromagnetic field js 


governed by the London equations. Namely, the magnetic and electric field strengths, H 
and E, are related to the supercurrent density j, as 
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crot (A j,) = —H, Aj,=E, (2-3) 


where A is the characteristic constant of a superconductor and is assumed to be indepen- 
dent of position and frequency. The Maxwell equations together with (2:3) give us 


V6,, +e, (w/c) ¢,,.=— (47/€.,,) Ps (2 - 4a) 
7A, +e, (w/c) A, =— (47/c)j’., (2 : 4b) 


where the magnetic permeability is assumed to be unity. @,, and and A,, are the Fourier 
components of the scalar end electomagnetic potentials respectively. €, here is different 


from the dielectric constant due to normal electrons, €”%, by 
€, = €2—47/Aw", (2-5) 


The solutions of (2.4a, b) are easily obtained in the cylindrical coordinate (z, r, 0) 


$= (Lie/TePE,,) Ky (kur) (iwz/cf), (2 -6a) 
Shen Ok ef /tc/?) K, (kr) exp (iwz/cf2) , (2 - 6b) 


where K; is the modified Bessel function of the second kind of order i. The wave num- 


ber &,, is defined as 
k= (0° /E) (1—P ee) +42 /2A 
= (w*/e 8") A—fe.). (2-7) 


From (2:6) yield the non-vanishing components of the field strengths 


ee 1Z ew te 2 K k iwz/c8 — 1Z ew ke K, k feeioby 
ES TRE, ( B €.,) ot w r) e te b2— a? /2R? (k,, re 
(2: 8a) 
— Lacks k foo2z/o8 — __ LZyew k K k, r pes lee De 8b) 
B= SK, (ba Ne Serer r sae ( 
H,,.=— Ziekw K,(k. 1) give le8 (2-8) 
TC 


The electromagnetic field thus produced forms a Poynting vector, consequently an 
energy flow, that is equal to the energy lost by the charged particle. The energy flow 
passing through the surface of a cylinder of radius r is calculated as 


_ dw 
dz, 


= —\" Eis; dz 


>r cB ya 


salar 24 eal iwdo| te" . (1—¢.,) K(k, 1) K, (k*., 1) —comp. con}. 
w (2-9) 
Usually r is chosen so small that |k,|r<1 and, therefore, K, and K, are expressed by 
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their asymptotic forms 
Ky (Rory (277 Rg Ke) — 1 / ko, (2:10) 


where In 7 is the Euler constant. Then (2-9) is reduced to 


S| =2 Ze | ode een In( ray Fee or —#')e |, 
wy Sa if a |T w 
Praia, BN cf (2-10) 
where €,,, and €.,, are the real and imaginary parts of €,,; namely, 
Ew = Cry toy = Ef, — 47/Aw* + ies... (2-11) 


¢ is the phase angle of &, as defined by 


tan pac, be'/ Re k= —PPes./ (1 €,,) =—fteh/(1— fF et, 4nf/ Aa). 
(2-12) 
Usually tang is close to zero, so that g can be approximated, according to two branches 
of tan’, as 
p= —Pe,,/(1—-& &,,), for B€,,<1, (2-13B) 
g= €./(1— €,,) —72, for fe, 21. (2:13) 
The two branches correspond to the Bohr and Cerenkov frequencies respectively. Accord- 
ing as the frequency belongs to the Bohr or the Cerenkov one, the mechanism of the 


energy loss is caused by the excitation or the Cerenkov radiation. If the two mechanisms 
are written separately, (2-10) is expressed approximately as 


LA ale YAP a z x 
“Bah. ah) |, lel Cea om 7 | 
ae a) | Ga ai Jeodeo (2-14) 


The suffices B and C indicate that the integrals should be taken over the Bohr and 
Cerenkov frequencies respectively. 


The derivation of (2. 14) from (2-6) is exactly the same as that in the ordinary 
) 


case”, This part is included for the sake of completeness and 

of the readers. The important point in our case is implied ent 
tant €,, in which the characteristic constant A is contained. 
correct expression of €,, is yet unknown. 


also for the convenience 
itely in the material cons- 
Unfortunately, however, the 
It is hoped that this will be obtained by ex- 
periments of the energy loss. Their possibility is discussed on the following assumptions. 


First we adopt the assumption proposed by Landau®. According to Landau, the con- 
duction electrons of density n, 


trons in part and the rest of 


the normal conduction electrons 


turn out below the critical temperature, T.., to be superelec- 
them are frozen in certain bound states, because otherwise 
would contribute to the finite electric resistivity. As the 
perature T., their characteristic frequency is regarded as 
whose density is 2n,, are thus classified into the following 


electrons begin to freeze at tem 


w.~kT./b. Whole electrons, 
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three kinds; the bound electrons of density Zn,-n, form such oscillators that have fre- 
quencies «,, strengths f; and damping frequencies g;; the frozen electrons of density n,n, 
are represented by an oscillator of frequency w, and of damping frequency y and their 
effective mass, m,, which may practically be equal to the electronic mass, m; the superelec- 


trons of density n, and of effective mass m, take part in €, as in (2-11), these being 
related to A as 


oe =41/A=47en,/m,. (2-15) 
With these quantities the dielectric constant is expressed as 
4nzé (Zn,—n, 47" (n,—n, 2 
€=1 ahs ( "0 | ) Sees Me ES = ae ( € ; ns) = ze . (2 ‘ 16) 
m J Ww; —-O—i9j0 m(we—-w—igo) wo 


It may be useful to give the orders of magnitude of the frequencies in (2:16). 
y= 10-10) sect GreMOEs 10% sede, Sj 10 seco Qa) 


Needless to say, w,, @, and n, decrease as temperature approaches T, and vanish above T,. 
If Landau’s postulate were rejected, we would have to amalgamate the third term in 

the right hand side of (2-16) into the second one, so that 
4me° (Zn, —n,) fi Os. . 
Ft a ae oe (2: 16’) 


2? 
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where the summation over j extends to conduction electrons. Comparing this with (2-16) 
one can see that (2-16’) is a special case of (2-16). 

Now we consider the excitation loss, the Bohr part, of (2:14). The integral over 
w is evaluated at resonance frequencies of €,,,/|€,,|". On account of the numerical values 
given in (2-17), the contribution from a resonance due to the frozen electrons is by far, 
by a factor of about 107°, smaller than that from the bound electrons. Therefore, we 
have only to take account of the optical resonances ; the main contribution comes from a 
frequency region of w~w;. The density of superelectrons, m,, can be neglected in com- 
parison with n,, om account of n,<107'n,. Similarly n, in (2-16’) can be neglected 
in comparison with Zn). Putting m;=m, therefore, the second and the third terms in 
the right hand side of (2-16) can be put together like as the second term in the right 
hand side of (2-16’), because the presence of «, is practically ineffective for the energy 
loss. Thus the postulate proposed by Landau will hardly be examined, unless the accuracy 
of observing the energy loss becomes extremely good. 

The above considerations lead us to conclude that the superelectrons will be only a 


source of modifying the energy loss to detectable extent. The formula of the excitation 


loss is then given as 


_W | _ 2nZ Zn La 
deslene meB 5 [1—o2/0} &,) 


bias 2 
x [ma 4c ets, (1 | (2-18) 
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where @, is the actual resonance frequency of the j-th level and is only slightly different 
from w; The effect of the superconductivity comes in w,/@;. Such a term in the 
square bracket of (2-18) is negligible, because the logarythmic term plays a dominant 
role. The modification of €z,; in the logarythm is also negligible. Therefore, the modi- 
fication due to the superconductivity lies in the denominator |1—w,’/@/; €%%|, that gives 
a positive contribution to the energy loss. 

In evaluating the additional part, we may safely put €,73 =1 and take @/ out of 
> by replacing it by an average value 


<@7 > =42e2Zn,/m. (2-19) 


Then the ratio of the additional excitation loss in a superconductor to the excitation loss 
in a normal material can be expressed as 


4=20,/ < 07 > =2n, m/ Zn. m,. (2-20) 


This is what we expected on the basis of a qualitative consideration in § 1. 

Next we consider the Cerenkov radiation represented by the last term of (2:14). 
The influence of the term o,7/ @;' increases €,,,/|€,|* but decreases €,,, both by w/o}. 
Hence both the intensity and the critical velocity for the Cerenkov radiation increase 
slightly, though such effects may hardly be detectable in an optical region. However, an 
important contribution to the Cerenkov radiation may arise from a microwave region, 
provided that Landau’s postulate holds. According to Landau, the dielectric constant at 
such frequencies is extremely large, 10'~10"", so that even a particle of non-relativistic 
velocity can radiate the electromagnetic wave. However, the intensity of such a radiation 
is very weak and its contribution to the energy loss is negligibly small. 


§ 3. Numerical results and discussions 


Before giving the numerical values of J in (2:20) we have to notice that w, or A 
is temperature dependent. Let us introduce a quantity that refers to zero temperature : 
P=ng m/n, m,, (3-1) 


where no is the density of superelectrons at zero temperature. Adopting the current as- 
sumption on the temperature dependence of n,, 


n,=no 1— (T/T,)‘], (3-2) 


for temperature T below the critical temperature T’,, the temperature dependence of the 
fractional excess excitation loss 4 is expressed as 


4= (2/2) P1—(T/T,)‘. (3-3) 
Keeping the temperature dependence (3-3) in mind, we shall discuss the magnitude 
of 4 at zero temperature, 4,. The quantity P is obtained by observing the penetration 


depth of electromagnetic field in superconductors”. Based on such data, the values of 4, 
for four superconductors are shown in Table 1, 


Energy Loss of a Charged Particle Traversing Superconductors ely? 


Table 1. Fractional excitation loss at zero temperature 


material | In | Sa Hg | Pb 


The numerical values of 4, given in Table 1 tell us that the fractional excess loss 
is of the order of percent or less, which is barely larger than a detectable limit for Sn. 
However, it may not be easy to increase the accuracy by another order, so that the accu- 
racy of P or A obtained from the energy loss seems a little worse than that from the 
penetration depth. Nevertheless, the former mean is regarded as superior over the latter, 
because of such a reason that the sample suitable for the observation of the penetration 
depth is difficult to prepare and the measurement might be sensitive to the sample, while 
the observation of the energy loss is practically independent of the preparation of a sample. 
On the other hand, the energy loss measurement suffers from such a difficulty that the 
energy lost by charged particles turns to heat up the sample so as to destroy the super- 
conductivity. This requires to decrease the beam intensity of charged particles as low as 
possible, but not so low as to be masked by the background. With regard to this situation, 
we think it valuable to undertake the observation of the energy loss in superconductors, 


in order to see their physical properties. 


Appendix. 
Energy loss in magnetic materials 
If both the dielectric constant and the magnetic permeability are different from unity, 


we obtain the formula for the energy loss as follows. The magnetic permeability that 


depends on frequency © is expressed, analogously to €, in (21 1) 5 as 
Poo = Pw + tf20 (4: 1) 


Then the energy loss due to the region of a cylinder of radius r is 


dW = _ he Hi da S20 In Z = & €; fw] 
iid Eile FAB ye eer aebrik eee 
2 (Ze) ‘Vd eae eae 
a) oa) Pde Mo IB 2! 


| €ul” 


where 
R= (w?/2R?) A— Peat) « (ic) 


The suffices B and C indicate that the integrals over w extend over the Bohr and Cerenkov 
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frequencies respectively ; namely, 
PRe(E,, ce) a (B) ’ PRe(E,, fo) oi (Cys 
The numerical result given by (A, 2) is essentially the same as that obtained by Ivanenko 


and Tsytovich. 
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The energy loss of a charged particle traversing an electron gas is calculated by taking the direct 
collisions with free electrons and the plasma excitation into account. The contributions from ions and 
neutral atoms are added and the resultant energy loss is given as a function of the degree of 
ionization. The energy loss is found to increase with the degree of ionization, to which excess loss is 
approximately proportional. The critical injection energy of cosmic rays, based on the Fermi mechanism 
of acceleration, is given in Table 1. Its value is atout fifty percent larger for the degree of ionization 
of ten percent than for a neutral medium and nearly four times larger for a half ionized medium. In 
the case of the solar production of cosmic rays the critical injection energy is below one MeV per 
nucleon, so that the secondary particles generated by nuclear reactions could be accelerated to cosmic 
tay energies. The mechanism of acceleration in a coronal region is proposed in the Appendix to explain 
the time delay of the cosmic ray increase compared with the solar eruption as well as the energy 
spectrum of solar cosmic rays. 


§ 1. Introduction 


In some astrophysical problems, it is important to know the energy loss of a charged 
particle in a highly ionized gas. This fact has been emphasized in a number of occasions, 
for example, by Morrison, Olbert and Rossi’) in connection with the injection of cosmic 
tays and by Greenstein” in discussing the role of electrons in the stellar atmosphere. 
These authors had to use the formula of the ionization loss for a neutral medium or its 
approximate modification, because no reliable knowledge of that for an ionized medium 
was available. Recently, however, Neufeld and Ritchie” have worked out this problem 
by paying attention to the excitation of plasma waves. Indepently of them the present 
authors” have also treated the same problem in a simple way. In this paper we present 
our method of derivation as well as its numerical results which may serve to astrophysical 
problems, and discuss the bearing of our formula in the injection of cosmic rays.” 

In deriving the formula of the energy loss in an electron gas, we use the method 
of impact parameter. For small impact parameters the energy loss is regarded as due to 
the direct collision with electrons, while for large impact parameters as due to the excita- 
tion of plasma waves. The two regions are divided by a critical impact parameter which 
is of the order of the Debye length. Adding the contributions from the respective regions, 


the critical impact parameter is eliminated from the final formula. 
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The energy loss due to free electrons thus derived is edded to the contribution from 
ions and neutral atoms. Then the total energy loss is expressed in terms of the degree 
of ionization, a. The fractional excess energy loss is found to be of the order of a/Z, 
where Z is the atomic number of the medium concerned, and to be nearly independent 
of energy in the relativistic region, while it increases slowly with decreasing energy in 
the non-relativistic region. 

In order that our result is applicable to astrophysical problems, numerical values are 
presented for the cases of the interstellar space and of the solar corona, in which gases 
are mostly composed of hydrogen with the degrees of ionization of ten percent and of 
hundred percent, respectively. In the case of the interstellar gas, we also show the de- 
pendence of the energy loss upon the degree of ionization, expecting the application to 
the galactic halo, in which the degree of ionization is supposed to be higher. The effect 
of ionization of a gas is found considerable for the solar corona. The energy loss of a 
proton is so large that it can not penetrate the corona, if it would start from the bottom 
of the corona with the velocity of auroral particles. The large ionization loss sets the 
lower limit of injection energies of cosmic rays from the sun as below 1 MeV, provided 


that the Fermi mechanism of acceleration is operative. 


§2. Derivation of formula 


Let the density of atoms with atomic number Z be n,. For the degree of ionization, 
a, the density of neutral atoms is (1—«@)n, and their contribution to the energy loss is 


given by 
—dW/dz,|"=27Z’, e'/me PP -Z(1— &) ny 


x Amc oh BS 
7\1—Ses,\ho; 


wi 


xs fin — Fes) (2-1) 

j 
where [’=(1—/)~'” and other notations are the same as used in our preceding paper”. 
There are ions of density an, which are assumed to be singly ionized. The extension 


to the case of higher degree of ionization is straightforward. Then the contribution of 
those ions is 


—dW/dz,|'=27Z,7e'/mc'f’- (Z—1) any 


os 4m Tr? 
x> [! PAY "hownaaines si 
me ‘ 7 |\1— Pes, |Po; 5 at oui 


The summation over j in (2:2) is a little different from that in (2-1), but the difference 
is insignificant for large Z. 

The ionization produces free electrons of density an). Their contribution is what 
we want to calculate. For small values of impact parameter, r<r,, where 7, is of the 


order of the Debye length, the energy loss is considered as due to the direct collision 
with such free electrons. This gives rise to the energy loss: 


—dW/dz\<,,= 22 Z,7e' /me? P+ any In(m? fre? /b*). (2-3) 
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For large values of impact parameter, r>y,, on the other hand, the energy loss is caused 
by the excitation of plasma waves. The energy loss can then be calculated, if the dielectric 
constant of the electron plasma is known. This is 


€,=1—a,/ (wi), (2:4) 


where » is the collision frequency of an electron in the medium and w, the plasma fre- 
quency given by 


ov, =4 Ta ne /m=au,.. Q 5) 
With use of (2:4) we obtain the energy loss for the region concerned as 
—dW/dz|§,,,=27Z ?e'/me? - an, 


x [in 4c°8 ‘ 
S al 1 a pesto Os 


— Few (2-6) 


Adding (2-3) and (2:6), the energy loss due to free electrons is obtained as 
—dW/dz,|°=27Z,?e'/m? - an, 
4m?’ AT? " | 
x In bar » — fe... |- Zee. 
P\1—fé..p|P wo, Pe vwn Ce 


It must be noticed that r, does not appear in the final formula (2-7). 
(2-7) can be compared with formula (87) obtained by Neufeld and Ritchie”, who 


used a more complicated method, as shown in what follows. In practical cases both the 


density of atoms is not too large and the degree of ionization is not too small, so that 
there holds 


on = au,>v. 
Hence €,,, and €,,,, can be assumed as zero. Thus we have 
—dW/dz,|°=21Z,7e'/me Ban, In(4m?' HT? /77a,"). (@:7') 


This is nothing but their formula (87), if one notices binin=b/mcBI" there. 

Adopting (2:7’) instead of (2-7) for practical purpose, the dependence on @ is 
expressed as —@Ina@. In a similar way we write down the a dependence of the total 
energy loss, the sum of (2-1), (2:2), and (2:7’), as 


dw | a | 
—o" =Al B+— (C—B—| ; (2:8) 
7 + Z ( na) 


where 
A=217Z,7e'/m 2 fF, 
4m? BT? 2 | 
B= E — Peis; |, (239) 
aif A 7P\1—Be,55| (6 @,)” feel 


can tc Pl” (2-9) 
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(2:8) indicates that the maximum of the energy loss appears for C-B-1<0 at 


Bmar=exp(G —B=— 1). (2-10) 


Introducing @, the average of w, over oscillators, we can approximate 
C—B—12_In[|1—fe5| (@?/0,7) |—¢,5f’—1. (a 


As @>«,7in usual cases, (2-11) is always positive, so that the energy loss increases with 
@ in a monotonic way. The energy dependence of the excess energy loss in the ionized 
medium is due mainly to |1—/7’€5| in(2-11). This tends toi ncrease with decreasing energy ; 
the difference of the energy loss between in ionized and neutral media is larger for lower 
energies. Since the logarythm in (2-11) is as large as B, the fractional excess energy 


loss is roughly estimated as a/Z. 


§ 3. Numerical results for hydrogen gas 


In most celestial cases the gas is mainly composed of hydrogen. Then (2-8) with 


Z=1 is of practical importance and is expressed as 


m4 = 27) Ze [ {is 4mehft —[ | 
dz, me [? 


PO—-) |1—-ReslPo 


afin GP + gh), (3-1) 
wea 

Numerical examples of (3-1) are illustrated for the interstellar gas and the solar corona. 
In the galactic plane the interstellar gas is composed mainly of hydrogen with the 

degree of ionization of about a=1/10. The average density of hydrogen is supposed to 

be approximately ny=1/2cem7*. This results in w)~4%10' sec”', far smaller than @ 

~2-1X10" sec™’. Owing to the small density €; in (3-1) can be set equal to unity. 
On account of that @ may change from place to place, we express (3-1) with a 

3 


as a parameter. In a medium of density / gcm™°*, the energy loss is given by 


1 dW 524, ( | < | 
——— ee ee et Seal —? 
an cg & Bite 1—- 


+a {In(1—") +/°—Ina +53 -9} ] MeV/g cm=*. (3-2) 


For Z,=1 and a=0.1 and 0.5, (3:2) is plotted against the kinetic energy of a 
proton in Fig. 1. For comparison the energy loss for @=0 is also shown in the same figure. 
In comparison with the latter case the energy loss for a=0.1 increases nearly by twenty 
percent. The excess loss is nearly independent of energy in a relativistic region, while it 
increases weakly with decreasing energy in a non-relativistic region. This can be under- 
stood, on account of that the plasma frequency is low, while the atomic frequency is so 
high that a part of the electric field caused by a charged particle becomes ineffective, as 
its velocity decreases. 


In order to show the dependence on the degree of ionization, the a dependence at 


Energy Loss (MeV/gcm-? ) 


(Energy Loss (Mev/gcm7) 
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Fig. 1. Energy loss (MeV/g cm vs the kinetic energy of proton (MeV) 
Curves A, B and C correspond to the hydrogen gas of density 1/2cm7* with 
a=0, 0.1 and 0.5, respectively. Curve D corresponds to the solar corona with 


SOPs | 
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W=2.18 GeV* for protons, at which the energy loss is minimum in a neutral medium, is 


shown as 


—1/p-dW/d2| min =0.168[25.0 +@(52-4—In a@) |MeV/g cm™. (3-3) 


min 


(3-3) is plotted in Fig. 2, together with its ratio to the case of a=O0. 


Energy Loss (MeV/gcm=*) 


4 
“02 A ED Pi in ba 3 4 5 6789 , 
Degree of Ionization (a) 


Fig. 2. Energy loss vs degree of ionization at 47=2.18 GeV for proton 
in the hydrogen gas of density 1/2 cm-%. 

Solid curve indicates the energy loss (MeV/g cm™? represented in the right 
ordinate) and dashed curve the ratio to the neutral medium (in the left 
ordinate). 


In the solar corona the degree of ionization is supposed to be unity. Hence the 
energy loss is obtained by putting a=1 in (3-1). The numerical result is shown also 
in Fig. 1. The density of electrons is of the order of 10°cm~* which is still small 
enough to neglect the density effect. The electron temperature is so high as 10° °K that 
the motion of electrons plays a significant role in the energy loss of slow particles. Since 
the average velocity of electrons in the corona is about 3 X10°cm sec’, however, the 
effect of the electron motion may be neglected for protons of energies above 1 MeV. In 
a MeV region the energy loss is approximated as 


—1/p-dW/dz,=144/W- [In W +22: 3 |MeV/gem=? (3-4) 


where W is measured in MeV. 


*) By W we mean the kinetic energy, while E is used for the total energy. Wand E with the same 


suffix, as employed in § 4 and Appendix, are related as, say, E,=M2+W. c» where Mc? is the rest energy 
of a proton. 
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Neglecting the electron motion which is of little practical effect at energies concerned, 
the range of protons can be estimated in the following way. We assume that (3-4) 
holds down to the energy at which the velocity of a proton is equal to the thermal 
velocity of electrons. The range for a proton with energy W, in MeV to loose its energy 
down to this energy is approximately given by 


ROUV,,) —W,./55202¢-em—* (3:5) 


The range for a proton below this energy is negligible for practical purpose. As the depth 
of the corona is of the order of 107° g cm™*, the proton of energy below 200 KeV can not 
penetrate the corona. If the spiral motion of protons in a magnetic field is taken into 
account, the minimum energy of penetration will be larger. The protons of currently 
believed velocity, about 10°cm sec™’, as the cause of magnetic storms, can not at all 
penetrate the corona. If such particles were injected from the sun, they would have to 


be accelerated near the top of the corona. 


§ 4. Injection energy of cosmic rays 


According to the Fermi mechanism of acceleration of cosmic rays, cosmic ray particles 
are injected into the interstellar space, in which wandering magnetic clouds take part in 
the acceleration of the particles. In order that the acceleration is effective, the particles 
have to be injected with energies larger than a critical injection energy, the energy at 
which the gain and loss of energy of a particle are equal. This is given by Morrison et 
al.” on the assumption that the cosmic radiation is stored in our galaxy of disk shape. 
This assumption seems, however, to be in contradiction with recent evidences in cosmic 
rays as well as in astronomy. As described by one of the present authors (S. H.) anit 


seems better to regard the stored region as spherical, containing the galactic halo, in which 


the average thickness of matter for cosmic rays to traverse 1s of the order of x~1 ¢ cm". 
Then the critical injection energy is, as in (3-5) of reference 7, given by 
E75 8 (W ,)% (4-1) 


where factor 1.5 comes from the exponent of the power energy spectrum of cosmic rays. 
A(W,) is the energy loss per gcm™” for a particle of energy W,. The value of W, 
has been computed by employing the energy loss in a neutral medium”””. Now we are 
able to get a more realistic estimate of W.,, based on our calculation. 

The critical injection energies per nucleon are given in Table 1 for @=0.1 and 0.5 
and for some typical cosmic ray nuclei, assuming x=1 gcm~*. These values of W., are, 
of course, larger than in the case of the neutral medium. The ionization loss for ~=0.5 


is appreciable, so that the energy spectrum at low energy would be affected considerably, 


*) The thickness may be different for protons, because a proton has a higher momentum than heavy 
nuclei for the same rigidity. On account of that the mechanism of escape from the galaxy is not solved yet, 


however, we use the same value of x for all nuclei. 
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if the mean path length traversed were larger by one order. 


Table 1. Critical injection energy (W7,/A in MeV) 


Zy 1 2 4 7 14 | 26 
a alle = hes = 

A 1 4 9 14 28 | 56 
0 0.95 0.95 22 4.8 11 20 
0.1 1.6 1.6 3.5 72 16 29 
0.5 4.5 4.5 8.5 16 32 65 


Actually the average energy of cosmic ray particles injected into the interstellar space 
is supposed to be much higher than the critical injection energy W,. As discussed in 
our previous paper”, cosmic rays suffer acceleration in the vicinity of local sources, such 
as Crab nebula. Also from the sun particles of energies above 1 GeV are generated. 
Such high energies may also be explained in terms of the Fermi mechanism that is 
operative near local sources, where physical conditions are significantly different from those 
in the general interstellar space. For example, the density of matter, the degree of ioni- 
zation, the velocity of magnetic clouds and the strength of magnetic fields may be much 
higher in the vicinity of a local source than in the general interstellar space. Hence 
the acceleration in the former region is considered as more efficient than in the latter. 
And it should also be subjected to the critical injection energy that will intimately be 
related to an instantaneous process of accceleration, such as the betatron mechanism. Thus 
we presume that the acceleration of cosmic rays can be divided into three steps, the in- 
stantaneous injection from local sources, efficient acceleration near the local sources and the 
gradual acceleration in the general interstellar space. As we have been concerned with 
the last step in the preceding paragraphs, the second step will be discussed in the 
Appendix. 


Based on (A-5) with (A-6) the critical injection energy in the solar corona is ap- 
proximately given by 


E,=3X 10" BWW,)p. (4-2) 


Here p is the density of matter in the corona and is supposed to be of the order of 107% 
gcm7*. As the corona is completely ionized, @ is taken as unity in (3-1). The values 
of W, per nucleon are found to be below 1 MeV, at which our formula may hardly be 
applicable, because of the influence of rapid electron motion. 

It seems to us worth remarking that the critical injection energy for protons is so low 
that a certain fraction of protons from d—d reactions may contribute to cosmic rays. These 
reactions possibly supply a sufficient amount of energy to the disturbance occurring on the solar 
surface, as suggested by Greenstein.” Furthermore, this might cause such a stream of 
high velocity,~10" cm sec’, that could cause the solar radio emission of Type III observ- 
ed by Wild et al.” In this connection it will be very interesting to study the intercor- 
relation between the energy supply and the particle acceleration which will take place in 
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Appendix 
An acceleration mechanism of solar cosmic rays 

Let the dimension of a region be R, in which the acceleration in the second step is 
operative. Inside this region there are numerous magnetic clouds which move with the 
average velocity V. The average strength of magnetic fields in the clouds is represented 
by H. Owing to the magnetic field the particles injected undergo the random walk with 
transport mean free path /, which is as large as the average dimension of the magnetic 
clouds. H and / determine a rigidity, above which the rigidity spectrum becomes steep. 
As we ate mainly concerned with protons and electrons, the rigidity is equal to the mo- 
mentum divided by unit charge. Thus in the unit of eV/c the corresponding momentum 
is given by 

P23 00M Fils (A-1) 

where H and / are measured in gauss and cm respectively. The particles with momenta 
below P, suffer collisions with the magnetic clouds before they escape out of the region. 


The number of collisions is roughly estimated as 

N=-GR/Dé. (A: 2) 
Hence the average lifetime of particles for escape is 

f= Ni/v=R*/ ly, (A: 3) 
where v is the velocity of particles and is nearly equal to the light velocity ¢. A collis- 


ion with a magnetic cloud results in the rate of energy gain by 2(V/v)*, so that the 


exponent of the power energy spectrum turns out to be 
y1/N2(V/v)?= (U/R)*/2V//»)?. (A-4) 


In the medium of density ¢ the average thickness of traversed matter is Nlo~tvp. It 
is almost always satisfied that this quantity is much smaller than the mean free path for 


nuclear collisions. The critical injection energy, W,, in this case is given by 
E,=12 W,) Nip=7B (W;) wp, (A: 5) 


analogous to (4:1). _ 
Now we apply the above considerations to the solar production of cosmic rays. Among 
t and 7 are directly related to observations. The 


energy Below this 


the energy spectrum is not so steep and 7 is estimated as nearly unity. . The lifetime 
interval between the solar eruption and the 


various quantities introduced above, P,, 
spectrum of the solar cosmic rays becomes steep above several GeV. 


for escape may be estimated on the time 


. . . 9 . 
cosmic ray increase as about ten minutes.” Therefore we take the numerical values of P,, 


t and 7 as 


P,=10" eV/c, t= 10° sec, 7=1. (A-6) 
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These values indicate only the order of magnitude and are subject to ambiguities of factor 
two or so. In addition to these values, we assume R as large as the radius of the coronal 


region, namely 
R=10" cm. (A-7) 


Four quantities given in (A-6) and (A-7) are sufficient to determine others, if v is 


assumed as equal to c. Thus we have 
13K 105 cm 2) i 0,1 gauss, 77 e107 eriees ay (A-8) 


These values seem to be reasonable in view of the following facts: / is as large as 
the thickness of a shock front generated by a stream of velocity V; the magnetic field 
strength on the solar surface is about one gauss and the equipartition between magnetic and 
kinetic energies predicts H of a fraction of gauss; the velocity of particle streams associated 


with solar disturbances is believed as about 10° cm sec~'. 


However, there arises a question 
on the behaviour of electrons. The magnetic field strength given in (A-8) allows to 
accelerate the electrons by the Fermi mechanism up to about several GeV, above which 
the energy loss due to the synchrotron radiation forbids the acceleration. The spectrum 
of radio waves generated by these electrons may have a maximum intensity at frequency 
of about 10" cyc/sec which is larger than the observed frequencies of solar disturbed radio 
waves, around 10° cyc/sec. However, the mechanism of the solar radio burst is due likely 
to the plasma oscillation taking place in the corona®!” and the synchrotron radiation may 


be relatively unimportant as its cause. 
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An Attempt of Generalizing the 
Hypothesis of Charge 
Independence 


Osamu Hara and Yasunori Fujii 


Institute of Theoretical Physics, 
Nagoya University, Nagoya 


May 28, 1956 


The hypothesis of charge independence 
has played an important role in the pheno- 
mena of pion and of heavy unstable particles. 
Its validity is, however, restricted, and one 
can not apply it to decay processes. In 
this letter is proposed an attempt which, 
by generalizing the concept of the isotopic 
spin, aims to evade this restriction. 

We introduce angular momenta J and 
K in charge space other than the usual 
isotopic spin I,* and assume that the total 
isotopic spin is given by 


I+J+K for fermion,** 


(4d 


The charge is assumed to be given by eL;. 
Therefore J, and K, are related to the 


for boson. 


* One reason for this generalization is that the 
gauge transformation can be regarded as a rotation 
in charge space around its third axis. If this is 
taken as serious, we must assume that the conserva- 
tion law of charge must have the form of the 
conservation law of the third component of an an- 
gular momentum in charge space. 

4k As for fermion we consider baryons exclusively 


at first, 


strangeness S and the particle number n 
introduced by Gell-Mann and Nishijima’ 
by 

J;=8/2 ; 
and 


Kegan tb ee 


Here we assume 
(i) L, is conserved in all interactions, 
(ii) in 
magnetic field does not take part, 
I+J is conserved, 


(iii) in strong interactions f and J are 


interactions where  electro- 


separately conserved. 


(iii) corresponds to the assumption of usual 
charge independence. But it is in general 
more stringent in that it requires the con- 
servation of J. 

(i) is nothing but the conservation 
law of charge, but (ii) and (ili) give 
results which have not been got heretofore. 
We can predict, for example, the branching 
ratios of some decay processes or the rela- 
tions between lifetimes of some unstable 
particles. This is because, as long as we 
assume that the decay interactions are 
primary interactions and the electromagnetic 
field does not take part there, £+J is 
conserved according to (ii). The calculation 
is elementary, and the main result is as 


follows :* 


* Recently Kawaguchi and Nishijima, Iso, Takeda 
and Wentzel2) obtained the same result under the 
assumption that for decay processes a selection rule 
AI=} holds. The agreement of our result with 
theirs is obvious since in the processes here considered 


AJ=% and the conservation of £+J just leads to 
AI=3. 
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(i) Branching ratio for the decay of 
A: Mo>p4+n2-/Mon4+7°=2, 
(ii) Lifetime of 3: 
(iii) Lifetime of @: 
if 7 is (odd spin, odd parity), 


Cr+ otis 


Tot=Z Tt 


and the decay mode 
d+ 37+ a? 
is forbidden, and the branching 
ratio for the decay of 0°: 
On +7-/0> 27° =2 


if @ is (even spin, even parity). 


(iii) seems to reject the possibility 
(odd spin, odd parity), since recent ex- 
periments show definitely that z,+ is about 
one hundred times longer than z,°.” If 
this is the case, the decay of 0* must be 
ascribed to interactions entirely different 
from those which are responsible for the 
decay of 6”. 

These predictions can be compared 
with experiments directly, and the validity 
of our assumptions may be checked by 
comparing them with experiments. 

Details will be published in a later 


issue of this journal. 


1) M. Gell-Mann, Phys. Rev. 92 (1953), 833. 
K. Nishijima, Prog. Theor. Phys. 12 (1954), 
107. 

2) M. Kawaguchi and K. Nishijima, Soryushiron 
kenkyu (mimeographed circular in Japanese) 9 
(1955), 449. Prog. Teeor. Phys. 15 (156), 180, 
182. 

T. Iso, ibid. 11 (1956), 1. 
G. Takeda, Phys. Rev. 101 (1956), 1547. 
G. Wentzel, Phys. Rey. 101 (1956), 1215. 

3) For example, B. Rossi, Proceedings of the Fifth 
Rochester Conference (1955). 

As for recent data on K*, see L. W. Alvarez, 
F. S. Crawford, M. L. Good and M.L. Stevenson, 
Phys. Rev. 101 (1956), 503. 


A Conjecture on the Possible 
Existence of New Hyperons 


Osamu Hara and Yasunori Fujii 


Institute of Theoretical Physics, 
Nagoya University, Nagoya 


May 28, 1956 


As assumed in the preceding letter, 
I and J are conserved in strong interac- 


Therefore the 


hamiltonian of the system must commute 


tions in our scheme. 
with these observables (except for electro- 
magnetic and weak interactions). The 
form of the hamiltonian is restricted by 
this condition, and it is seen that it can 
contain # and J only in the form I” and 
J°. If we assume that it has the form 


H=a-p+M (1°, Wh 
the eigenvalue of M(I*, J”) corresponds 


to the rest mass. Assuming most simply 
that it is a linear combination of &” and 
J*, and determining their coefficients from 
the masses of the nucleon, 4 and = tit 


is given by (in electron mass unit) 
M~1001I(I+1) 
+400J(J+1) +1800. (1) 


This formula reproduces the hyperon 
masses within the error of ~100 m,. 

(1) gives the mass separation of two 
levels with I differing by one and the same 
J, and that with J differing by one-half 


and the smallest possible J, as 


4,M=200 I 


2 
4,M=400J+100+ (—1)"75. (2) 


If 


4,M<.m, and 4,MSm,, (3) 
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Table 1. Level scheme for heavy hyperons 


; J om = charge 
—2e —e 0 e 2e 3e 
(— Vagal) | Yo, i) (— te, 1) (48, 1) 
. : 1) eh Fed) he Ge, Ly. 
e B42 00 eee) Ss —2)-) (—%, 9) | (44,0) (a AC ee 
Z Zit 
ARG She ga) 
r | % | ~3500 Oe ve) (I; = 42) 
1, —%) (1594) Cie) (Oye 0,98) 
y? Y+ 
0 % | 3300 (0, 98 (OP | (0, 8) fn (0, 3) 
x 


The levels denoted by the dotted lines are unstable. 


respectively. 


Figures in the parentheses indicate I; and J3 


Table 2, Production and decay of heavy hyperons 


corresponding ; 
hyperons production scheme threshold energy d neds : 
(Bev) ecay scheme 
nt +N>Z+4K 8.9 ZoX(Y) +2 
zte, Z- NEN ae 8.3 >2+K 
>Z4N+4K 11.9 A(S) +2K 
ete. etc. 
nz +N->Y(X)+3K 4.7 YX)Se+x 
di2ig Dads N+NOY(X)+ Y(X) 4.2 >A(S)+K 
x- > Y(X)+N+3K 73 etc. 
etc. 


* The selection rule 4J=1 was used to deduce this decay scheme. 


the level can be metastable. (3) can be 
written, using (2), in the form 
<1 and’ JX2. (4) 


This means that the number of hyperons 
other than those which have been established 
heretofore will not be so large. Those 
T<1 and JX1 are already known (nucleon, 
A,, X. and &).* 
levels. will. be discussed below.. 

a) J=3/2 and: I=0 and 1. 


Some features of higher 


(1) gives M3300 and 3500 for 
At I=0 four, 


and at [=1 twelve levels appear (see the 


I=0O and 1 respectively. 


* A number of unwanted levels appear in this 
scheme (for example, S++). Most of them, how- 
ever, can be eliminated by discussions similar to those 
made in this letter, and we arrive at the result which 
is almost the same as the ones proposed by Gell- 
Mann, Pais!) and: Nishijima.2) As: for the detail 
see our full paper which will be published’ soon. 
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table). 


most of them decay rapidly into lower 


It can be shown, however, that 


levels by emitting 7—rays or pions, and the 
remaining levels are X~, Y° and Y~* only. 
Their threshold energies and possible decay 
As will 


be seen, it seems possible to identify the 


schemes are listed in the table. 


new hyperon reported by Eisenberg” as our 
Mii 
b)) j=2 and I=1/2. 
(1) gives M4300. 
unstable levels as before, we get Z** and 


Eliminating 


Z~. Recent observations by Fry et~al.9 
that K~ emerges from a star can be inter- 


preted in terms of Z~.* But our mass 


formula is not so accurate, and Z lies near 


the border of instability. Therefore, we 


can not say positively whether such particles 


really exist. 


1) M. Gell-Mann, Phys. Rev. 92 (1953), 833. 
M. Gell-Mann and A. Pais, Proc. Glasgow 
Conf. (1954). 

2) K. Nishijima, Prog. Theor. Phys. 12 (1954), 
107. 

3) Y. Eisenberg, Phys. Rev. 96 (1954), 641. Proc. 
Pisa Conf. (1955). 

4) W. F. Fry and M. S. Swami, Phys. Rev. 97 
(1955), 1189. 

W. F. Fry, J. Schneps and M. S. Swami, Proc. 
Pisa Conf. (1955). 


* X, Y and Z are unstable in the nucleus, since 

following rapid processes 

X(Y)+NOE+4 

Z+N>28, etc. 
occur. Therefore Fry’s event must, if interpreted in 
terms of ours, be the capture of X— or Z-. Strong 
interaction of X leading to the emission of K is 
energetically impossible, and the only pessibility is 
the capture of Z. The capture of Z~- can lead to 
the emission of K- according to 

Z2-+N>8+A+K-. 
It is a remarkable feature of this picture that & 
and A must be accompanied to K. 


Inelastic Scattering of Nucleons 
by Nuclei 


Ryoichi Kajikawa, Tatuya Sasakawa* 
and Wataro Watari 


Department of Physics, Hiroshima University, 
Hiroshima and 
Department of Physics, Kyoto University,* 
Kyoto 


May 21, 1956 


Austern, Butler and McManus” put 
forward a theory of inelastic and/or ex- 
change scattering. They used the plane 
waves for the wave functions of incoming 
and outgoing nucleons and they evaluated 
the matrix element for the scattering due 
to the contribution only from outside the 
nucleus. Such a treatment may give good 
results when the energy of the incident 
particle is so high that the use of the 
Born approximation is justified. 

However, it has been shown at energies 
lower than, say, 15 Mev” that a considerable 
part of the interaction between incident or 
outgoing nucleons and nuclear matter can 
be described as a form of an average 
potential.” This suggests that the distor- 
tion of the nucleon wave inside the nucleus 
is not negligible. The imaginary part 
appearing in the average potential (i.e, 
optical potential) gives a measure of 
nuclear excitation. But it has been sug- 
gested that this is relatively small compared 
with the real part of the optical potential. 
Therefore it is expected that a perturbation 
method may be applicable to a calculation 
of the inelastic scattering of a nucleon by 


the nucleus. And the gross structure of 
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(do/dQ)mb/ster. 


(a) 


(da /d@) mb/ster. 


Fig. 1. Comparison of theoretical and experimental results 


configuration of the final 
state of Fe°® 


form of V(in) depth of the 


average potential 


—__—___—_—_——  : delta function 30 Mev 

srantuvsnsdenannnasetenn sere Yukawa 30 Mev (f7/2)®(2) 

— ——- —: delta 45 Mev 

— — — —_: delta 45 Mev (fi/2)5(7/2) p2/2 (3/2) (2) 


Configuration of the ground state of Fe5® is assumed to be (fi/2)%(0). Theoretical curves are 
normalized at 50° for (a) and at 30° for (b) to the experimental value. It can te shown that 
the spin exchange force and the tensor force gives no contributions in 0*+—>2* transition in first 


order perturbation calculation 


the angular distribution of the inelastic 
process would be reproduced by a calcula- 
tion taking into account the distortion of 
incoming and outgoing waves due to the 
optical potential, and treating the interaction 
giving rise to excitation itself as a pertur: 
bation. 

As an example we take a case of 
protons inelastically scattered by Fe®* leaving 
it in its first excited state. Calculations 
are made for an incident energy of 17 
Mev and the results are compared with the 
experiment of Schrank et al.” To get 


the scattering amplitude, we calculated a 
matrix element, 
CDOVAV Les yy, 

where Yt’ is the outgoing wave solution 
of the Schrédinger equation, and ~—P- is 
the ingoing wave solution of the particle 
subject to the optical potential.” %,, and 
7. are wave functions of ground and excited 
states of the target nucleus of Fe™*, re- 
spectively V is the sum of two body 
interactions 


Pes Ln), 


n=1 
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Here i indicates the incident particle. We 
adopt partial wave analysis taking account 
of partial waves up to six. This is mainly 
because the Racah coefficients applicable to 
the partial waves of orders higher than six 
are not available in conventional tables. If 
we take higher waves into account we shall 
get better results than what indicated below, 
since the momentum transfer becomes 
smaller for those higher waves which are 
neglected in the present calculation. We 
approximate Y‘*) by an elastically scattered 
wave which is distorted by the same optical 
potential as in the case of D@), By the 
time, we take a real square well of depth 
30 Mev or 45 Mev and of range 1.45A1/" 
X107"'cm, as the optical potential. The 
integration extends over the whole space. 
The results are shown in Fig. 1. All 
These 


these curves are normalized at 50°. 
figures show that 

I) the main feature of the angular distri- 
bution is reproduced by our calculation, 
II) the angular distribution is strongly de- 
pendent on an assumed configuration of 
the nucleus. After having an adequate 
knowledge on the optical potential, we could 
determine the configuration to some extent 
from the angular distribution. 

III) We get a result nearly equal to the 
one with the point interaction and the 
finite range interaction for V (in). 

IV), A large forward scattering appears. in 
all of our calculated distributions. The 
reason why Austern et. al.” could not ex- 
plain this forward peak seems. to. be due 


to their neglect of distortion of the proton 
waves. 


V) The backward rise in our curve will 
be noticed. One reason for this discrepancy 
will be the neglect of partial waves higher 
than six in the present calculation. The 


other reason may be the neglect of the 
effect due to particle exchange. 

Detailed account of the analysis will 
be published shortly in this journal. 

We wish to express our sincere thanks 
to the Professor Sakuma of Hiroshima 
University, Professor Kobayasi of Kyoto 
University and their colleagues for their 
hospitarity. 


1) Austern, Butler and McManus, Phys. Rev. 92 
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2) For example, LeLevier and Saxon, Phys. Rev. 
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3) Feshbach, Porter and Weisskopf, Phys. Rev. 92 
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4) Schrank, Gugelot and Dayton, Phys. Rev. 96 
(1954), 1156. 

5) S. Hayakawa and S. Yoshida, Prog. Theor. 
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On the Theory of Thermal 
Conductivity of Pure 
Metals at Low Temperatures 


P. G. Klemens 


Division of Physics, Commonwealth Scientific 
and Industrial Research Organization, 
Sydney, Australia 


June 18, 1956 


The thermal conductivity of metals 
is proportional to 


+0 


Go=fs 


1 
€)dE (1 
@rpapey OF 
where c(€) is the solution of the Bloch 
equation, which, in, the limit of low 
temperatures and. in the absence of scatter- 
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Fig. 1. Solution of equation (2). Curve 
I: Numerical solution according to Klemens. 


Curve II: Kasuya’s trial function (5), 
normalized (#=0.85). 


ing by lattice imperfections, is of the form 


S. c==| oe eannet ie 


0 


+[c(E-9) OI SALI =6 @) 


-see, for example, aa and Bethe.” 
It is easily seen that c(€&) must be an odd 
function of €. 
It is also known”’” that 
$0 


(S.6d=| 8,8 : 


(€ +1) (1+e~) 
x c(€) dE (3) 


is a maximum for variations in c(&), 
subject to the normalizing condition 
Sarit akc, ) . (4) 
Kohler? obtained a value of (1), using 
the trial function c=a&, and adjusting 4 
by (4) ; Sondheimer” effected a considerable 
improvement by using c=a€ +6&, and 
adjusting the parameters by maximizing 
(3), subject to (4). 
Since it is easily seen that the solu- 
tion of (2) cannot be represented by the 


first few terms of a power series in 6, 


Klemens” solved (2) directly by numerical 
methods. His solution is shown in Figure 
1. By a variety of tests it was concluded 
that this solution is a good representation 
of the true functional form of c(&), and 
that any error in the resulting value of 
The value so 
derived is 11% greater than Sondheimer’s. 


Kasuya” also noted that the solution 


(€, c) is well below 3%. 


of (2) could not be expressed by a power 


series, and suggested as a trial function 
c(E)=—a €&>0 
mel £0, (5) 
Adjusting a by (4) he obtained a value 


A— OOo. 

The resulting value of the conductivity 
exceeds that derived from Klemens’ nu- 
This is 


anomalous if the estimated accuracy of that 


merical solution by almost 13% 


solution is accepted, for according to the 
variational principle the better trial function 
should yield the higher value of (€, c). 

The author has therefore repeated the 
calculation of @ and obtained a value of 
a=0.0849. The resulting value of (&, c) 
is now 9% lower than the value derived 
from the numerical solution, thus removing 
the anomaly. This new value of @ has 
been subsequently confirmed by Kasuya 
(private communication) . 

It is interesting to note that, with 
this new value of a, (€,¢) is about 2% 
higher 


adjusted trial function (5) is also shown 


than Sondheimer’s value. The 


in Figure 1, and can be compared with the 
It is seen that (5) 


is indeed a fair representation of c(&) over 


numerical solution. 


a wide range of &, and could easily be 
superior to a trial function of the form 


c(€) =aE +b. 
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Since the trial function (5) has the 
advantage of very easy numerical manipu- 
lation, one would be inclined to use it at 
intermediate temperatures and in the presence 
of residual resistance, in order to test 
Sondheimer’s solution for these cases. 
Unfortunately, as the temperature and 
residual resistance are increased, the true 
solution deviates progressively from the 
form (5), tending towards the form c=dé, 
-see, for example, Klemens.” Thus the 
trial function (5) ceases to hold an ad- 
vantage over Sondheimer’s trial function in 
these cases. The case of lowest tempera- 
tures and no residual resistance, which has 
been discussed here, is the case most un- 


favourable to Sondheimer’s method; even 


then his value of (&,c) differs only by 


11% from the numerical value. In other 


cases his results must be even closer to the 


correct value. 
The author wishes to thank Miss J. 
Ward for performing the computations. 
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On the Quantum Field Theory of the Interaction between 
the Graviton and the Matter Field 


Toshiei KIMURA 


Research Institute for Theoretical Physics, Hiroshima University 
(Takehara-machi, Hiroshima-ken) 


(Received April 30, 1956) 


In order to quantize the gravitational field so as to be consistent with the general relativistic 
treatment, we investigate what physical effects the quantizable and unquantizable parts of gravitational 
field have, when the matter felds exist. To construct the Hamiltonian, we show that the interaction 
FEamiltonian in the interaction representation can be obtained by the method extended from that of 
Yang-Feldman. The role of the non-tinear part of gravitational field for such a problem is also 
discussed. Only the potential, obtained by eliminating the longitudinal and scalar parts of gravitational 
field with the aid of the supplementary condition, has an effect upon the macroscopical phenomena 
and gives the equation of two-kody problem in general relativity found by Einstein, Infeld and 
Hoffmann. On the other hand, while the pure transverse graviton does not contribute to the macro- 
scopical phenomena, it gives, in the region of high energy, the large damping. effect upon the interac- 
tion between the elementary particles. 


$1. Introduction and summary 


Recently, in connection with the difficulties encountered in the quantum field theory, 
the effect of the gravitational field upon the interaction between the elementary particles 
has been discussed by some authors. In order to discuss the gravitational field in the 
theory of quantized field, we must first consider what sort of the classical gravitational 
equation should be quantized, and secondly examine which part of the gravitational field 
quantities can be quantized and what role another part that cannot be quantized plays in 
the macroscopical phenomena. 

In spite of many attempts on the quantization of the gravitational field, there are 
neither necessary reasons for the quantization nor experimental evidences for the existence 
of the gravitational quanta (say, graviton). It will not be reasonable, therefore, to discuss 
only the quantum character of gravitational field. In other words, the problem whether 
the field equations or field quantities that we quantize are appropriate, should be considered 
not merely by looking into the properties of graviton, but also by examining whether 
the procedure of quantization is compatible with the general relativistic treatment. For 
exemple, if we take Einstein’s gravitational equation as the one that we quantize, the 
gravitational field must be quantized in such a way that the part remaining unquantized 
can give the same physical effects as in the general relativity. 

In the linear approximation of Hinstein’s gravitational field equation, the metric 
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tensor satisfies the same type of equations as those of electromagnetic potentials. Accord- 
ingly, in the quantization procedure, there will be many analogies between the gravitational 
and electromagnetic fields. In the classical theory of electromagnetic field, the field 
quantities are composed of two parts: the transverse part for which energy and momentum 
form a four-vector and behave like the energy and momentum of particles as regards its 
transformation properties, and the part for which this is not the case. In the quentum 
electromagnetic field theory, only the first part is subject to a quantization, giving rise to 
photons which behave like particle; while the second remains unguantized. The latter 
part composed of longitudinal and scalar parts, in the presence of matters, gives rise to 
the Coulomb interaction between charged matters both in the classical and in the quantum 
electromagnetic theories. 

Analogously, in the gravitational field it will be reasonable to quantize in such a 
way that the unquantized part gives the gravitational potential corresponding to the Coulomb 
potential in the quantum electrodynamics. Then, what potential should we take as the 
gravitational potential between matters? Since the unquantized part can be taken for 
both the macroscopical and microscopical phenomena, it will be reasonable to take a such 
one that contains not only Newton potential but also retarded potential and gives rise to 
the equation of two-body problem in general relativity which was found by Einstein, Infeld 
and Hoffmann? (EIH equation). As is well known in the electrodynamics, the effect 
of retardation is caused by the part of interaction term which depends on the transverse 
electromagnetic waves ; it appears as the mutual emission of light waves between the 
particles. But in the gravitational theory, as we are ignorant of the transverse gravitational 
wave even from a macroscopical standpoint, it seems natural to deduce the retarded 
potential without using any transverse gravitational wave. The primary aim of this paper 
is to show that the quantization of the gravitational field is possible b; separating the 
field quantities in such a way that the above mentioned potential is obtained. And the 
secondary aim is to make clear what physical effects the graviton, obtained by quantizing 
the transverse gravitational field, has in the microscopical world. 


For the quantization of Einstein’s gravitational field, we use the coordinate condition 


of De Donder” : 
OG" /Ox,=0, 
GHG" (—Det(Ga)) PSE, MSP LM — Sa, Eh (uty) 
(LT) ees 


which corresponds to the Lorentz condition in the electromagnetic field. 


Adopting this 


condition, Papapetrou” succeeded in putting the Hinstein’s equation in the simpler form : 


ENO? GY /dx* Ox® =? OH €Tr2) 


Berens a: 
where 6%” is the energy momentum tensor of the whole system including the gravitational 


* Belinfante has recently discussed the meaning of this condition. See, reference 6). 
* $=c=1. «°=16nG=4.1X 10-8 x 3x 1010 x 19-27 cm?~12 X 10-6 cm?. 
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field itself. Taking the field equations for a ‘ free’ gravitational field as 
EPO? GP’ /Ox* Ox° = 0. (i 3) 


we can regard the entire interaction as caused by 6"”. 


In order to discuss the quantum field theory of the interaction between the gravita- 
tional field and matter field (including the electromrgnetic field), it will be convenient 
to develope the theory in the Minkowski space which can be regarded as the zero-th 


order approximation to the curved Riemannian space, after Gupta.”*” 


By expanding all 
the field quantities in powers of «, it is possible to express them as expansions in the 
Minkowski space. In other words, Hinstein’s theory can also be regarded as a theory of 
gravitation in flat space with a Lagrangian density containing an infinite number of terms. 
After passing over from the Riemannian space to the Minkowski space, we shall split the 
gravitational field into the linear and non-linear parts. Then we shall treat the linear part 


as a ‘free’ gravitational field, while the non-linear part is regarded as the direct inter- 
action between the gravitons. (§ 2) 

In § 3, we shall consider whether the Hamiltonian formalism for the graviton 
interacting with the matter field can exist or not. For this purpose, following the method 
extended from that of Yang-Feldman, we investigate whether the interaction representation 
can be constructed or not. Even when we start with the first term of the interaction 
Lagrangian density, the interaction hamiltonian in the interaction representation does not 
close and is expressed as an infinite series. In consequence of this situation, there occur 
several complicated features. For instance, there appears infinite series of normal dependent 
terms in the supplementary condition and different interaction Hamiltonians are obtained 
according to the /-formalism or wave formalism for the meson field, despite we start 
with the same interaction Lagrangian density. We shall show that the non-linear part 
plays an important tole to remove these unsatisfactory features. 

In § 4, by eliminating the longitudinal and scalar parts of the gravitational field 
interacting with matter field with the aid of the supplementary condition, we obtain the 
gravitational potential between the matters. It is shown that EIH equation can be deduced 
by using this potential. 

Recently, by taking into account the coordinate condition (1:1), Belinfante” has 
suggested, within the scope of classical theory, that the space has holes where matters 
are located. Further he observed that there is a natural cut-off radius for the fields around 
such a hole, which will remove the divergence difficulties met with in the quantum field 
theory. We consider, in § 5, how this circumstance is to be taken into account in our 
formalism. The interactions between the gravitons and the matter fields are the so-called 
interactions of the second kind,” except those between the scalar graviton and the trace 
of energy momentum tensor of the matter field. From the fact that the interaction of 
the second kind has large field reaction, it is shown that we can obtain the non-singular 


quantum ¢lectrodynamics and meson theory through replacing the free propagation function 


of matter fields by the one corrected by the graviton. 
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§\2. Lagrangian density and field equations 


As Gupta has shown,” Einstein’s gravitational theory can be regarded as a theory 
of gravitation in flat space with a Lagrangian density containing an infinite number of 


terms. 
When there is no interaction between the gravitational field and other matter fields, 


we can take the following Lagrangian density as the zeroth order approximation 
Le=—34 (0, Tuy? 0, Tay = 20.7 OP nd O.7°97) (2-1) 
where 0,=0/0x,, 7=7,, and 7,, is symmetrized.* The second term of (2-1) can be 
expressed as 
BOnT ay vay = 5 Oy (Op Tav: Faw) — BT an Oy v7 rv - 


If we take the coordinate condition 0,7,,=0, we can drop the second term on the right- 
hand side of (2-1), and we have 


Gz —4 Or 7ev:- Prato $Oar ap) (2-1’) 


Treating 7,, and 7 as independent variables, (2-1') gives the energy momentum tensor 


tuy, field equations and commutation relations : 


\ 


tuv=4 (FqSap* Fy Tap —$ ut 9y7) —£O uv OcFap*Fo7np—4 Oar -Aa7), (232) ee 
Oy.=0, Oy=0, (2-3) 
Fares (a) Vrpe) | =10 4) Oso Laan Je 
[7 @), 7) ]=—4iD(x—x). (2-4) 


Since the conditions Oy7u,=0 and 7,,—7=0 are not consistent with (2-4), they 
should be replaced by 


Dyn. =0., (2-5) 
un—7) P=0 (2 : 6) 


respectively. We shall assume that the above conditions also hold when there are 
interactions. These supplementary conditions are used to exclude the unphysical parts of 


uv which gives rise to the negative energy terms. In other words, by these condition: 


* We take the space-time coordinates as x), x», x, and x,=it. 

8 In the linear approximation, the following relation between Yuv and metric tensor guy follows from 
shoal 

ee EE ily Lode ge as 

| & we denote A(y.y).=Au.y.t Av.ue, Afpev}-=Ay.y.— Ayeps 

*** Strictly, (25) is replaced by the following condition, as Gupt did, 

lyr] O=0 

where lO,7uv]") is the positive frequency part of @, Yury But for such a problem as to obtain the gravi- 
tational potential by eliminating the supplementary condition, no essential difference appears. For ae ‘ 
in the case of quantum electrodynamics, see, K, Bleuer, Helv. Phys. Acta 23 (1950), 5 arias 
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the canonical energy-momentum tensor t,, may be considered as that of particle of spin 
2, containing no particles of spin 0 and 1. As shown in § 4, only the transverse part 
of gravitational field ae satisfies 0,7,,,=0 rigorously, without use of operator equation 
such as (2:5), and so has the properties of particle in the strict sense. From the rela- 
tion, [Fan (4) 7%) |=8i D(x—x), it appears that the supplementary condition (2-6) 
is not compatible with (2-4). But, this inconsistency is attributed to the fact that the 
first supplementary condition (2:5) is not taken into account. In fact, if we eliminate 
(2-5) completely, the compatibility of (2-6) and (2-4) is guaranteed, as shown in § 4. 

As the first approximation, a pure gravitational field of spin 2 will be described by 
the field equation 


LJ Tv SHKtyy © (2 i 1) 


According to the present ideas of the field theory, the field equation (2-3’) must be 
derived from a Lagrangian density. We must, therefore, add the Lagrangian density L,’ 
to zeroth order Lagrangian density L,, in such a way that in the resulting field equation 
the quantity (2-2) appears in the right-hand side of (2-3). In this way Gupta” 
introduced an infinite number of terms in the Lagrangian density by successive approxima- 
tions. 

When there is a matter field, the problem becomes very complicated and further it 
seems that there exists no definite rule to obtain the interaction Lagrangian density. 
Therefore, we shall here introduce the interaction Lagrangian density in such a way as to 
be compatible with the supplementary condition (2:5), as follows : 

We take as the starting Lagrangian density 


L=LgtLl +-+La— CAML ee (2-7) 


where b,.=Ty1—4 0,,7 and L,, means free Lagrangian density for the matter field, Ty, 
energy-momentum tensor for the matter field derived from L,,. 
As a simple case, we shall consider the scalar field V(x) with spin 0 and mass m 


as a matter field, then, 
Laas | (Oey iene Ve), (2:8) 
Ty =HOGV-OyV 010, +m? V |. (2:9) 
The field equations are 
On =e Ora« (Ts); 
(Am) V=—x] (0, (9, V5.1) — 9, (0,V-b/2) +m°V-b/2]. (2-10) 


Since 9,(Tyy+tuv) 40, the first equation of (2-10) is not compatible with the supple- 


mentary condition (2-5). At first sight, it seems that the compatibility will be satisfied 
by introducing an additive Lagrangian density in such a way that the following total 


; ; : ; , 
canonical energy-momentum tensor T’,, appears in the right-hand side of the first equation 


of (2-10) : 
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Ui eegs +T,,+«h,,; Os ina («/2)h-9, Vives Vi 
gts. («/2) Oy rp, V-0,V—3 O01 (9o V)?+m*V"\ ] : (2-11) 


- . / / / p= 
But, unfortunately, as T,/, is not symmetrical with ~ and » and 9,7,,40(9,T,,=0), 
> t ‘ i ; : 
the field equation contradicts with (2-5). Therefore, in order to symmetrize T,,, in such 


a way that the modified energy-momentum tensor is divergenceless, we must use, from 
the beginning, the real energy-momentum tensor ¢,, for the gravitational field, instead of 
the canonical energy-momentum tensor ¢,,. t,, is obtained from t,, by adding a diver- 
genceless tensor (0, (tuy—tyy) =D butid (tj) >t, 3) #0) which may be interpreted as the 


spin-energy-momentum tensor of graviton ° 
buy = bay — 4 [(O Tov‘ Touy +: Ow par" 0, PRG eam 0, Ow Tya* Trp] : (2 * 12) 


When the matter field exists, the second term plays the role of symmetrizing the inter- 
action term «h,,-0,V-0,V in the form («/2)h,,,9,V-0,,)V. Therefore, when there are 


interactions including the non-linear part of the gravitational field, we have to introduce 
L,', L¢'’, +» so that the real energy-momentum tensor ¢t,, given by (2-12) appears in 
the right-hand side of (2-3’), though Gupta” used ¢,, instead of t¢ 


If the above mentioned procedure is taken, we can obtain as the additive interaction 


{Lye 


Lagrangian density 
Ly! = — (7/4) [ {Fux — 3 On °b) 9, V} 2+ (m?/4) PV]. (2-13) 


In this way, additive Lagrangian densities Lj’, L;'’, --- are introduced by successive approxi- 
mations. However, it will be a mathematically complicated problem to obtain the higher 


order interaction terms than «°. 


§ 3. Interaction representation 


For practical purposes it is most convenient to use the invariant perturbation theory 
based on the interaction representation. For interacting systems of the graviton and matter 
fields, there is, in general, no unitary transformation which connects the interaction 
representation and the Heisenberg representation. We shall, therefore, construct the 
interaction representation by the method which is the extension of the Yang-Feldman’s” 
discussed by Takahashi, Umezawa and Katayama.” 

In the following, we shall take as the matter fields a Fermion of spin 1/2 and a 
Boson of spin 0 or 1, and we shall obtain the interaction Hamiltonian for each case. As 
we are concerned with the discussion of the interaction between the gravitational field and 
matter fields, we shall take the Lagrangian density (2:1/) as that of a pure gravitational 


1 * C . 
field. (Owing to this, there must appear some unsatisfactory features. They can be 
removed, however, by considering the non-linear part.) 


i) Graviton-Boson (by wave aspect) system 
Starting with the Lagrangian density (2-13), we replace 7, (x, 0), V(x, 0) ete., 
which are solutions of free equations and are connected with the freely oscillating incoming 


oo 


pelea 
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fields’ 73, V™ by : unitary transformation function U(o, o/== — ©}, with the Heisenberg 
“Sa be ey transformation function can be represented by a Hermitian operator 
Bayo) »* which is nothing but the interaction Hamiltonian in the interaction represen- 
tation, in the following form 
UNGg.,.a7 ) =1-i| H/o) (dx’) +++ 
in which H(x’/o) satisfies the following equations 
—ilyuy(, a) > H/o) |=«D(x—~) Tas (x’) > 
— fy (x ©), H/o) |=«De—¥) TT), (1) 
[VG 0), H(e!/o)]=«[8, D(x—x)3,'V ) (Ityy @) — @y,/2) GD) 
+4m?D(x—x)V(x)h(x)]. 
Expressing the Heisenberg operators** 7,,, (x), r(x), V(x) in the right-hand side of 
(3:1) by the quantities of x/o, we can obtain the interaction Hamiltonian 
H= («/2) hyy9,V-0,V— («/4) | (Or V)?+mV?| 
i K 1 
2° ye (b-+5/2) 
where we have simply written V(x/o), 7 uy (x/o) as V, 7p, respectively, and h=n,n,h,,. 
Though the interaction Hamiltonian does not close ard has infinite terms of the coupling 
constant, we are able to express it in a unified form. It should te noted that the infinite 


series of normal dependent terms is caused by the interaction terms which contain 7 and 
Yur for which Ny Yuv7O (say, the gravitational fields other than the transverse part, § 4). 
ii) Graviton-Boson (by particle asp: t) system 
In order to discuss both a spin O particle and a spin 1 particle including the photon 
it is convenient to descrite the boson by Kemmer’s - 


[m (hy, — 2 0,5) 0, Vf, (3 : 2) 


by the same type wave equation, 
formalism. The Lagrangian density for this system is given by 


— On Tus Oi Tew ba TAT —1 (G89, $—3,9 3,8 +2m Oh) 
ba («/2) hay Cy > G3 ‘ 3) 


where 
6,,,=—m$[Puby Ful? (3:4) 


and ¢ satisfies the commutation relation* ** 


* x/¢ means x laid on o. 
** In this section, the told-faced type such as V mean 
*&* When we take photon as the matter field, m must 


w introduced by Harish-Chandra “ 


s the operator in the Heisenberg representation 
be replaced by a singular idempotent operator 


o=o > oBy +8,0=By 


and S(x—x’) by S(x—x’) = [D+ (80) — (80)? oA (x). 
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[d(x), 6 (x) J= —iS (x—2x’) = —i {(1/m) (D—m®) + (89) — (1/m) (89)*} 4 (x—2’) 
(3-5) 
when the interaction is absent. 
The interaction Hamiltonian becomes 
H= —x1m6 (3b) 6—1°6 (2h) [1 + (Bn)?] (Fh) b+ + 


1 


= —«md (Ph = — =<} 
# (38) 1— («/m)[1-+ (8n)*] (9h) 


(3-6) 


where 
(A) = (B, Py—49,,) bay . (347) 


In the photon-meson system where the interaction term has the form (/74) =/3, 4, 
(A, : electromagnetic potential), only the first two terms of the series (3-6) survive in 


virtue of the identity 
[1+ (fn)*]8,[1 + (fn)2]=0. 


However, in our graviton-meson system the interaction Hamiltonian does not close owing 
to the relation: [1+ (fn)"](%, 8,—40,,)[1+ (Pn) “| #0. 

Finally, we shall compare the interaction Hamiltonian (3-2) obtained by wave 
formalism with (3-6) obtained by (formalism. As shown in Appendix, the first term 
of (3-2) agrees with that of (3-6). The second term of (3-6) becomes 


A, = («?/2)[ { (Arp — 4 Oy, °4) 0, V}P+ {ny (h\, —49),,°4) D; Vv} fi (3-8) 


which does not agree with that of (3:2). At first sight it seems strange that we obtained 
two different Hamiltonians according to different descriptions, despite we started with the 
came Lagrangian density. We shall now show that this discrepancy is removed by taking 
into account the non-linear part of gravitational field. 

In § 2, we have shown that we must zdd to the edditive interaction Lagrangian 
density to preserve the compatibility of the commutation relation and the supplementary 
condition. If we take account of this fact, «°? order term of interaction Hamiltonian 


becomes in the wave formalism 


Fi — As —L, 


wl 


= (#°/4) [1 rp —3 O94) 8, V} ? + (m?/4) BV?) + (42/2) [my (bap — 3 01h) 0,V 
(3-9) 
where H,,. is the second term of (3:2) and Li; means (2-13). 


. Q . . . 
Also, in ?-formalism, for the came reason we must add a term L,, to the original 


: : nk . 
interaction Lagrangian density xm (/3,, 3, —4 Ou) @-h,,. It can be shown that the canonical 
energy-momentum tensor T,, : 


T,,=4[$ 9,9,¢—9, 68,6] (3-10) 


is related to the symmetrical energy-momentum tensor 0, by the relation : 


atonal 
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Ty = Gay els | C25 ler D doy) (3 7 h) mi (fh) (Babys 4 uy) \¢ 


iat 4 0, [¢ Ca Pu By =F By Bu 2.) p| 8 (3 : 10’) 
With the aid of this relation, the additive interaction term L,, can be obtained : 
Li1= — («*/2) 0 (8h)7@. (3-11) 


Taking into account this term, the «° order term of interaction Hamiltonian in the f- 
formalism becomes 


Hl = Hyp — Lyp= —°8 (Bb) (8n)2(9h) 6— (02/2) 6(BA)*6 (3-12) 
where H,, means the second term of (3:6). As shown in Appendix, (3-12) agrees 


with (3-9). Thus, the discrepancy of two Hamiltonians obtained in each formalism can 
be removed by considering the non-linear character of the gravitational field. 
iii)  Graviton-Fermion system 


Lagrangian density is 
L= —4[OxT av ? 0, fay Ont Op 7\= 3 [Pa,9,9—9,Pa,p +2mPp PH] 
— («/4) hy, (9%, 9,9 —9aG a, 9) (3-13) 


where @, is the Dirac matrix. The interaction term resembles the Konopinski-Uhlenbeck 


type one. Hamiltonian is determined by the following equations : 
~ilfuvds 0), HO!/o)]= («/2) Dex) [9 @) a, 9.9) — 9,9) PI; 
i[b (x, 0), H(x'/o) |= («/4)[S 2’) fa, !) Hy 9 PO) 
40,8 (x—2') hy, (x!) @yP (X') +E *) (3-14) 


where F(x, x’) is determined so as to be able to have a solution. If we choose F(x, x’) 


as follows : 
F(x, x!) = — (2/32) {S(x—x’) (2A) (a9) (nA) +f +9,[S x2’) (0) Jan (nd) 9 
4S (x—x') (nA) (na) 9, (Axo) +9; [8 (x2) (nA) |(na) An 
4S (x—x/ oA, (net) A, [ (nA) $]+9,[S («—2’) A] (na) (0A) | 
4-28 (x—2') (nA) (nex) (n9)[ (nA) $] 
—2(n9)[S(x—2’) (nA) |(na) (nA) $} +0 («*) ] (3-15) 
where 4,=h,,@,, we can obtain the interaction hamiltonian : 
H= («/4)G[1— («/4) (nA) (ne) |[A, + (2A) (n@) a, ]0,'¢’ — comp. conj. 

+ (2/32) [9 (nA) (ad*) {(nA) gf} +96 (WA) (na) 0, (An gh) + PA, (na) 9, { (nA) oh} 

—J (nA) (na) (nd) (nA) +9 (nA) (net) (nA) (nar) (29°) |—comp. conj. 

4 (4¢/2) mpl b— (4/4) {P+ (nxhry) "P40 (He) Oy? = Oy, +14 (99))- (3-16) 


Different from the cases i) and ii), Hamiltonian cannot be written in a simple form. 
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iv) Supplementary condition 

In § 2, we took the supplementary conditions (2-5) and (2-6) in the Deeee 
representation. Now, we shall investigate in what forms these conditions an be written. 
in the interaction representation. (2-6) has the same form as in ie toes re- 
presentation, with a proviso that @ is replaced by a state vector #/(o) and x, is Es 
necessarily restricted on the surface g. As an example, we consider the system of graviton 
and meson described by. /#-formalism. 


The following equations being taken into account 
— 1 — ——_$$— 
1 —(«/m) (j3h')[1 + (3n)*] 
1 , 
x ————— O (x) 
1— («/m) [1+ (n)°] (7’) 
and (/%n)[1+ (n)*]=0, (2-5) becomes 


=a (x) ’ A(x’) | =xmD (x—x’) ) (x) [Bu By a ued | 


[oan +«| D@—*) {,., (x’) —Kd(x’) [ (7,2, —0,,) (1 a (9n)*) (5) 
+++-]6(x')} doy] ¥ («) =0 (3-17) 


where ,, is the symmetrical energy-momentum tensor of meson in the interaction re- 
presentation. 

On the other hand, in order to satisfy the compatibility condition of the commuta- 
tion relation and the supplementary condition, the second term of (3:10) is necessary in 
addition to 4,,. Considering this situation and the identity [ (9n) 3, —n, ](8n)2=0, 
(3-17) reduces, up to «* order term, to 


[Av tuv te | D(x—x') (0, +10,, (Bh’)} doy] ¥ (o) =0 (3-18) 


where x, is not necessarily restricted on the surfece o. As (3-17) shows, the normal 
dependent terms do not drop in the supplementary condition contrary to the case of the 
usual method. However, by considering the non-linear character of gravitational field, we 
can show that the normal dependent terms drop and 
third term of (3-17). 

Finally, in connection with (3-18), we shall recall the 
the energy-momentum tensor O,, in the Heisenber 


#,,, in the interaction representation :" 


—0,,L, appears in place of the 


following relation between 
& tepresentation and the free field one, 


O,,—0,, H(x, n) =U(c)0,,U-'(c). (3-19) 


In our subsidiary condition, only the normal independent terms in the left-hand side of 
(3-19) appear by considering the additive interaction Lagrangian densities Ly Lyons 


$4. Elimination of supplementary condition and gravitational potential 


As shown in § 3 iv), the supplementary condition in the interaction representation is 


3 
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[vruy (2) +4 | Dx) Typ (dor) ¥ (o) =0 (4-1) 


where Dy is related to the energy-momentum tensor for the free field 7,, and the 


interaction Lagrangian L, by the relation 


Le ed ap +0uy L, 0 (4 5 2) 


Here, for brevity we do not take into account the second term of (4-2) whose appearence 


is due to the non-linear character of the gravitational field as mentioned in §3 iv). 


Then 

[Oe +«| Dox») Deke eons 0". (4-1') 
We shall now eliminate the gravitons other than the transverse one from the equation of 
motion by making use of the supplementary condition (4:1’), and shall obtain a gravita- 
tional potential between the matters. 


For this purpose, we decompose 7,,(x) into the scalar fields AP (ce) Cie a ae Se 


as 
ins 8) =NONPA (2) (4-3) 
where N® are defined by 
NO=n,, NO=[9, +, (69) 1/9), 
NON =—Ss,  NONO Ew =— our » NOOO, = NO, =0 (4-4) 
peed bles bs 1h een nN 


We define the pure transverse part of field quantities by 


Fu) = SINON PAM (a) (4:5) 
which satisfies 
PAO ae (426) 
Above equations assure that the transverse part has particle characters. From the com- 


mutation relation (2:4) and equations (4-3) and (4:4), we obtain the commutation 


relation for A” (x) : 
[A (x), A% (') J=iE ar Fs DRX). (4:7) 
Further, for the convenience of later treatments we introduce A, (x) and A,,(x) defined 
by 
A, (2) =N2OA® (), (4-8) 
Ay i NO oO (4-9) 
Tent we cineshow that: A; (xe A(x) “and 7y6@). satisfy othe following” commutation 


relations : 


bias (x), Ao Claes (x), As (x’) |=0 (4-10) 
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and 
eee Tap (*) =i [86.9 5.—OG.. 95 Op (nd) *—04,, 95, 0, (nd) 
+20/0,°0,°0,' (nd) ~*] D(x—x’). (4-11) 
where 
O=O,,+n,n,, 9,°=9, +n, (n9). (4-12) 


(4-11) is, of course, compatible with the restriction (4-6). 
The interaction Hamiltonian is expressed by pis (x), A, (x) and A, (x) in the follow- 


ing form 
H= (4/2) 7 py Tyy— («/4)7°T + («/2) (NONOA™ +NL NPA 
Tt NON OAM + NONLOAM) AP 
+ /2) NO (Ay +Ay) Tay = (€/2) 9,[ (28) Ay]: Ty - (4-13) 


The supplementary codition (4 -1/ ) can be written as 
[ (nd) (A, (x) +A, (x) ) + Dax) VES. (x’) do-,"] Y=0. (4 i 14) 
We introduce the canonical transformation : 
Pep (4-15) 
where 
G= («/2) \ (nd) [2 (NA (2) +N, A (x) +N, AS (x’) 
NG A iy; | fe (2c do,’ (4 F 16) 


& = | 32) A338) 4 HES 
owinich: eS, AN" AO cand» AO oe Pall Hermitian operators. The supplementary 
condition for the new state vector becomes 


[Ay (x) +A, (x) ]¥ (oc) =0. (4-17) 


Further, multiplying Ni”, NS, NS and NS’, and carrying out the summation over Ls 
(4-17) becomes 


LA TASTE H(A 4 AOE [AM 4 AP] =A 4 AMOK, (4. 18) 


Under the transformation (4-15), the interaction Hamiltonian (4:13), in view of the 
supplementary condition, is transformed into 


H= (¢/2)7y,Tyy— (&/4)7T + (42/4) ( (09) “'D(x—2/) n, mm, Ty, (x) Tap (x’) dor! 
sai(iee sa) | (nd) ~'D(x—2x’) n, 0,5, T,,, (x) T), (x’) do,’ 


ye 


“++ («?/4) \ Oy'9,° (nd) “D(x—x') m, Ty (x) Ty, (x) do! (4-19) 
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after some calculation. We have thus succeeded in constructing an equation of motion 
for & (0) which no longer contains the gravitational field variables involved in the supple- 
mentary condition (4:-1’). 

We denote the spatial integral of the sum of the third, fourth and fifth terms in 
(4:19) by V’. In view of the identities 


(nd) 'D(x—x’) =1/47r, r= V (x,—%,/)?, ny (%~—x,/) =0 (4-20) 


we 
and 


(nd) =D (x—x') = (1/87) r, ny (%—%/) =0 (4:21) 
which can be derived from the identity 
4 (nd) ~*D(x—x’) = (nd)? (nd)? (nd) “'D(x—x’) =1/47r , 


V’ is expressed, in the special reference system , = (Qs 0,.0.0)5 as 


p 


y’=6\\ (a°x) (d's) [—T(2) (1/1) Ta) —2T a) A/) Tu) 
+3 9'84(r) Tu) Ty@)] (4-22) 
where G is the Newton’s gravitational constant : 
G= («/2)2/47. (4-23) 


When one of the two interacting matters is photon (for which T,y=0) and the other 
matter is at rest, the gravitational potential between them is given by the first term of 
(4:22) which is two times larger than that of Newton’s gravitational theory. This fact 
was useful to predict correctly the deflection of light rays which pass near the surface of 
sun. 

In the following, for the sake of simplicity, we consider the case where two scalar 
particles with spin 0 are interacting through the gravitons. In the configuration space, 


T,, and T are, then, 


Lae Vm + pr + Ve + pe, ay —i(p,\’+p»’) 
T : m?/ Vm? +p? -+m,/ V me? + po’. (4-24) 


Further, we shall now use the approximation method which consists in neglecting terms 
more than quadratic in the velocities of matters, as Einstein, Infeld and Hoffman did. 

In addition to V’, there is the potential energy V" due to the interaction — («/4)7-T 
which is the first kind interaction (see, § 5): 


ya S If ay 4) TO TE) HV (4.25) 


o u 
The second term, say V,1,, means retarded effect and is expressed as ) 


re 


Ge | # Se G 3 By nd d r: x): x! - : 
Vga II (dx) (d) T (x) -T (x) (4-26) 


= ae al 
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With the aid of the relation 
d/dt;=i[H;, | 
where H,” is the free Hamiltonian for j-th particle, (4:26) can be written, in the 


configuration space, as 


yrt— © MMs [AY (Et =2 Lp’, Lp’, |] Seat fae V (x,—%)?. (4-26) 
2 


In view of (4:24) and (4-26’), the last term of (4-22), gay) Vo (G72) || (a) 
x (d'x')3'3°(P) Tu(x) Tu,(x’), is equal to —2V,%. We transform total Viu=Vei+V 
=—V ye, so as to be interpreted as the potential term appeared in Dirac’s many time 


formalism. By the transformation independent of past history : 
o=exp| (i/2) Gm, m, (d/dt, +d/dt,) rf’ (4-27) 
Vet is modified as 


Pg mM, My [ ps /2m,, [ps/2m,, rj] += (mms) “LL p.2/2m, + po" /2mz, rl, 1/r] 


(4-28) 
in which the last term has resulted from the correction for Newton potential by the 
transformation (4:27). (4-28) reduces to 


i i elit (pap) [+S mmoln +m) /® (428°) 


where we symmetrize the terms so as to preserve the Hermitean property manifestly. 


Thus, the effective potential is written, in the configuration space, as 


1 3 a mei m zoom 1 3 ol * aie 5 
V= —Gm,| m,—— +—2— Sp F ed) 8 tp a +p ps 
m, | ‘ + rere pi : ii a me pe : Pe < (ri : p2 +p é p') 
1 om 1 G “m m, > 
the UN pe oa His Reale) 4.29 
ge (pd) ~S im (Be 4.2)) (4-29) 


There still remains the effect of the transverse part of graviton. As the interaction 
between the transverse gtaviton and scalar particle is of the second kind ($5) for which 
the validity of the perturbation expansion is doubtful, the potential obtained by the process 
of exchange of one graviton will have no definite meaning. Even if the perturbation 
expansion is admitted, the transverse graviton has not an effect within the scope of the 
approximation procedure of Einstein, Infeld and Hoffmann, as seen from the commutation 
relations for ae (x) given by (4-11). * Thence, we should derivel the potential without 
use of the transverse graviton. That is, for the two-body problem we should use the 


potential (4-29) derived by eliminating the supplementary condition. Using our potential 
defined by (4-29), we evaluate the seco 


nd time derivative of the coordinate r,’ by the 
formula 
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ha belies || (4-30) 
where 
H=>=pé/2m, + py /2m,— Car) °/8m,°— Ges)! ?/8m," +  tV 
(4:30) gives the equation of motion : 


1 - ; ; 2 il 
(pi PrsPi +Pr Pos Pr) 2 


oe hoe 1 5 s 
r See eh G,ip: —2 (pi, po tps Pips) + 


9 eT i: 
™, mM, 


ae s i a 8 3 1 i s FY t 1 8 5 
+2 au (Pp: P55 Po + Px Pos Pi +r 3 ens Q,: Po + Po Y,sPs') SespaeTy) Psi Po 
1 a s s Zz i ; i 
eer (Pe! PrsP2 + Po Pre Po) eee a (p. r) Be (rps) i} — Gg, (4% 4 2.) 
my 2m, ta r r 
(4-31) 


where 9,,=90;(m,/r). If we replace p by mv=mx, (4:31) is nothing but the equation 
of Einstein, Infeld and Hoffmann.” Thus, we have shown that only the unquantizable 
part gives the effect on macroscopical phenomena. 

Finally, we mention about the remark given in §2. In view of (4-18), the supple- 
mentary condition (2:6) for the new state vector PY (co) is 


[Yun—7—K | [0, +2n, (nd) | (nd) ~*D (x—x’)-T,, (x) do,'|¥ (c) =0. (4-32) 


From the commutation relation (4:11), we can easily show that Feeney 


=4iD(x—x’) which no longer contradicts with the commutation relation for 7 (x). 


§5. Divergence problems 


As shown in § 3, the interaction Hamiltonian in the interaction representation does 
not close. This shows that some part of the interaction term between the gravitational 
field and matter field will have a strong field reaction and will give the large damping 
effect. Therefore we can expect that the non-singular theory of the interaction between 
elementary particles may be obtained if we appropriately take into account the large field 
reaction due to the interaction between the graviton and matter fields. In this section, 
we shall show that there is a possibility to obtain a convergent theory by using the 
propagation function of matter field modified by gravitational field. 

In order to see whether the field reaction is so large as to suppress the high momenta 
states or not, we first investigate to what kind the interaction between the graviton and 
matter field belongs. For our purpose, it may be convenient to treat the problem in the 
Dyson’s S-matrix formalism without separating the gravitational field into longitudinal, 
scalar and transverse parts. In the calculation of S—matrix, if we replace P-symbol by 


P*—symbol, for instance, in the case of the scalar matter field 
P*(3,V (x), 9,/V(")) =$9,9, 4%), 


it is sufficient to deal only with the fi-st term of the interaction Hamiltonian. Therefore, 
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for the calculation of S—matrix, we can consider that the graviton interacts with the matter 


fields via the following interaction terms 


A= («/2)h,,9,VOV— («/4)h{(0,V)?+m°V"} for matter field with spin 0, (5-1) 


fay 


H= («/4)h,y[¢a, 9-9, f- a, 9] for matter field with spin 1/2. (5-2) 


Among the above terms, only the interaction terms of the scalar graviton 7 and the 


matter fields : 
H= («/4) m°V? +7 for matter field with spin 0, (5-3) 
H= («/4)mbd-y for matter field with spin 1/2 (5:4) 


are the interactions of the first kind. The other interaction terms are of the second 
kind which cannot be renormalizable by the usual method based on the perturbation ex- 
- pansion. (But the interaction term which contains the longitudinal part of gravitational 
field can be eliminated with the aid of the supplementary condition, as shown in § 4.) 
In the previous section, we showed that the interaction of the first kind, for which the 
perturbation expansion is admitted, and the potential obtained by eliminating the longitudinal 
graviton have some effect upon the macroscopical phenomena. As the interaction term 
between the transverse graviton and matter field is of the second kind, it will give a large 
damping effect. 

In the following, we use the method in which some parts of the large field reaction 
due to the interaction of the second kind are taken into account beforehand, and then 
consider the remaining parts. This method was originally proposed by N. Hu™ and 
generalized by Kamefuchi and Umezawa." They introduced the auxiliary C-meson field 
whose interaction with the electron is of the second kind. By using the internal electron 
line corrected by some part of the interaction of the second kind instead of the usual 
uncorrected one, they got the non-singular (convergent) quantum electrodynamics. But, 
in our case, instead of the artificial C-meson field, we use the gravitational field which 
may be considered to exist in nature. 

In order to obtain the propagation function of matter fields corrected by the gravita- 
tional field, we calculate the second order self-energy part \'(p) of matter field due to 
the graviton. In the first place, we shall consider the case where the matter field is the 
particle with spin 1/2. *""(p) is defined by the following part of S—matrix 


S=—il (as) F(p) ¥*(p) Cp) exp (ipn). (5:5) 
By means of the usual Pepi e method, we find 
“*(p) = (12/1287")[ 3 m log (4/3) -€°—4 m’ log (362/8m:) 
+i {9/2 -log (4/3) “S°-+-4 m* log (3§°/8m?) } 
X (@p—im) +m log (35°/8m!) - (ap —im)° +i log (3€?/8m?) - (a@p—im)* 


— ip’ (ap—im) {(1 —m/p*) (L— (m"/p’)*) log (|p +-m?| /m*) —§4+2m'/p— (m”"/p)*} 


gery 
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— mp" {(3 +m*/p*) (1— (m?/p’)*) log (|p? ++-m?| /m?) — 10/3 +2m*/p’ + (m*/p’)”} | 
(5-6) 


where the parameter €, which is of the dimension of mass, tends to infinity. Strictly 
speaking, (5:6) is correct only for p> —m?’. For the case of p <—m’, logarithm 
appearing in the integral calculation by which (5-6) is obtained is not real. Accordingly, 
we must take the analytic continuation from large values of p to small values by writing 
(p+io) for p in the integral calculation, treating 0, as small and positive. Hence, for 
p<-—m’, the following term is to be added to (5:6): 


(x°/1287) € (p,) | p? (ap— im) (1 —m*/p”) (1 — (m?/p’)”) — imp? (3 +m?/p”) (1— (m°/p’)*) ] - 
(5: 6’) 
The divergent term of *”(p) has the form 


K,+K,(ap—im) +K,(ap—im)°+K,(ap—im) 3 


While the first and second terms are removed by renormalizing the mass and the coupling 
constant x, third and fourth are not removed by the usual renormalization method. * 
Therefore, as a provisional method to remove the infinities, we add ¢[K,+K.(ap—im) 
+K,(ap—im)?+K,(ap—im)*|¢ to the Lagrangian density from the beginning. Then, 
we shall here leave out consideration for the divergent term appeared in +7(p). 

We denote the finite part of 37(p) by S¥F(p). Taking into account all the itera- 
tion processes of 7 (p), the propagation function of Si(p) becomes 


SE! (p) =Sz(p) /1—Sz(p) *2 (p)- (5-7) 
For p’>m’, as seen from (5-6) 
SE! (p) ~1/p’. (5-8) 


The corrected propagation function 57’ (p) damps faster than the uncorrected one by 
1/p. Therefore, this causes sufficiently rapid decrease of the integrand at infinity. 

As the gravitational field interacts with Fermion and Boson on an equal footing, we 
must also replace the free propagation function of Boson by the one modified by the 
field reaction due to the interaction between the graviton and Boson. In order to treat 
the scalar meson and vector meson simultaneously with the photon, we calculate by 
Kemmer’s $—formalism. As the interaction term we take the first term of (3-6). By 
the same method as the case of the Fermion, the second order self-energy part +” (p) 


of Boson due to the gravitational field becomes, for p’> —m’, 


* Recently, Arnowitt & Desert and Cooper!) have shown that the divergence occurring in the inter- 
action of the second kind has the form of essential singularities in contradistinction to the branch-point behavior 
of the usual “ renormalizable ” theory. Accordingly, the validity of the perturbation expansion is lost. By 
using the method which is not based on the perturbation expansion, they removed the divergent term 
occurring in the meson theories with derivative coupling. The infinities occurring in our system may be 


removed by the same method. 
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S* (p) = («°/16 2° )[—3 (1/m) log (4/3) -€°B, + (1/m) (p°/3 +m") B, 
+ (1/m) (p°B, — (Ap) *B,) {—log (35°/8m*) + log (|p° +-m*| /m*) 
—11/6 +m? /2p°— (m*/p°)? + (m°/p*)* log (|p° +-m°| /m’) } 
+ {i (8p) B,— (1/m) (p’—m*) B,} {—log (35°/8m”) 
+ log (|p? -+m°| /m*) —3/2 +-m*/p'— (m?/p)* log (|p° +m? | /m*) } 
+B, {—log (35°/8m") + log (|p? +m*|/m*) —1 
+ (m?/p*)log (|p? +-m*| /m’)} ] (5:9) 
where 
B.=4(y+11)8,2—-2—4y7, B=—28,2—2(y4+2), 
B= (n+6)P,’—n—-2, B= —7-$, 
B= —2(y+7)8,?+2, n=—4-I, for scalar meson, 
== —6-J,, vector meson. 
For the case p?<—m’, the following term is added 
(i4°/167) (po) [(1/m) (p°B, — (8p) *B,) (1 + (m?/p’)’) 
+ {i(Bp) B,— (1/m) (p*—m*) B.} (1 — (m?/p*)*) +m (1 4+m°/p’) B,J. (5+9/) 


By the same procedure as the case of electron, the uncorrected propagation function of 
Boson Sz (p) = {— (1/m) (p? +m") +1 (3p) + (1/m) (8p)*} /(p? +m?) is replaced by the 
corrected one S%’(p) which behaves for p>m 


S2!(p) ~1/p*. (5-10) 


This shows that for p >m° the corrected propagation function damps faster than the 
uncorrected one by 1/p. Thus, by using the corrected propagation functions of Fermion, 
photon and meson we can obtain the non-singular theory. Accordingly, there appears 
no divergence also in the case of the pseudo-scalar meson interacting with the nucleon 
field via the derivative coupling which is the interaction of the second kind. 


$6. Coneluding remarks 


We have shown that the Hamiltonian for the entire system of gravitational field and 


matter field can be separated by eliminating the longitudinal and scalar graviton, in the 
following form 


A=H,,+H,+H,4+V 
where H,, is the energy of matter field, H,, the energy of the transverse graviton, H, 
graviton and matter field, and V the gravita- 
For the macroscopical phenomena, only the potential 


the interaction term between the transverse 


tional potential between the matters. 
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V, obtained by the unquantizable part of gravitational field, plays a role and by using 
this potential the equation of Einstein, Infeld and Hoffmann is deduced. That is, for 
the macroscopical phenomena, our quantization method of gravitational field is not in- 
consistent with the general relativistic treatments. On the other hand, the transverse 
graviton has no effect on the macroscopical phenomena. But, if we replace the free 
propagation function of matter field by the one corrected by the transverse graviton, it 
was useful to suppress the higher momentum states than p~1/«(~9X 10" cm™ ~3X 
107 m., m,: electron mass), as seen from (5:6) and (5-7). And also, (4-22) or 
(4:29) shows that, at high momentum state prl/VG~2X 10” m,, the gravitational 
potential becomes to be comparable with Coulomb potential. Therefore, it seems to us 
that the gravitational field will play an important role in the region where the internal 
structure of elementary particles comes into question. 

The author wishes to express his sincere thanks to Prof. Y. Mimura for his kind 
interest in this work. 


Appendix 


Following Harish-Chandra,"” we introduce such one-row vector matrix /',* that /',*¢ 
transforms as a vector for any Lorentz transformation. We now restrict our consideration 


to the case of neutral scalar particles. Then, there are following relations 
OL=l 6, G8, = Ty Bd 
and V0 *6=i/Vm-3,V, V20,*8,b=—i0,,¥ mV 
where “2 is due to the fact that, in the neutral field, only one canonical variable 9 


should be used, instead of both ¢ and 0. 
Further, introduce a matrix / defined by 


g=N7* 
I’,*, "\, and (9 satisfy the following equations : 
neon eal, By, 1% 0 
BiB = Np Ora, De® P= Ol a* PPu +h. P= Pps ,,28,=%(—B)- 
With the aid of the above relations, we can show that 
6 (Bh) [1 + (Bn) ?] (8b) 6=4 (6) [1 + (Bn) *] (F4) 9 
= $ (Pb), 19 (2b) 6 +9 (95) (WX) (nl’*) (Fh) 
= — (1/2m) [ bya —hOprP) V3 2+ {1 bur — 3 Fv) 7} "I 


- 


Similarly, 
6 (Bh) (8b) b= —1/2m[ { (by — 29,05) OV 5° — (m?/4) PV") 
6 (8b) (Pn) 2(Bh) d= — (1/2m) [ {m, Pav — 3 yy) V+ (m?/4) PV" 
5 (Bu Pv — Bou) 9= — (1/2m) [9,V-9,V— 3%, {(0,V)?+m°V"} ]. 


176 T. Kimura 


References 


1) A. Einstein, L. Infeld and B. Hoffmann, Ann. Math. 39 (1938), 65, Eq. (17¢2). Cf. also B. 
Bertotti, Nuo. Cim. 12 (1954), 226. 
2) De Donder, La gravifique Einsteininne. (Paris: Ganthiers-Villars) 1921. 
3) A. Papapetrou, Proc. Roy. Irish. Acad. A 52 (1948), 11. 
4) S. N. Gupta, Phys. Rev. 96 (1954), 1683. 
5) S. N. Gupta, Proc. Phys. Soc. 65 (1952), 161, 608. 
6) J. Belinfante, Phys. Rev. 98 (1955), 793. 
7) S. Sakata, H. Umezawa and S. Kamefuchi, Prog. Theo. Phys. 7 (1952), 377. 
8) C.N. Yang and D. Feldman, Phys. Rev. 79 (1950), 972. 
9) H. Umezawa and Y. Takahashi, Prog. Theo. Phys. 9 (1953), 14, 501. 
Y. Katayama, Prog. Theo. Phys. 10 (1953), 31. 
10) Harish-Chandra, Proc. Roy. Soc. 186 (1946), 502. 
11) Y. Nambu, Prog. Theo. Phys. 5 (1950), 614. 
12) It has been shown also in the general relativity by Scheidegger, Phys. Rev. 82 (1951), 883. 
13) N. Hu, Phys. Rev. 80 (1950), 1109. 
14) S. Kamefuchi and H. Umezawa, Prog. Theo. Phys. 9 (1953), 529. 
15) R. Arnowitt and S. Deser, Phys. Rev. 100 (1955), 349. 
L. N. Cooper, Phys. Rev. 1003(1955), 362. 


277 


Progress of Theoretical Physics, Vol. 16, No. 3, September 1956 


Note on the Decay Interactions of Hyperons and Heavy Mesons* 
Chikashi ISO and Masaaki KAWAGUCHI 


Physics Department, Tokyo Unversity of Education, Tokyo 
and 


Research Institute for Fundamental Physics, Kyoto University, Kyoto 


(Received May 12, 1956) 


The decay processes are investigated based on Nishijima and Gell-Mann’s charge independence 
theory of heavy unstable particles. We assume that the decay interaction Hamiltonian is a spinor 
in isotopic spin space, when all particles participating in a decay process have definite isotopic spins. 
The branching ratio of various decay modes including radiative decays and the relation of lifetimes 
among charge multiplets are obtained. For instance, the difference between lifetimes of 6° and of 
6+, and the branching ratio of the r+ particle are well interpreted under our assumption. Our theory 
is also applied to the decay of the lightest hyperfragment *H,. 


§ 1. Introduction 


The recent developement of the investigations on heavy unstable particles from both 
experimental and theoretical sides presents one of the most interesting problems in physics. 
The curious natures of these particles are qualitatively well understood on the basis of 
the charge independence hypothesis proposed by Nishijima”:?*? and Gell-Mann”. As far 
as the strong interactions are concerned their theory has surprisingly succeeded in explaining 
the experimental results. 

In such a theory all elementary interactions are classified into three categories accord- 
ing to their strengths, that is, 

a) Charge independent interactions 

These are the strongest interactions for which the isotopic spin I as well as the 7- 


charge (strangeness) are conserved, namely, 4I =[f/—['=0, dy=n'—7'=0, where the 
superscripts i and f stand for the initial and final states, respectively. 


b) Electromagnetic interactions 
For these interactions, which are the strongest among those violating the charge 


independence, we have the selection rules JI=+1, 0, whereas 47=0. 
c) Weak decay interactions 
For weak decay interactions neither the isotopic spin I nor the n-charge ate conserved. 


When all particles concerned have isotopic spins, the y-charge obeys the selection rule 


* A preliminary report of the present paper has been published in this journal. See reference 1). 
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ce 
4n= -| i which was necessaril introduced in rder to explain the cascade deca of au 
/ a y ce) y 


particle. 


It is the aim of this paper to investigate the decay of heavy unstable particles in 
more detail on the basis of Nishijima and Gell-Mann’s theory and of the following classifica- 
tion of the decay interactions. 

Nishijima and one of the authors (M.K.) have previously proposed a further classifica- 
tion of the decay interactions into two classes” : 

c’) Baryon decay interactions* 

When all particles participating in a decay process have definite isotopic spins, the 
selection rule 4j=-+1 is equivalent to 4I,=+1/2. In such a case we may assume 
that the decay interaction Hamiltonians are spinors in isotopic spin space. If we take this 
hypothesis for granted, the selection rules governing such decays are given by JJI=+1/2, 
41,=+1/2, which have first been proposed by Gell-Mann and Pais”. We further assume 
that these interactions lead to lifetimes of the order of 107"" sec. for two body decays. 

ec’) Weaker decay interactions 

It is clear that not all decays are governed by the above mentioned interactions. For 
example, decays involving photons or leptons cannot be covered. Hence there must be 
weaker interactions which give lifetimes of the order of 10~* sec. or longer. These inter- 
actions are, however, not always considered to be elementary interactions. Indeed, some 
of them are well explained in terms of the small deviation from interactions c’), for 
example, radiative corrections including the mass difference among charge multiplets. 

Our classification is quite natural in the sense that weaker interactions cannot be 
composed of stronger interactions because of the difference of the transformation properties 
in isotopic space. In fact, the interactions mentioned above have the following properties 
in isotopic space, 

a) scalar, 

b)  scalar-+-3rd component of vector, 

c’) one component of spinor. 

The transformation property of the S-matrix for respective processes in isotopic spin 
space is also the same as that of the Hamiltonian, if one takes the lowest order approxima- 
tion with respect to the interactions b) and c’). Therefore the discussion .on the 
Hamiltonian c’) can be regarded as that on the S-matrix of decay processes. 

In § 2 we shall show some numerical results calculated from the interactions c’). 
Even if c’) is firmly established, these results deviate inevitably from the experiments 
within 10% because of the influence of the interactions ce’). Some of the curious 


natures of unstable particles, for example, the difference between lifetimes of 6° and of 


; ' ; 
@*, the branching ratio of the decay of t' mesons, are well interpreted by the interac- 


tions c’). On the other hand, the relation between lifetimes of S}* and of S1- would 


o y . i ‘ : 
We have called c’) as “ charge independent decay interaction” in reference iy) 
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be cone of the vital points in our theory when it is precisely measured in near future. 

§ 3 is devoted to discuss the radiative decay processes of heavy particles. The radia- 
tive decays of unstable particles, except the case JJ=+1,0, do not occur by the inter- 
actions b), but they occur by the association of c’) and b). If we consider, for instance, 
>)*—>p+7 in terms of c’) and b),’’ the branching ratio to other decay process is estimated 
from the experiments of photo-pion production and the general features of the S-matrix. 
The branching ratio thus obtained is different according to the type of the >} particle. 
This result suggests us a possible method to determine the type of heavy unstable particles. 

Further, our theory is applied to the hyperfragment “H, in § 4. We find there the 


m* decay of “Ha occurs in a rate much 


Table 1 
= smaller than 1/6 when I(*H,) =0. 
Hyperons ui 0 Heavy Mesons I 7 Detailed discussions on the Hamil- 
N amd 0 x wn tonian c’) are given in Appendix. 
A Cee ie eer Finally Nishijima and Gell-Mann’s 
> ie=1 assignment of the isotopic spin and the 
5 4 -2 n-charge for heavy particles is given in 


Table 1 for the sake of convenience. 


§2. The baryon decay interactions 


This section is devoted to discuss the baryon decay interactions in more detail. As is 
proposed in § 1, the interaction Hamiltonian is a spinor quantity in isotopic spin space, 
which gives the selection rules JI= +1/2, 4I,=+1/2 and d7=+1. More rigorously, 


only one component of a spinor is adequate to the Hamiltonian here, because the other 


one breaks down the conservation of the electric charge. In what follows we shall exhibit 
the results derived from this hypothesis. Throughout this paper we do not enter into the 


spatial dependence of interactions. 


i) A>N+7 


Under our assumption c’) the interaction Hamiltonian must have the following form : 
Hoc SIP(N)¢;(2) «7:9 (A). (an) 


¢ denotes the wave function of a particle with isotopic spin 1 V2nena CN) etc, 
serve to distinguish the particles concerned, while v is the wave function of a particle 
with isotopic spin 0 or 1. z’s are the current 2-2 isotopic spin matrices. Detailed 
discussions on the decay interaction Hamiltonian are given in Appendix. The Hamil- 


tonian (2-1) gives the final system with I/=1/2 only, and the branching ratio is? 


(Are ey: (2-2) 
(A'->n +72") 


where (A°->p+77) means the number of events finding p+7™. 


Incidentally, if we take away the selection rule JI=-+1/2, the branching ratio is 
8) 9) 


given by 
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(A’->p +77) 21 +-2x?+2 V2 px (2-3) 
(A°n+7") 24+x2—2V 2 px 


by introducing parameters 
x= |R,|/|R,| and p=cos(0,—9,), (2:4) 


where |R;,| is hereafter the absolute value of the transition matrix element into the state 
[’=i/2, (i=1 and 3) and 0, is the phase shift of pion-nucleon scattering in the isotopic 
spin state i/2. We can obtain the upper and lower limit of the branching ratio”, but 
the range is too wide to mention particularly. 


ii) SJ—-N4+7 
The transition matrix elements for the respective processes are similarly obtained as 


follows (see Appendix) 


(pn"| R|S3*) = V2/3 R,— V1/3Ry, (25a) 
(nn*| R| >} = V1/3R, + ¥2/3R,, (2-5b) 
(nn-|R| SI) = VS Ry (2-5c) 


It is noted that the transition matrix elements of these three processes are described by 
two parameters R, and x by virtue of our hypothesis. 
The lifetimes of $}* and S}~ are 


Inc. G>Ydia= Re 4- RB, (2 -6a) 

1/t(>) ) =3R;, (2 - 6b) 
or tT) /220 es +2?) /3. (2:7) 
In any case we get the inequality for lifetimes, namely, 

3¢(S1) >r(D"). (2-8) 


This is a criterion for the hypothesis of baryon decay interactions. ‘ 
The branching ratio for the decays of S}" is of the form of?) 


(CS p+2") _ 242-22 px ; 
(SyVon+n" ye ThA 2 px? eseP 


which is always valid even if one removes the assumption c’). From (2:9) one can 
easily see the following ‘estrictions for the branching ratio, 


1 (it p+a') . 
10. > (Sonat) ADEE (2: 10a) 


. 1 A231" >pc-") 
L00e aC aka) uae fetal 2ay) (2-10b) 


1 _ (S)*=p+2") 
To (Sones ee for (1j2—) (2-10c) 


Ta 
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where (3/2+) means the case that the >} has spin 3/2 and even parity. The 
values of the phase shifts of pion-nucleon scattering are taken as)”, 


\ 


Ose, FO 73" 0, SOA) ON 4.4? 5 
OD eeale ts) sand 0, 11.0". 1(~133 Mev,) (22-41) 


Further, if we take the 
hypothesis of baryon decay inter- 
actions for granted, we can pro- 
pose a method to determine the 
types Of >>} .particle?. If we 
obtain accurate values of the 
branching ratio of the decay of 
>)" particles and t(3}7)/t(31*) 
from experiments, the spin and 
the parity of >) particle might 
be determined by (2:7) and 
(2-9). For a probable range of 
the branching ratio 


ar ey ee lI, 


ae 


——o 1 : wees z 
the ratio of lifetimes is : ACE Eg CS a) 
Fig. 1. Fig. 1 shows the relation between (3)*—>p+ n°) /(>\*>n-+ x*) 
Ro cS, wl /3 or and c(S1-)/r(S*) for (3/2+). For the cases (1/2+) and 


(1/2—) the curves almost coincide with that of (3/2+). 
SS OD) 
See, Fig. 1. 
iii) F—>A+7 
In this case we only mention a result, 


Ta) (2 (87) =2. (2-13) 


iv) @—->7+47 

The discussions differ essentially according to whether the @ particle has even spin 
and even parity or odd spin and odd parity. 

a) Even Spin and even parity 

In this case the isotopic spin of the final state If must be 0 or 2 from Bose 


statistics, the latter case is forbidden from the selection rule I= +1/2. Then our baryon 
decay interaction forbids the decay #*—>7* + x, The experimental lifetimes of G3 
t (0+) 107 sec. (2-14) 


is well understood under our assumptions. A possible interpretation of the decay of (ip 


in terms of the deviation from charge independence, including pion mass difference, will be 


given elsewhere. 


On the other hand the decays of the (” particle, which is allowed to take I/=0, 


have the branching ratio 
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(xt +27) /(P 2! 42°) =2. (2-15) 


If we put the selection rule JI=-+1/2 away, I‘=0 as well as I‘=2 are allowed. 
Then the branching ratio ('-7'+7~)/(0->7"+7°) are expressed in terms of the 
phase shifts of pion-pion scattering like (2-3) or (2:9), and c(@*)/r(0,")>2. Here 
we use Gell-Mann and Pais’ result’ that we have two kinds of lifetimes of @° and the 
shorter one of which is t(@,°) here. 


b) Oda spin and odd parity 


In this case, only I‘=1 is allowed and 
-(0,")/e(0*) =1 (2-16) 


In this case our hypothesis is, therefore, inadequate to explain the experimental results. 
Therefore must have even spin and even parity if our assumption is justified. It is 
needless to say that 4 cannot decay into two neutral pions in this case. 

v) tor+r4+27 

Our assumption allows us to take only If=1, and the branching ratio for t* is 
12) ,13) 


given by 


1 <(t*>2m +7") > ak 
4 (t*>22* +477) 


(2-17) 


This result agrees with the experiments. 

The branching catio has ever been calculated by Dalitz’? under the assumption 
'=l/=1, and our result agrees with his one in spite of the different choice of I’. 

The relation between lifetimes of t* and 7° is”), 


Rey) weigh). (2-18) 


where t(t,’) means the shorter one of two lifetimes of 7°. This relation is, however, 
valid only when 7 has not any competing decay modes such as t—>/2-+, 
If we neglect the state I‘=0 for 7’, (2-18) becomes t(ct*+) =7(z,°). 


§ 3. Radiative decay processes 


In this section we shall study the radiative processes, which are concerned with the 
interaction c’), from the general features of the S-matrix and from well established ex- 
perimental evidences. We do not have enough experimental data to observe the radiative 


decays of heavy unstable particles yet. In near future, however, a process like S}*—>p4+y 


will be observed and play an important role in investigating the detailed natures of heavy 


particles. 


Nishijima and one of the authers (M.K.) have reported a method to know the 
type of the S) particles”. The general principle of the wave mechanics used is the 
unitarity of the S-matrix, which provides us the following relation, 


Cpr] Ripa" )< pa"| R*|S¥*) +. pr| Rint* <ne* | R*| +) 
= —2Re( py| R/S)": (3-1) 


— 


Note on the Decay Interactions of Hyperons and Heavy Mesons 183 


We assume here that the radiative decay occurs at much smaller rate than the decay into 
a pion and a nucleon. We have previously proved that the matrix element of photo-pion 
production is expressed by its amplitude and the phase shifts of pion-nucleon scattering 
for respective isotopic spin states of the final system”. The results are given in angular 


momentum representation, 
¢ pn"| Ri pr) = V2/3|M, |e V1 /3|M, |e", (3 -2a) 
<nm*|R 


pry = V1/3|Male*? + /2/3|M,\e*, (3 -2b) 


where M, is the transition matrix element for the final state [‘=i/2. Then using (3-1), 
(3:2) and (2-5), we get 


|Re¢ pv| R| 31") 
|<nx*| R|>1") 


where x and p are defined by (2:4). M, and M, are calculated from the experiments 


>_ 3 |M,)?+2|M,| -|My|x+|Mil’x° 


i => - (3:3) 
= 4 1+2V 2 px4+2x 


of photo-pion production, though there are some inevitable ambiguities. 

Our fundamental relation (3-3) is valid mutatis mutandis for the radiative decays of 
other particles, and it is useful in order to see the branching ratio of radiative processes. 
OF course the information obtained from (3-3) is not complete, but we may make only 
a rough estimate. For the sake of convenience we show the state of pion-nucleon and 


photon-nucleon systems in Table 2. 


Table 2 
T én State of emitted State of emitted 
YP o ra pion-nucleon system photon-nucleon system 
1/2— 51/2 El 
Was Pilz M1 
Ae its El, M2 
3/2+ ps/2 Mi, E2 


i) tell on eh 
This process is quite unimportant from the practical point of view. Therefore we 
only give a rough estimation. Similar to (3-3) one can easily see under our assumption 
c’) that 
wl R\A’>|? _ 3 2 
[Real R|A pam) A (3-4) 
Cpa [RIAD 8 
where |M,|? is found to be at most 1/1000 from the photo-pion cross sections. The 
imaginary part of the matrix element, though it is not rigorously calculated in our 
framework, is predicted to be of the same order of magnitude as its real part. Then the 


branching ratio of finding radiative decay is of the order of 1/1000. 
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cake nie bate 

On this process we have already reported in detail, so that we shall only repeat 
that the branching ratio of the radiative decay would serve to determine the type of >} 
when one had thousands of experimental data on this particle. From (3-3) we have 


the branching ratio, 
(Sy p+7)/Cyn4+7") =order of 1/100 for (3/2+), 
order of 1/1000 for (1/2—), (3-5) 
order of 1/10000 for (1/2+). 


Note that there are serious ambiguities, but the method mentioned here is quite general 
and is also valid if we remove the assumption c’). 
ii) Ot—x* 47 
When @ is a scalar particle, this process cannot occur. For a vector @ we have 
Re(ra"| RO") _ 1 


ata"[RP a8 


where M is the matrix element of the hypothetical process 7+-7°—>7*+7" in the state 
I’=1 with magnetic dipole radiation. However, we cannot get any instructive conclusion 
at present. 


§ 4. Decays of hyperfragments 


It is well known that a hyperfragment is such an excited state of a nucleus in which 
one neutron is substituted by the I’ particle. The existence of the lightest hyperfragment 
*H, is firmly established. In this section we shall apply our baryon decay interactions 
to the lightest hyperfragment “H,. The argument is different according as I(°H,) =0 
or I(°H,)=1. The experiments are favorable to the former choice at present, because 
the partner “He, does not seem to be well established yet. 


We have already observed the following decay processes, 
*H,—>"He+27 
>d+p+a- (4-1) 
p+p+n+7, 


If we take the hypothesis of baryon decay interactions for granted, the branching ratios 


and other relations of the decays are easily obtained. Possible decay processes of “H, and 
“He, taken into consideration are, 


°"H,—>*He +27 (4-2a) 
—>*H+7° (4-2b) 
d+ p+7- (4+ 2c) 


dint (4-2d) 
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apa pray (4-2e) 
—>p+n+n+7 (4-2f) 
—n+ntn+z2* (4-2) 
and 
3He,—>*He+7° (4 -3a) 
—>*H+2* (4-3b) 
d+ p+m (4: 3c) 
Ssd+ntn* (4-3d) 
—>p- psp +m (4 -3e) 
—>ptptn+z7 (4-3f) 
—>ptn+n+7". (4-3g) 


i) Case of [?H,) =0 
In this case the corresponding “He, does not exist. Our hypothesis c’) allows 
I/=1/2 only, from which the following result is obtained, 
GHas ene) DIG Oa sAe - (4:4) 
CH,>°H +7") CHyod+n+7") 


For four body decays, 


(Hy ppn7- ) =2442B+4C, (4-5a) 
CH, pnnt”) =44 4+4B +3C, (4-5b) 
CH, nnnt* ) = 4C°, (4: 5c) 


where 
A=a@R,).(130), B=a@R,,.(141) and C=aR,,.(191). 
Here R,jo(1 jy j;) is the transition matrix element of the resultant isotopic spin 1 2 state, 
which is composed of the pion isotopic spin 1 and the sum of three nucleon isotopic 
spins jo, fi 18 the sum of the first and second nucleon isotopic spins, that is, Hil 2b, 
and we further compose j, as the sum of the third nucleon isotopic spin and j,, namely, 
Fo L/S Si and 1/2=1-+j,. @ is a common factor independent of isotopic spins. 
We get from (4-4) and (4-5) 
CH yon) + CHy 90") =2X CHa) (4:6) 


and 


ese ig ae 9 (4-72) 
2 (Ha>2 vy 2—3@ 


If we do not find the 7° decay of “Ha, 
CH, 22) / CH. = 1/2: (4-7b) 
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Further we assume that the branching ratio of two, three and four body decays are 
nearly equal, which is supported by the fact that respective processes are nearly equally 


observed in experiments. Then 


(Rate of finding four body decays) = 4’+B+C*~1/3. (4-8) 
Then Gigi 7S; 
and therefore one can see from (4° 5c) 
CHa) <1/6. (4-9) 
From (4°4),(4:5a) and (4:5c) 


CHy at) gC? 1 


. (4-10) 
(H,>7-) $-4C? 3 


and further 


ey (4-11) 


iy -Gase of TCH )—4 
In this case the corresponding “He, does exist, whose isotopic spin is also 1 and 
If=1/2 and 3/2. The relation between the lifetimes is 


VeRe igs) curly pay. (4°12) 


This is easily seen from the fact that the two body decays of “H, and “He, are described 
by common parameters, indeed, the matrix elements are given by 


(Hen |R\7H,) = “2/3 R,— “1/3 R, (4: 13a) 
CH | RH, )= “4/3 Ry +V1/6 R,, (4-13b) 
os (Hen"|R|*He,) = V2/3 R,— “1/3 R, (4-13) 
CHa* |R\|3He,) = V1/3 R,+ “2/3 R,, (4:13d) 


where R, and R, are similar ones that are defined in § 2. For other processes, three and 


four body decays, the matrix elements are immediately written down in a similar manner. 


We get further from (4-13) 


gee en CH,- >"He +77) yp | ; (“He ,—*He +7") < > 
kai CH,—>*He-+-77-) + CH SH +2") (*He,—>*He +2") + PHe,>*H+7-) d 
(4:14) 
The same relation holds for three body decays. 
iii) “Hy, and “He, 


It seems to be reasonable to assume T(H,a) =I('He,) =3. Then similar to the 
above cases, we get 
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CH,>*H+7° +n) + (H,—>°H +77 T p= 4CH, He t orm it n), (4: 15a) 


(CH, *H+277 +p) + CHa—>*He +77 +n) => (H,>*H+7°+n), (4-15b) 
(Hy>°H +2" +n) + CHy>*He +2 +) > 4CHa>*H+7 +p), (4-15) 
(Hyod+ptn+7-) > CHadtn+n+7"). (4-15d) 


For “He, we have more complicated relations. 

In conclusion we would like to express our thanks to Professor S. Hayakawa, Dr. 
K. Nishijima and Mr. Masatomo Sato for their kind guidance and valuable discussions. 
One of us (M.K.) is indebted to the Yukawa Fellowship of Osaka University for financial 
aid. 


Appendix 


As stated in §1, the decay interaction Hamiltonian is assumed to be one component 
of a spinor in isotopic spin space. The decay interaction is so weak that the exact 
transition matrix element for a decay process has the same transformation property in 
isotopic spin space. Therefore the following discussions on the Hamiltonian are also valid 
for the S-matrix. 

For A>N-+7, the possible combination, in order to construct a spinor quantity 


using their wave functions and t-matrix, is only one, namely, 
Hoe SP(N) 9.) “2 (A). (A:1) 


For >}>N-+7, we have two possibilities, 


DPN) gi(7) PCr), (A: 2a) 
and 
>) (g(2) XT): GiC>4)- (A: 2b) 


The Hamiltonians for I/=1/2 and [{=3/2 are immediately written by combining 
(A: 2a), and (A: 2b), 


H(f=1/2) =HA/V3 RGN) 2.) 93) —PN) (2) X 7) Pia): 


: (A: 3a) 
H=3/2) =SA/ VE) RAP N) $107) PCD) FEN) (F () XBL), 
| (A3 -b) 
from which we can obtain the matrix elements (2:5). (A:3) have some analogy 


. . . . ns 15) 
to the transition matrix elements for photo-pion production. 


It is straightforward to write down the Hamiltonian and the S-matrix of other pro- 


Pesscas Of coutsestne Hamiltonian concerned must be constructed also for such virtual 


process as (ae 
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The transition matrix element of, say, >}—>N-+7 contains not only the direct inter- 


action (Fig. 2.(i)) but also the complicated processes with higher order corrections of the 


strong interaction a) (Fig. 2.(ii), (iti)). After such higher order corrections by a), 


(A-3) are still valid when they are regarded as the transition matrix element. 


1) 
2) 
3) 
4) 
5) 
6) 
7) 
8) 


9) 
10) 
11) 
12) 
13) 
14) 
15) 


(i) (ii) (iti) 


Fig. 2 Notation © shows the weak baryon decay interactions. 
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Note added in proof. 


By the recent experiments*) **) we have 


and 


These experimental values are in good agreenent with the upper branch of the curve in Fig. 1. 
obtained more precise values of t(>\-)/c(S3*) and (St p+2°) /(Sstn+ 
determine the type of the $1 particles as stated in § 2. 


(SI) =(~10) x (B+) =1.47F 8 x 10719 sec. 


(Sioptr0iSaete) Su 


If we 
z*), it would be possible to 
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A complete angular correlation function is derived, which is concerned with the directions of 
decay secondaries from A and 6° particles produced in a x~-p collision and of the incident z~-meson. 
The function is evaluated for a simplified case in which we assume that the spin of 6° is zero and the 
A°—6° system is produced in S-state in center of mass system. For the case of the spin of A°=3/2, 


the result agrees with that reported by L. Wolfenstein. 


Sale Introduction 


It is now well established”?® that a A° and a & particle can be produced in a 7~- 
p collision and they decay according to the schemes: A°—>p+77 and G°-sa* +m-. Re- 
cently several attempts have been made to determine the spins of /’ and 6° particles from 
the distribution of the angles between their production and decay planes.?~'” In order 


to draw a clear-cut conclusion, however, further theoretical as well as experimental analyses 


seem to be necessary. 
Before taking up the subject in question, we shall show the density matrices” of 


decay of A" and 0” particles* : 


EG (mg, me) = (—1) 9" 1 ORF DL OS41) /4a "SKK KO O|KK, L, 0) 
M7, 
-(SL, ms M,, |SL, S msl )W(KSKS ; 1/2L,) YZa(), (1) 


E®(m,, mJ) = (2541)?! (40) Dt (—1)°*72(s500|ssL,0) 
li Mz 


-(sL,m, M,,| sLy 5 mY 742(n), (2) 
where 
S,ms; the spin of A® and its z-component, 


s,m,; the spin of @° and its zcomponent, 


5 = 2 Ao 
i direction of relative momentum between decay secondaries of A 


(z~ and p), 
. : 0 (at 
n; direction of relative momentum between decay secondaries of O(a 


and 77), 


* <|> and W here denote the Clebsh-Gordan and Racah coefficients respectively. 


190 SS Hori 


t, tv’; life times of MW and @. 


? 


In eq. (1), summation is performed with respect to the direction of the spin pt the 
outgoing proton. K, the relative orbital angular momentum of the decay secondaries 77 
and p, takes either one of the values S-+ 1/2 according to the parity of I’ relative to that of 
a proton. It is obvious that | My, |mar=L,, | Mrs =L,, while the values a and I. 
are restricted by the Clebsh-Gordan and Racah coefficients in the regions: 0 \ 1, 2s) 


or 2S—1', O< L, < 2s, so that distributions of azimuthal angles of J and m, i.e., angles 


Mat 


between the production plane and the decay planes will determine the spins of A° and 6%. 

The following fact should however be noted. Let us now ignore the spins of all 
particles in consideration except for a decaying particle, say, particle and we shall calculate 
the density matrix of the production in the centre of mass system and take the direction 
of A°—particle as z—axis and let the direction of the incident 7~-meson be hk. If we 
assume moreover that the A°—@” system is produced in S-state, then the density matrix 
becomes the complex conjugate of eq. (2) apart from a constant factor and the angular 
correlation function w becomes’”’ 


n(n, k) = 23 Ee te fhe) Epred (m,, m,') 


Ms, Ms 


S| Yi(n-k) |? 


~s (Qin 1) fs50.0 bs el OSPF Ys * (nk). (3) 


a0 
(means the equality holds apart from a constant factor.) 


Therefore n distributes in axially symmetric manner around k and s can be determined 
from the distribution of the azimuthal angle cos"' n-k. Of course if we average eq. 
(3) with respect to the direction (zenith angle) of k, we shall obtain the distribution 
(2) again, but it is obvious that the method is at a disadvantage from the statistical 
point of view. Thus we can see from the simplified consideration that it is desirable to 
calculate the density matrix of the production and to obtain the complete angular correla- 
tion function of l, m and k. This will be done in the next section but as the numerical 
evaluation of the general formula is very tedious, we shall evaluate it only for a particularly 
simple case in Section 3. Comparison with experiments will not be done, because we 
could not find enough data of associated productions with hydrogen used as target, from 
which we could have deduced quantities necessary for the comparison. 


§ 2.- The density matrix of the production and the 


angular correlation function 


Let the directions of relative angular momenta of the incident 7~-meson and proton 


and of the outgoing 4° and 6° be k and Pp tespectively in the centre of mass system 


Tt Smaller one of 2K and 28. 
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and the z-component of the spin of the proton be #. Then the matrix element of the 
transition is given by 


(Sms 3 m5 P|} ps k)=S) SM} a( Jil) 7" (P) 


(Sms; sm,; lm | Ss(j)l J Mz) 
CHE JM, | 31, em DV i(k), (4) 
where 
l,m; relative ang. mom. and its zcomp. of the A’—@ system, 


[,,m,; relative ang. mom. and its zcomp. of the 7”~—p system, and 
(Sms; sm,; lm | Ss ({) Mz) =>\(Ss msm, | Ss j mj) 
mj 
x Cj lm;m | j!J Mz). 
a(Jjll,) is a coefficient which depends on the incident energy and the detailed proper- 


ties of the interaction. In particular if we choose the direction of P as z axis, we have 


(Sms; sm,: P|E 3k) =>) D1 SaCTjlh)[ (+1) /4a]” 


u dimij JM 7 
(Sms; sm,; 10 | Ss(j)LJ Mi) LI Mi\3 bh, em) Vi (Rk). (5) 
After averaging with respect to #4, the density matrix becomes as follows, 


Eireg (ms, ms! > Ms mz > k) =} 21 (Sms > Ms 5 ie | z Me > k) 


«(Sig 5 5m, 3 Ph ps k)*= ES) 

[(2l+1) (2041) (21,41) (26/41) (2 +1) FP aC J pla PUY) 

1/100 | lil, LOY (Sms 5 sm, 3 10 | Ss(j)lJ My) 

(Sy; sm; UO | SsGOU I MJ)<J LMsMz | J LJ M2) 

WSU Ils §L) 74 (k). (6) 
The summation here is over [ I’, [, l,j J Mz, j' J’ M/, and LM. A relation between 
the total cross section o and the coefficient a(Jj/l,) can be derived from eq. (6); 


C= (1/v) | Bear Eproa (ms Ms 5 Ms Ms 5 k)d2,, 


ms Ms 


= (1/20) (47)"" 3) (— I)" QJ+1) la(Jj lll’, (7) 


where 2, is a solid angle along the direction of k and v, the incident flux (1/cm" sec). 


As the angular correlation function is given by 


w(l, nN, k) =>) eS ees (ms ms!) EY), (m,; m,) 
msms/ msms/ 


Hes (ms ms, 3 Ms m;), 
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if we insert eqs. (1), (2) and (6) into this equation and define 
[L, Ly My, Miz \ § off Ul IM M/| 
— ax at (SL, Ms M,, | Ay Ik. AY ms’ )<sLy ms M,, 


f- 
msms MsMs 


Sle site f 


“Sing sms 10 | Ss(j)JML) (Sms! 5 sm 5 10 | Ss(jUIMS), (3) 
and 
{L, lL, MnMa 


= > (Ly bold re iM re 
M7M,7’ 


J LM/ Mz \ SJ LJ M,), (9) 


Ssjj LU JJ | Ly L,L—Mz} 
Ssjjll | JMs, J Ms) 


then we obtain 
w(L, n, k) (1) 72204 1) (20 +1) (2441) (21 +1) @F +1) T" 
raj llat(J UL) <s50 0 | s5L,O)¢KKOO | KKL,O)W(KSKS ; 1/2 L;) 
-Y}tm(l) Y,%a(n) {L, Ly Mi, Mi, | Ss jj UU JJ | LL, L—Mz} 
1,00 | LOWS UJ 31/2 L) Yt (k). (10) 


Here the summation is over 1’, 1,',, ; JM, j' J’) M/, L; Mu, Ly M,, and LM. It must 
be noted here that eq. (9) has a nonvanishing value only for M,,+M,,=—M,. It is 


very tedious to evaluate eq. (10) for the general case mainly because of interference of 
states with diverse angular momenta. It may be better to recalculate the density matrix 
Eyoa in the lowest order of the perturbation theory.* In the next section we shall 
evaluate eq. (10) for a simplified case. 


§ 3. A special case 


Here we make the following assumptions, 
i) <A’ and @° are produced with zero relative ang. mom. in the center of mass system. 
ii) the spin s of 0" is zero. 
As A® and 6° are rather heavy, the assumption i) will be good, unless the interaction is 
of a particular type. And if the assumption ii) is valid, m will show an isotropic distri- 
bution independently of the production mechanism. There is an experimental evidence 
which may support the assumption ii) ."”” 


In this case the angular correlation function reduces to 
»(L, Ik) = (vo/t) (S¢/z) S\QL+1)> 
LM 


<[(KKOO | KKLO)W(KSKS; 1/2 L) FY Y*() Y¥(b), (11) 


* Of course it is dubious to use the perturbation approximation for such a strong interaction. It may 


however be granted, if we confine ourselves to the poblem of angular correlation and to the vicinity of a 
threshold energy. Such a calculation will be made in a subsequent paper. 
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taking eq. (7) into account. Here we put 4, =K=S—1/2. The other choice will lead 
to the same conclusion, as we shall see more clearly in the next section. Using the 


addition theorem of the spherical harmonics, we find 


(t/vo)w(l, k) = (S/n) S42 (2b + Dos (LY (bs) 


= (S/2m)">iZs'(L) P; (cos @), (12) 
where we put 
Zp, (Eb) = KROGi|-KRKLODW (KSKS 1 /25)} (13) 


and @ is the angle between I and k, (Fig. 1). The right hand side of Eq. (12) is a 


simple polynomial of x=cos@. These are, 
(327°c/vo)w(cos #) =1 for S= 1/2 
=1/4(3%+1) for S=3/2 


=1/4(5x'—2x%°+1) for S=5/2 
1.0 


(327°r/vo) w (cos 0) 


Fig. 1. 


0 : 
cos 0 Se ae eae 2 4 6 8 1 


0 Tt 7/2 0 
Fig. 2. Angnlar distribution of 9 (Fig. 1) in the case in 
which the spin of 0° is zero and A°—6° system is produced 


in S-state in center of mass system. 


The plot of these functions is shown in Fig. 2. The case for S=3/2 agrees with that 


reported by L. Wolfenstein.” For the case S>4 we see that the decay plane inclines 


to coincide with the production plane except for a considerably small angle 0. 


§ 4. Discussions 


The result in the previous section can be derived from a simpler and rather intuitive 


194 S. Hort 


consideration. mn be: 
Let @ be the angle between z-axis arbitrarily chosen and the direction of relative 


momentum I of the decay secondaries (77, p) of a A’-particle. When the z-component 
of the spin of I’ takes a definite value ms, the angular distributions fn,(7) can be 
easily obtained by setting m,'=ms in eq. (1) (apart from a numerical factor): these 


are (itrespectively of the two values of K=S-+1/2)* 
fas(9) =1 for S=4 
fasp (0) =8 x) ban 6 
fap Osx kar) 
fg(U) eit pe 
fuse (0) =8(1—%) (1 415%) for 
Fain (0) 2 1 —2x 59) 


nA 
I 
poor 


etc. 
where x=cos @. 


0.5 


—> 


0.25 

2; 
: Ae 
a 
< WA 
: /_ =a 
can 

1 0’ 1 —1 0 1 —1 0. : 

cos @ cos 0 cos 8 
$=1/2 $=3/2 $=5/2 


Fig. 3. Angular Distributions fm, (@) (ms should be read as ms.) 


We can afford a simple interpretation to these results; in the case of S>4, the spin 
S of “° is (anti) parallel to the z-axis when ms= +S and it is nearly perpendicular to 
the z-axis when mg=-+3, ard the relative momentum J, which is perpendicular to the 


relative anguler momentum of the 7~-p system, is apt to become perpendicular to S 
because of the conservation of angulcer momentum. 


When the direction of S is completely unknown, we must average the angular distri- 
butions with respect to ms, obtaining 


(1/2541) fing (8) =1. 


ms 


Thus it becomes isotropic independently of S. Therefore we cannot determine S from 


* The value of (2K+-1) (KKOO|KKLO) W(KSKS; 1/2L) is the same for K=S-++1/2 
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the angular distribution of @, if we confine ourselves only to decays of A’. 

S. B. Treiman et al.” studied the distribution of the angle between decay plane 
of 4", assuming that the spin of a A’ produced in a 77-p collision is always perpendiclar 
to the direction of propagation of the /°.* Their assumption is not exactly correct and 
so ate the angular distributions they obtained, although their conclusion that the two 
planes are inclined to coincide with each other in the case of 5>3 will not be altered 
under a more exact treatment. 

Let us suppose that the incident 7~-meson comes in along the z-axis and A’, @° and 
secondaries (7', 7~) of the # go out along the + z-axis. Then the value of mg is 
equal to the z-component /4 of the spin of the initial proton and is confined to +4, be- 
cause the z-component of the total angular momentum should conserve. Therefore the 
angular distributions in this case agree with what we showed in the figure 2 (cf. Fig. 3) ,** 
and S will be determined from these distributions, when more of available data are accumulated 
in future. This is the case treated by R. K. Adair. Since the data of associated pro- 
ductions to be adopted in this case are much restricted, the method seems to be at a 
disadvantage from the statistical point of view. However if we learn from other considera- 
tions that the spin of (4° is zero and A° and @° are produced with vanishing relative 
angular momentum, there need not be such a restrictions. This is just the case we 
treated in § 3. 

Though these assumptions i) and ii) in (§ 3) seem to be very plausible,” if this 
is not the case, we are obliged either to adopt the method suggested by R. K. Adair, 
or to compare experimental data with our more general formula (10) in (§ 2). 

The author wishes to express his gratitude to Prof. T. Tati, not only for his cri- 
ticism, but also for his interest and encouragement. The author is also indebted to Mr. 


A. Wakasa and Mr. T. Tani for their assistance in the working out of the problem. 
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Note added in praot 
Recently S. B. Treiman (Phys. Rev. 101 (1956), 1216) sugggested a method for determining spins of 
hyperons from the reaction K-+p—A° (or 3) +7. The method can be explained also from the same simple 


consideration we made in §4. In this case we have only to choose the line of flight of the hyperon as 


z-axis. 
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A quantum-mechanical system is divided into several partial systems which are interacting each 
other. The general and practical methods of extracting one of the partial systems are discussed. If 
a one-dimensional partial system is extracted the two-particle interaction in the partial system is a 
long range part of the two-particle interaction in the original system and its short range part is 
absorbed in the average field due to the remaining part of the system. It is noted that the light 
absorption of long carotenoids is due to the plasma oscillation of z electrons caused by the long range 
part of the Coulomb interaction. The mechanism of screening the short range part is somewhat dif- 
ferent from that of the three-dimensional case. 


Introduction 


As has been generally realized, it is hopelessly difficult to obtain the exact solution 
for most quantum-mechanical problems of real significance. Various ways for obtaining 
approximate solutions have been devised. Though they are only mathematical in some 
case, the device often introduces the method of physically important significance in which 
the approximation means a kind of the physical idealization. In such a case the physically 
significant conclusion can be drawn by the idealization and realization (the analysis and 
synthesis) which have been the general method in the science. 

There are two ways for the idealization. The first is to introduce the physically 
ideal basic states. For example, one has often preferred the idea of configurations to the 
neat methematical expression for studying nuclear, atomic and molecular states. The second 
is to divide a given quantum-mechanical system into several parts which are interacting 
each other, as is the case with molecules which have preferably been considered as consis- 
ting of atoms in order to fit the chemical idea of elements and compounds. The division 
can be done with respect to the coordinates as is the case with the use of relative and 
centre-of-mass coordinates in various problems. 

In a certain case only one partial system is extracted and the state of the remaining 
parts is made asleep by an appropriate way. This may be called the method of the par- 
tial description. The sleeping partial system is often called a core or a skeleton. The 
energy levels of atoms are usually discussed by making the state of their nuclei sleep and 
the latter is ignored from the outset. This may be an extreme, trivial case, while the 
idea of valence electrons outside a closed atomic core may be a better example. The separa- 


tion of the electronic and nuclear systems in molecular problems and extracting the 7- 
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electron system from the large conjugated molecules are the same kind of examples. A 
special way of the partial description is to extract a system of partial coordinates from the 
partial or total system after the suitable coordinate transformation. The separation of 
vibrational and rotational coordinates of molecules and the free-electron model for the 7- 


5)6) 


electron system’”’””” belong to this category. The theory of collective motion” is also 


of the same kind. 

In what follows a general method to extract the partial system will first be discussed 
in order to see what is the kind of its approximation. The method itself will not be a 
new one but a generalization of those used in various cases. The practical method will 
be accounted for in the cases of helium and complex atoms. It will next be shown that 
the one-dimensional partial description results in dividing the two-particle interaction into 
the short and long range parts and adopting the latter as the two-particle interaction in 
the extracted partial system, the short range part being absorbed in the skeleton field. 
Though this will be shown for the Coulomb interaction in the present paper, the result 
can be generalized to the case of other types of interactions. The theory of carotenoids’ 
and polyacenes” previously worked out by the author and his collaborator will be interpreted 
from this viewpoint. That this method is really useful will further be shown with actual 
examples in the separate papers in which we shall see that the result is in fairly good 
agreement with experiment in spite of the simpleness of the model and the calculation. 

Finally it will be noted that the light absorption by long carotenoids is really caused 
by the plasma oscillation of 7 electrons contained in the conjugated chains. This plasma 
oscillation is excited by the long range part of the Coulomb interaction between 7-electrons 
but the reason of screening is somewhat different from that of the three-dimensional case”. 
It is due to the excitation of only a one-dimensional motion and sleeping of the motion 
in the remaining two dimensions, while the three-dimensional plasma oscillation is caused 
by the charge screening which results in a cut-off of the high frequency Fourier compo- 
nents of the Coulomb interaction. However, the one-dimensional and_ three-dimensional 
cases may both be considered as belonging to the same kind of phenomena from the 
viewpoint of the partial description. 

The present idea of the partial description by extracting the partial two-particle in- 
teraction could successfully be applied to various problems, for example, including nuclear 
problems as well as atomic and molecular ones, if the method of extracting the partial 


system and the partial two-particle interaction would ingeniously be devised. 


§ 1. General method 


We consider a quantum-mechanical system of N coordinates. After an appropriate 


transformation of the coordinates we divide all coordinates into two sets: (€), €5, Fa)°++, &n) 
2 n 


and (X,, Xs) Xy't*, Xy-n)- Their canonically conjugate momenta are denoted by (7, 7, 7, 


“+, T,) and (pi, Poy Pyytt> Pa-n) tespectively. For the sake of simplicity we shall denote 
these sets of coordinates and momenta by ©, x, 7, aud p respectively. The Hamiltonian 
of the total system consequently takes the following form : 
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H=T (z, €) +V (é) +H,(p, x) +Hi (a, €3 p, x). (1-1) 


The total system is thus divided into two partial systems which are represented by the 
Hamiltonians denoted by T(z, €)+V(¢) and H)(p, x). The interaction between these 
two systems is given by H,(7, €; p, x). 

In order to extract a partial system we have to make the other sleep. This process 


can be carried out in the following way. First we solve the eigenvalue problem : 
[Ho (p, x) +H. (0, ¢; p, 16, 2) =UE) 66, x) (1°2) 


where € is considered as the constant parameter, U(S) is the eigenvalue, and ¢ is nor- 
malized for every value of €. If a set of all d(¢, x) as the functions of x is complete 
for every value of €, any eigenfunction Y of the total Hamiltonian can be expanded in 
an infinite series of #(€, x) for every value of ¢: 
P (F, x) =P E)GE, x) - (1-34) 
é 

The coefficient (/(€) of the expansion can be so determined that (H—E) ¥ =0 is satisfied 
by the series. For the present purpose we should assume that the series consists of only 
a few terms. For the sake of simplicity we consider the simplest case in which the series 


consists of a single term: 
P(E, x) =P (SOG, x)- (1 - 36) 


Of course this can not be an exact solution but an approximate one for the eigenvalue 
problem of the total Hamiltonian, except for the accidentally fortunate case. 
The eigenvalue equation, (H—E)¥=0, for the total system reduces to 
(T(z, € +V €) +U€@) +H, €; p, *) —Hi (0, $5 ps *) —E]$ ©) 9, x) Phy 
1 2 
Further if we multiply this by ¢* and integrate with respect to x, we have the equation 


for ¢ as follows : 
[T (x, §) +4 €) +UG) +7, @, &) —E]P 6) =0 (1: 5a) 


where 


T, (7, 6) =(6* OTH, pe) —H00, & py, DIVE dx 


uv 


_ lo, OT (m, 266, ») —8(m, )T (a, 2) lex. (1-56) 


Generally speaking, ¢ (€) must contain x as a parameter in order to satisfy (1:4). This 
contradicts the starting assumption, (1:36). Therefore the influence of T, on the ei- 
genvalue problem should be very small in order that the assumption given by (1:36) is 
If this requirement is satisfied, o)(€) can be determined by solving the 


nearly correct. 
When T, is ignored the approximate Hamiltonian of the extracted 


equation (1525,)\. 
system is given by 


H,.=T (2, €) +yV(€) +U() (1-6) 


where T is the kinetic energy and U is the potential of the average field due to the 
skeleton. In this case it may be natural to take into account the effect of T, as a 
perturbation. If the total system is an isolated system of particles and if the partial ¢- 
system contains a number of particles, V(€) represents the interaction between particles in 


the extracted system. In such a case V and U are usually given in the form 
rL ‘ 


The present method can equally be applied to the nuclear, atomic and molecular systems. 
A practical way of determining the potential U(é) is to make use of the variational 
method in which the function 6(§, x) is determined so as to minimize the variation in- 


tegral for every value of ots 
UE) =S9* E, [Hi (p, x») +H, £5 p, D16G, *) dex. (1-8) 


The adiabatic potential between atoms is often calculated in this way’. More simply we 
can calculate U(€) by assuming a suitable function for 6(€, x) in this integral. For 
example, if the -system consists of valence electrons of an atom we can replace the self- 
consistent function of the core for 6(€, x) which is then eventually independent of <enie 
the extreme case the x-system is frozen, namely the integral (1-8) is calculated by assuming 
that p,=Po=Pa= 7117 =Pw-n=0 and b*6=0 (x, —4)) 0 (Xy— ay) +770 (Xn — Ayn) where 
d,, doy***dy_,, are constants. This is the case with the nucleus in the consideration of the 
electronic states of an atom. A short cut is to assume a suitable, functional form of U(¢) on 
acertain physical ground. The free-electron model for the z-electron system is its example. 

How to separate the partial Hamiltonian is most important. This procedure is not 
unique. Whether the method succeeds or not is due mainly to the way of this separa- 
ting procedure. An ingenious device of dividing the total Hamiltonian is often capable 
of absorbing the greater part of the effect of (5) into U(¢). For this reason the par- 
ticle interaction is not necessarily the same as the one contained in the original Hamil- 
tonian. The way of the division should be devised so as to make che succeeding calcula- 
tion as easy as possible or to make the effect of V as small as possible. In the most 


fortunate case we have an independent-particle model. 


§ 2. Practical application 


In this section the application of the general method mentioned in the preceding 
section to the practical problem will briefly be accounted for in order to obtain the better 
understanding of the actual meaning of the method. To begin with the simplest problem 
we first take up the electronic state of the helium atom in which the nucleus is frozen, 
and examine whether the requirement for the smallness of the effect of T, is satisfied. 


The Hamiltonian of the helium-like atom is given by (in atomic units) 


H=— (4,-+4,)/2—Z/my—Z/rt l/r» (2-1) 
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In this case the Hamiltonians of pertial systems are —4,/2—Z/r, and —4d,/2—Z/r, 
respectively and the interaction between them is 1/r,. which contains no momentum. If 
YP (x;, Xy) is a solution of (H—E) & =0 any linear combination of ¥ (x,, %) and V (x, x,) 
also satisfies the same equation. Since ¥(x,, x.) +(x, x,) and V (x,, x.) —¥ (x,, x) 
are the orbital functions for the singlet and triplet states respectively we have only to 


seek YW (x,, x). According to the procedure (1:2) we first consider the following equa- 
tion : 


(= 42 ZL) 1p) OH, Xy) = UG (x, Xo) Ce) 


where U is an eigenvalue depending on %,. 

We want to have Y(x,, x,) corresponding to the Isnl configuration and let (x, x.) 
have the s symmetry for the space rotation. For this purpose we expand the interaction 
and the wave function in the Legendre series as follows : 

@ 


b(x,, Xo) =>im, (re Py) P, (cos 2) 


k=0 


L/tg= day (ry, 7») P, (cos My), (2-3) 
A=0 


where @,, is the angle between x, and x,. If we substitute these series for ¢@ and 1/ry» 
in (2:2) we have the following set of equations for u,(r,, ‘) ’s on account of the linear 


independence of the Legendre polynomials : 


[2 Pon bE FD) / Qn) +Z/n+ UC) Jualro 
roe Orie 


=SW k $3 Tip %2)Ue(t1 Yo) (24) 


s=0 


for k=0, 1, 2,-:- where 


8 
Wb, 55 ny 1) = CRN SBE 5 7424) drotalte Do THlks TAPES 


Oe nen) = C172) {> (2) P. @ Pendle 


which appear when we expand the product of @ and 1 /r,. in the Legendre series. We 
see from (2-4) that the eigenvalue, U, depends only on yr, so that we write explicitly 
U(r) in (2:4). WR 53 1, r,) may be interpreted as a kind of the coupling energy 
between u,P, and u,P, states. 

As is well known the expansion coefficients in (2:3) and (2:5) are given by 


A (Ts T2) Sw Arne for <1 


Bete Ty One es 


3-5 (-tman—a) | 1-3-5 (rt nnl=3) 


1 E 
b(l, m, n) oe 2-4-6: (l-+-m—n) 2:4-6:+-(m+n—l) : 
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1-3-5: (nt-l—m—1) | 2-4-6-+:(l-+m-+n) (2-6) 
9.4-6++ (n+l—m) 1:3-5---(l+-m+n-+1) 


for [+m =n, m+n = 1, n+l=m, and !+m-—+n=even 
b(l, m, n) =0 otherwise. 


For k=0 and k=1 the equation (2-4) reduces to 


|Z 5 see % 4+Z/1,—4)(r1, 9) +U (1) fool ro) 
2, Or, 


I 


Shari 72) tory 1/2541), (2-74) 


9 


27, OMe 


=, (%4, To) % (Tin Te) + 513i (Fis 72) I( : Nie (71, 72) +(24 Jara (1, 7) | . 


sm? 2s] 2s—1 2543 


[+ - r—1/r2+Z/n4— a(n, 1.) — (2/5) a(7,, rn) +UCr) | Corel 


(2-76) 


In order to determine u, and u, in an approximate way we assume that the main part 
of u, is the s orbital of the lowest energy and u,, m%,°--are small corrections. Since these 
corrections arise from 1/r,. in (2-2), the summands under the >}-signs in the r-h.s. 
of (2:74) and (2:76) are the correction terms of respective equations. In order to have 
the first approximation we omit these terms altogether. Then we have a homogeneous 
equation for u) and an inhomogeneous equation for 1,. These equations still contain the 
correction terms, namely a, and a, terms in the |.h.s., the former being more important. 
We replace the former by 1/r, and ignore a)(r,, %) —1 /r. and 4,(r,, %2). Since we are 
seeking Y(x,, x.) corresponding to the 1s nl configuration the ignorance of 4)(1,, 1) — 
1/r, is nearly correct as it vanishes for r,< 7, where the wave function is large. In this 


approximation we readily have the solution of (2:7) as follows : 
U(r) =—Z/2+1/r, y= Z*/m N(rq) 7" 
1 (14 t) = VZ/ (47) N(r0)[ (3/2) {e*—e- (1 +20, +27,°) } (1 +10) °e77P2/ (402)" 
— (29, + 0°) €/ pe" 
for <P (2-8) 
=VZ/(47) N(x) {08+ (3/2) (1—p2—[1 +0,Pe°) } (1 +29, +27) 
/ (Pro)? —202-"] for p> Pr 


where N(r,) is the normalization constant, ~,=2Zr,, and ~,=Zr,. The function u, is the 
1s orbital of the hydrogen-like atom with the nuclear charge Z. The Hamiltonian of 
the second partial system defined by (1:6) is given by H,=—4,/2—Z/r,+U(r,) = — 
d,/2—(Z—1)}/r,—Z/2. Therefore its eigenfunction, ¢(x,), is the nl orbital of the 
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hydrogen-like atom with the nuclear charge Z—1. The first approximation of the search- 
ed solution is given by 


LP (x1, X.) =0(x,, Xp) Gh (%_) = {uy (11) +, (1, 72) cos Grok Gb (%_) . (2*9) 


The more exact solution and eigenvalue-function, U(r.), can be obtained by reviving 
some of the neglected terms or by proceeding to the higher stages of the successive ap- 
proximation. It is also possible to apply the variation method. The details of such 
calculations will later be reported elsewhere. The correction term including cos 4, in 
(2:9) means the angular deformation of the 1s orbital by the electrostatic influence of 
the nl orbital. This can be interpreted as the influence of the pd and other sp configura- 
tions. The more exact solution includes the radial and angular deformations of higher 
order or the infiuence of higher configurations. 

Now we shall examine whether the effect of T,(z, €), which appeared in (1-5a), 
is small in the present case. We saw that if the contribution of T,(7,£) to the eigen- 
value of the total Hamiltonian is small, the basic assumption, (1-36), is nearly correct. 


In the present case T;(7,*) is given by 
TPs =) H(%) =— 2°, =) [4.0 (ay =) 6%, a) AIAG) $H). (2-104) 


Since 4(4,6—64,) $=944,6-+ (Pp. ¢) (2 6°), and ¢ is real and normalized for every value 
of x, as the function of x, the integral is reduced to 


T, (p., Xo) f (Xo) = — 27" (x2) jo, X») 46 (x, Xo) d (x;) (2-106) 


If we again make use of 04,6= 4,0°/2— (V7, 6)° and the normalization property of 6(x,, 


x,) we have 
T, (Po ¥,) = (1/2) |[F.6 Gr, =) Fda). (2-11) 


Therefore T, is the positive function of x, and inependent of py. 
The contribution of T, to the eigenvalue, E, of the total Hamiltonian is given by 


E=|$* @) Td) (2-12) 
which has the anti-binding effect as T, is positive. If we make use of (1:54) we have 
E,=E— ye" (X») E A,/2 —Z/r. +U(%) iy (x) A(X»). (2213) 


The numerical values of the integral were computed by Bethe”) in an approximate way 
in which U(r.) was calculated more exactly than the one given by (2-8). . We me 
estimate E, if we subtract his value from the observed E. The results are |E,/E|=10 
for He 3D and [E/E lsaG cl 0. for He 4D. 


Next we briefly consider the case of a complex atom. The method illustrated in 


the case of helium can be generalized to this case. The total number of electrons 2 
denoted by N. We ignore the state of the nucleus as before. The system of gee 
electrons is divided into two partial systems which consist of N, and N electrons respectively 
where N,=2, 4, 10, 12, 18, 28,---.=>)2(2/+1). According to the procedure (1:1), 


the total Hamiltonian is divided into three parts : 


N uve N 
H=H,+H,+H; H,= —> (4,/2 +Z/rx) + S31 /t23 
k=1 a 


=1 j=k+1 
a 51 (4q/2-+Z/re) 41 34 Utes so (214) 
—= = — Z Ta Pe ab * v 
Hy= 2 a te bio eae ages ee ainent _ 


If ¥ (x,, %:'', ¥y) is an eigenfunction of H belonging to the eigenvalue E, the func- 
tion given by >} ~ P Y is also an eigenfunction of H belonging to the same eigenvalue, 
Pp 


where P denotes the permutation of coordinates, cp is the arbitrary coefficient which may 
or may not depend on the electron spins, and the summation should be extended over 
all possible permutations. Therefore if ¢ is a solution of (1:2) including the spin func- 
tions of N, electrons we can write the eigenfunction of the total Hamiltonian in the 
form 


PF =S) cm P P(E)O, x) (2:12) 


P 


where € denotes (x,, %o,‘'*, Wy), X denotes (Xy41, Vyi29"*'> xy), and the coefficient cp should 
contain the spin functions of N electrons so as to satisfy the Pauli principle. The equation 
(1:2) may be solved in the way that the first approximation of 6(F, x) is the Hartree- 
Fock function corresponding to the solution of the equation, H,d=U,0. In this case the first 
approximation of ¢(¢, x) represents a closed shell structure. Therefore one may speak that 
the atom consists of N valence electrons and a closed shell core of N, electrons, and U(§) 
is the potential energy of valence electrons due to the atomic core. The deviation of 
exact @(€, x) from the Hartree-Fock function represents the deformation of the core func- 
tion due to the electrostatic influence of valence electrons or it can be interpreted as the 


configuration interactions. The 7 electron system and the skeleton of a conjugated molecule 
can be considered quite in the same way. 


§ 3. Linear model 


In this section we consider the linear model. In order to make the discussion clear-cut 
we take up the 7-electron system, although the consideration is equally applicable to other 
system. The partial system is separated in two steps. First the 7-electron system is ex- 


tracted from a conjugated molecule where ¢-coordinates correspond to the three-dimensional 


cartesian coordinates of z-electrons. We next divide the z-electron system into two parts, 


the x and yz systems. Although the interaction between 7z-electrons is not necessarily 
Coulombian as was mentioned in the previous section, we derive the one-dimensional two- 


electron interaction in the extracted system by assuming the Coulomb interaction between 
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m-electrons in order to avoid the unnecessary confusion. If the Fourier coefficient of the 
Coulomb potential is given by F(k,, &, ,), the interaction (measured in atomic units) 


between electrons can be divided into three parts as follows : 
1/r12=J (%q—%) +G (p49) +G,(x,—x,), 
Pe =Oi=y2) GZ), = (% yy %), 1=1, 2 (3-1) 
where 
I@) = SF, 0, 0) exp (ik, x) 
GCP 12) = S1F(O, ky &)exp th (y —y2) +4 (ai —%)], be +h > 0 
G(x) =S3F (hi, hey h;) exp ie) [hy] >0, kE+k?>0 (3-2) 


k=(k, i ks k,=27n,/L,, n,=0, eto Fiar2 iors j=l, 2; Be 


The Fourier series converges to the Coulomb potential in the domain given by 2|x,—x,| < 
L,, 2|y,—y.|<L., and 2|z,—z|<L,. We consider J(x,—x,) as the two-electron interac- 
tion in the partial x-system, G(,.) as that in the yzsystem, and =) >) Ges) as 
the interaction between these two systems where n is the number of 7 electrons. 

In order to see how J(x) depends on x, we have to evaluate the sum of the series. 
This can easily be carried out because J(x) is the average of the Coulomb potential in 
the yz domain. Therefore we have 


JO) = (408) dy "de (3:3) 


where P= +7747, 720, 2a=L, and 25=L,. This integral can be evaluated in an 


elementary way. ‘The result is given by 


oo pals VALLE x ee ab (3-4) 


I(x) == C= ra tan 


AE Wah abet 
where C=a’+6°. The asymptotic form of this function is 1/|x| as is expected. If we 
denote the difference of 1/|x| and J(x) by J,(x) we can divide the Coulomb potential 


into the sum of these two functions : 
1/|x|=J(x) +J (x). (3-5) 
The value of J(x) at the origin is given by J(0) =[log(3 +22 )|/a=1.76/a when a 


and b are the same. Therefore the most part of the Coulomb potential is reserved in 
Jn(x) near the origin and in J(x) at the distant point. 

The function given by (3-4) is too complicated to see the qualitative behaviour of 
J(x). The behaviour can easily be seen if we evaluate the sum in an approximate way 


by taking the average over the circular domain restricted by y’+¢<a’, instead of the 
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Fig. 1. Figy 2; 
——: J(x) given by (3-6) J(x) given by (3-7) (a=) 
seeees : Coulomb potential 


rectangular domain. We have then* 
J(x) = (2/@)[V a +2—|x|]. (3-6) 


Its value at the origin is somewhat larger than the former case, namely J(0) =2/a, because 
of the smaller area of the domain. It may be natural to refer J,(x) and J(x) as the short 
tange and long range parts of the Coulomb potential respectively. The division given by 
(3-5) depends on the value of a. Therefore a is the division constant which discriminates 
two parts and its genetic history illustrated above has no significance so far as the exact 
functional form itself of J(x) at the short distance is unimportant for the final result. 
It is then only important that J(x) is the long range part of the Coulomb potential. Another 


functional form is equally possible in this case. For example, the following function has 
the same property : 


JC) 50. fore Siti 


=1/|x| for |x|2a. (3-7) 
The functional form of J(x) 


given by (3-4) was applied to the one-dimensional 
free-electron model of carotenoids’? 


and cyanins’ and the very good agreement between 
In the former case the value of the division con- 
stant a was equal to 7-12A (a=6), and in the latter case it was equal to 16-7A. The 


greater value of the constant means that the effect of two-electron interaction is absorbed 


theory and experiment was obtained. 


* Jf the interaction is the Yukawa potential, e~*”/r, we have 


J(x) = {2/(e a*)} lexp(—x|x|) —expf—eV/a?+2°$] 
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the more in the skeleton field. Nevertheless the latter value is still too large compared 
with the total length of the conjugated chain, while the former value is reasonable. 
Although, in the first paper, a’ was interpreted as the sectional area of the pipe in which 
m electrons are enclosed, the interpretation may not be adequate but the present idea be 
better. This will further be justified by the example in the next section. However, 
another interpretation is still possible”. 

When we extract the two-dimensional partial system we can consider G(p)) +F(0, 


0,0) as the two-electron interaction in the extracted system which is given by 


G(p) +-F'(0; 0, o)= +. | r5I dg=—* log Raat’ | P=Hxr+y. (3-8) 
2a J-a 2a Va+e—a 


This function asymptotically behaves as 1/p. Still it has a weaker logarithmic singularity 
at ~=0. This interaction was examined in the two-dimensional free-electron model of 


naphthalene by Huzinaga”. 


§4. Ring model 


51 Sa 


We next consider the ring model in which 
electrons are confined to move freely in a ring by 
means of suitably assumed form of U(S). We 
want to derive a one-dimensional interaction in the 
similar way as the preceding case. Let the radius 
of the ring be R. The one-dimensional coordinate 
of a point on the ring can be given by the arc 
length between the point and a definite point on 
the ring where the coordinate and the definite point 
are referred to as the ring coordinate and its origin 
respectively. We denote the ring coordinate by s. 
Let the positions of two electrons be denoted by 
(7, 0, 4) and (6, 0., %) in the cylindrical 


coordinates, where p?=x'+y and @ is the azimu- 


Fig. 3. 


thal angle. The distance, r,,, between these electrons is given by 


19° = (Py— 2)? + P12 sin {(F,—92) /2} P+ (a —%)”*. (421) 
We define a function of p, @ and z by 
W(p, 9, 2; B®) =[+ (2Rsin 0/2)? +2)”. (4-2) 


If F(k,, n, k,; R°) is the Fourier coefficient of this function we can separate its G-part as 
was done in the previous section. If we replace @ by 5/R, the 0-part of the function is 
given by 

fls) =SQF(0, n, 0; Re) 2, (4-3) 


n=) 


By making use of the same Fourier coefficient we can expand the Coulomb interac- 
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tion between two electrons in the exponential series as follows : 
1/112=W (P1— P» 0,—C,, %—%3 Pi fo) 
=>) F(R, m5 ky 3 Ps P2) eXP iLk, (1 — Po) +n(4,—O,) +k (zi— 2) ] (4-4) 


Kerkan 


k,=27n,/L;, 1=1, 25 Mh, Moy n=O, shy ot 2,° oe" 


The function f(s,—5,) can be obtained by replacing R* for /; (2 and..(s,—50)/Rifor 4, 
—0, in the ¢-series part of this expansion. Therefore we can consider the two-electron 
function given by f(5—52) as the s-part (on the ring) of the Coulomb interaction bet- 
ween two electrons. The sum of the Fourier series in the right-hand side of (4-3) can 
be evaluated by taking the average of W(p, 4, z; R°) with respect to (/ and z over the 
domain defined by 2|¢|SL,, and 2\z\L,. The result is given by the similar expression 
as (3:4). As was done in the previous section, if we approximately calculate the average 


over the circular domain restricted by +a’, we have 


f(s) = (2/a)*|V @ + |2R sin {s/ (2R)} |’—|2R sin {s/(2R)} |]. (4-5) 


Since the distance between two electrons on the ring is equal to |2R sin (s,— 52) / 
(2R)| as is seen from the equation (4-1) by putting z=~% and replacing R for 7, and 
(>, the above equation has the same meaning as (3:6). Therefore the function can be 


replaced by 
f(s) =0 for S<75, 
=|2Rsin{s/(2R)}|~* for ss). (4-6) 


Making use of this form of the two-electron interaction the energy levels of 7-electron 
systems were calculated by assuming a free-electron model for polyacenes, a preliminary 
account of which was already given”. The length of the division constant, s,, was 0-68 
where [=1.4A is the bond length in benzene. We saw that the variation of the wave 
length of the absorption maxima with the number of benzene rings was reproduced fairly 
well. The detail of the calculation and the application of the same method to the energy 
levels of benzene by taking into account the configuration interaction will be reported in 
the separate papers. We shall see that the result is fairly good in spite of the simpleness 
of the model and the calculation. 


§5. Plasma oscillation of z electrons in carotenoids 


The excitation energy of the z-electron system of carotenoids was calculated by assum- 
ing the linear model in a previous paper’. The result is given by 
4E=>). Ny ieee U, (5-1) 
where N, is the number of sound Bosons whose energy is equal to ST 2227 Ue 


and U, come from the kinetic energy and the interaction between 7 electrons respectively 


and they are given by 
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Ty= (4/L)*: (n/m) |», U,=2|»| Jy, (5:2) 


where L is the length of the conjugated chain, m is the electron mass, n, is the Fermi 
maximum, and J, is the Fourier coefficient of the one-dimensional interaction between 7 


electrons. If we assume that the interaction is given by J(x,—x) of (3-4) we have 


eL 1 
y= pS rr 1h 2 2, wee . 
h=(<2) = 41, £2, -) (5:3) 
where L, is replaced by L and L, L, by A. In this case the second term under the 
square root sign of (5-1) is independent of ». 

If we denote the total number of 7 electrons by N we have N=4n,+2. When 


N is very large we can replace 4n, with N and we have approximately 


2T, U,= (bw)? (5-4) 


where w is the so-called plasma frequency”” : 


w= V 4re N/(mLA). (5:5) 


The linear density, N/L, of 7 electrons is the same for all carotenoids. Therefore the 
plasma frequency is independent of the molecular length of carotenoids. Since Ty is 
inversely proportional to the molecular length the energy of sound Bosons approaches to 
the limit, bw, the energy of the plasma oscillation, when the molecule becomes longer and 
longer. The energy of low-energy (small-y) Bosons in long carotenoids is approximately 


equal to the limit. The limit of the excitation energy of carotenoids is equal to 
(4E) ,=N,bo (5-6) 


where WN, is the total number of sound Bosons. 

As is well known, the wave length of the absorption maxima of carotenoids becomes 
longer and longer with the molecular length but ultimately converges to a limit. The 
first excitation energy of carotenoid is given by (5-1) with N,=1 and N,=0 for »#1. 
Therefore the convergence limit of the absorption energy is equal to the energy, bw, of 
the plasma oscillation. The corresponding wave length can be calculated by employing 
the parameter value previously determined’, namely 4=724-3 atomic units. The linear 
density of 7 electrons is equal to N/L=1/I where / is the mean bond length between 
carbons in the conjugated chain and is assumed to be the bond length in benzene 
([=1-4A=2-646 atomic units). The calculated values of the wave length and the 
wave number of the plasma oscillation are equal to 563 m/ and 1-78X10'cm™ 
respectively. Whether the energy of the plasma oscillation is greater or less than the 
kinetic part of the absorption energy can be indicated by the ratio, 0=2U,/T, 
=(bw/T,)*. In fact the values of this ratio are large compared with unity for long 
carotenoids as is seen from Table 1. Therefore we see that the light absorption of 
long carotenoids is due mainly to the plasma oscillation of z-electrons contained in their 
conjugated chains. We see, from the reasoning of the third and fifth sections, that the 
plasma oscillation is caused by the long range part of the Coulomb interaction between 
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z-electrons. 
sional partial system and making sleep th 


dimensions, 


while this is the charge screenin 


quency Fourier components of the 


dinates in the case of the three-dimensional plasm 


be defined as 


density of plasma oscillation may 


mean the real 
value of the effe 


and observed value 
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The screening of the short range 


e motion of 


Coulomb inte 


a oscillation”. 
N/ (LA) = 1/(1A) thovgh A does not 


sectional dimension of the electron vessel in the present case. The calculated 


part arises from extracting the one-dimen- 
z-electrons in the remaining two 
g which results in a cut-of of the high fre- 


raction by introducing the collective coor- 


The effective electron 


ctive density for carotenoids is equal to 315524 0 ems cleat he calculated 


s of absorption maxima are also shown in Table 1. 


Table 1. Absorption Maxima of Long Carotenoids 
N: number of z electrons 


Acate> hoods : 


wave lengths of calculated and ot 


served absorption maxima measured in my 


Jeate: wave length calculated by (5-1) with Nj=1 and N,=0 for v=1 
0=2U,/T; 
N 8 howas Ades Carotenoids 
20 1.47 457 450 Antheraxanthin 
461 Rubixanthinmonoepoxyde 
22 1.76 471 466 Astaxanthin 
471 Rhodopin 
472 Lycoxanthin 
473 Lycophyll 
473 Lycopene 
24 2.07 483 478 Eschscholtzxanthin 
482 Rhodoxanthin 
26 2.42 493 493 Rhodoviolascin 
495 Decapreno-€-carotene 
28 aye | 501 500 Anhydroeschscholtzxanthin 
30 3.18 508 504 Dehydrolycopene 
s 508 Decapreno--carotene 
8 
pas 3 : seer | 528 537 Dodecapreno-/-carotene 
oO fore) | 553 PRK: ae ial 


(plasma oscillation) 


a a aa ET TE ST eS ELT LET IT 


j ; , 
Sources were given in reference (1). 
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Note added in proof. Recently Ta-You-Wu and A. B. Bhatia [J. Chem. Phys. 24 (1956), 48, 444] 
calculated the operator T, in the cases of ionic and neutral hydrogen molecules and two normal helium 
atoms which were divided into electronic and nuclear systems. They found that T, is of the same order of 
magnitude as the van der Waals interaction and that T; is represented by a repulsive potential. The latter 
result can be seen from (2.11) in the present paper. 

The estimation of |E,/E| in the present paper may inclute a certain error because Bethe’s calculation 
is not sufficiently accurate for the purpose of calculating E; according to Equation (2.13). It is better to 
calculate E, directly by making us2 of Equations (2.11) and (2.12). The eigenvalue of —4:/2—Z/re 
+U(r) is lower than the eigenvalue of the Haniltonian given by (2.1) because Tj is repulsive as is seen 
from (2.11). If the former eigenvalue is calculated in an approximate way the diference of these eigen- 
values is partly compensated by the error of the calculation. We consequently urdercstimate the value of 
E, if we make use of (2.13). Thus the estimated value of |F,/E| in the present paper may be too small. 
The result of direct calculation of E; will be reported elsewhere. 
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Lower excited electronic levels of benzene are calculated by assuming x electrons to move freely 
in a ting whose perimeter is equal to that of the benzene molecule. The interaction between 
electrons is assumed to be the long range part separated from the Coulomb interaction by the zero 
cut-off at 0.461 of the ring coordinate where / is the distance between adjacent carbons in the benzene 
molecule. The configuration interaction with the adjacent levels is taken into account. All interaction 
integrals can easily be evaluated without any neglect. The calculated result agrees fairly well. with 
experiment in spite of simpleness of the model. 


tT 


Introduction 


The free-electron model succeeded in explaining the variation of absorption maxima 
corresponding to the change in the chain length in the case of molecules with conjugated 
linear chains’. If this success indicates that an essential character of the 7-electron 
system can be represented by a free-electron model, the same must hold in the case of 
molecules with conjugated rings. It must be worth while to examine whether this is true 
because, if so, we have a further justification for understanding the essential character of 


mz electrons as that of free electrons. 


The benzene molecule is the simplest of conjugated ring molecules. Its electronic 


states have theoretically been studied by many authors’ according to the orthodox method, 
but the determination of energy levels includes a very tedious task of evaluating difficult 


integrals. On the contrary the free-electron model does not include such difficult integrals. 


Orbitals are orthogonal in this model. In the present paper lower excited electronic levels 


of benzene will be calculated as a first step to examine the free-electron model for ring 
molecules. The lowest level belonging to each symmetry will be calculated taking into 
account the configuration interaction with the adjacent levels of the same symmetry. The 
interaction between 7 electrons in the present ring model will be assumed to be the long 


range part, of the Coulomb interaction, which is obtained by a zero cut-off of its 


short range part. The significance of such an interaction was accounted for in the 


previous paper" as well as the general method of approximation included in the present 
model. The application of the model to other molecules will be examined in a separate 
paper. 

We shall see that the calculated result for singlets is in fairly good agreement with 
experiment. This may be considered as adding a further evidence to the free-electron 
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ropert 7 | i 
property of electrons in the conjugated system. We may further consider this as a 


justification to the assumption on the interaction between the 7 electrons. It is not cer- 
tain, however, whether the present model is wholly in agreement with experiment because 

t, observed levels have not yet fully known on the 
one hand and the present model can not discriminate 


B,,, and B,, on the other hand. Be that as it 


may, there is no evidence that the present model 


Sa certainly disagrees with experiment. If we compare 
the present result with the LCAO MO calculation, 
we see that its agreement with experiment is 
rather better than the latter. 

§ 1. Classification of eigenstates 
oe We assume the ring model for 7 electrons 
Fig. 1 of a benzene molecule, in which 7 electrons are 


enclosed in a ring whose perimeter is equal to that of the benzene molecule. The posi- 
tion of a point on the ring is specified by an arc length from a reference point as is 
shown in Fig. 1. The arc length is denoted by s which is referred to as the ring coor- 
dinate of the point. If the total number of 7 electrons is N, the Hamiltonian of the 


m-electron system is given by 


ge aS 
eee Ss +S) SI (a—s,)s Chet) 


2 r=1ds5,7 kat jake 


where all quantities are measured in atomic units. The function J(s,—s,) represents the 


interaction between two electrons and is defined by 
](s,—5;) =0 | 5,—s4| <5 
=1/125 |s,— sj} 25, (iz2) 


where r,; is the chord length between two points sepecified by 5; and s, Xsee Fig. 1). 
This interaction is the long range part of the Coulomb interaction and 5, is the division 
constant which discriminates the short and long range parts.” 

We adopt the eigenfunctions of the one-electron kinetic energy as the molecular or- 
bitals and expand the eigenfunction of H in a series of determinantal functions which 
consist of these orbitals and appropriate spin functions. The normalized orbitals are given 
by 
a (sakes éxp (2migs/L), “q=0,~ 1,-222,°**, (1:3) 
where L is the perimeter length of the ring and q is referred to as the one-electron ring 
* If we denote the operator which displaces s to s+L/m by C,, the 


quantum number. 


* Platt) perhaps omitted negative values of the ring quantum number whereas all integer values are 


included in the present paper. 
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orbital is the eigenfunction of this operator : 
C,.P¢= W'S, et ge A (1 co 4) 
where m is the integer. 
We define the ring quantum number of the total system by 


Q=3) a (Ng) 


ra 

where 4g), qo***, and qy are the one-electron ring quantum numbers of orbitals included in 
the anti-symmetrical wave function of the total system. If ¢/q is the anti-symmetrical 
wave function of the total system with the ring quantum number, Q, this is the eigen- 
function of C,, because of (1°4).- If o, is the operator which reflects the space with 
respect to the vertical plane, », through the centre and the reference point of the ring 


(see Fig. 1), the operator changes the sign of Q: 
Coa Ne : CO, $o=$-a (Q40), G! -6) 


where the latter is the well-known property of the eigenfunction of C,,. Further we 
denote the inversion operator with respect to the centre of the ring by I. The parity of 
the orbital for this inversion is g or ¥ according as its ring quantum number is even or 
odd as is seen from Fig. 2. Therefore the sam2 is true for the wave function of the 


total system : 


Iyg= (—1) "Ho. (1-7) 
In case of the benzene molecule the symmetry operators are C,, o, and I. In this case 
we have m=6, w+ '=2 cos(27/m) =1, w+ w7?=2cos(47/m) = —1, o=—1,ec= 


See pee a ; : : 
wo, w=w and w'=1. We have thus the following correspondence between the ring 


quantum number and the state of the total system : 


eS See Carer PM re ae Pe - 


States 


(1-8) 


sin 


(q) 0 
parity g 
Fig. 2. The parity of orbitals 


The real and imaginary parts of the orbital are indicated by cos and sin respectively. 


The ring quantum number is a true quantum number for the ring model because 


its Hamiltonian has a circular symmetry, and the states of positive and negative ring 
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guantum numbers do not mix, though this is not the case with the real benzene molecule 
Therefore we have no need of considering the states of negative ring quantum nuzbers, 
but unfortunately we can not discriminate the B, level from B, for the same reason. 
Rough values of levels are given by the eigenvalues of the kinetic energy. The one- 


electron kinetic energy corresponding to the molecular orbital with q is given by 


(4) =2(n/D)'9. (1-9) 
Therefore the eigenvalue of the kinetic energy is proportional to 
N 
W= >in - (1-10) 
=I 


Since we want to calculate the lowest level for each symmetry, we have only to consider 
the configurations of lower energy. Such configurtations are shown in Table 1 where 


the numbers in the parentheses are the values of W. 


Table 1 


Q=0 Ary (4) GPG (10) FoF, G1 Go Par C12) Py O-1" Go Y-2 

Q=1 Bu (7) GP PAG Ge C11) GP GoG-1FoP-2 (13) Po Pe P-1 G2 

Q=2 BE, (8) PrP" Po%2 (10) $y Pr Yo P-s (10) $y’ G-1° Po 
(12) Go G-1 Pi Ps 


CEs 0 Bry) M7) CGP PL Gee CAL) PAP Gs Po Fi (13) Go Po Yi P-2 
(13) 1 G-1 Yo Ys 

Q=4 Ey (10) Gy Or PrP (12) GPG" Pe (12) Go Gr P-1 Ps 

Q=5 Ey (11) PPG PrP (15) Po Pi P-1 Po%s 

a6 sa Aven (10) PerPr.Pe- (16) Pr Po P-1 $2 Ps 


§2. Energy levels 


Since the orbitals in the present model are orthonormal, the standard method in 
the theory of atomic spectra can be applied to calculating matrix elements of the Hamil- 
tonian given by (1:1). The wave functions are the eigenfunctions of the kinetic 8) 
of the system. Therefore we have only to calculate matrix elements of the interaction 
between electrons. : 
density is uniform throughout the ting, and their contribution has no influence on the 


; ho (s 7 ‘ 
All interaction integrals arising from permutations of electrons can b 


The direct integrals are independent of orbitals because the electron 


excitation energy. : 
expressed in terms of the following integrals as will be shown in the last section : 
% 
0 


D(q) =E| |" JG. —aexp igs.) /E} ds de. (2-1) 
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The calculation of this integral is quite easy as will be accounted for in the last section. 
The orthogonality of the orbitals and the easiness of calculating the interaction integrals 
make the theoretical aspect of the present model very simple. We have no need of 
evaluating the many-centre integrals or of computing extensive numerical values of inte- 
grals by the tedious task. 

For the purpose of calculating the lowest energy level for the definite symmetry we 
first examine the diagonal elements of the Hamiltonian for various states of the given sym- 
metry. In Table 1 the configurations are arranged in the order of the values of the 
diagonal elements. The first member in each row is the lowest of those with the sym- 
metry shown on the left. The state of the lowest diagonal energy is referred to as the 
a-state and that of the next higher diagonal energy as the b-state. We take into account 
the interaction between these two states only and ignore the influence of all higher states. 


If the matrix elements of the Hamiltonian are denoted as 
a= (Pas Je! Ga)5 a (Pr, H Ps), = (Pa, H J) (2 é 2) 


the lowest energy level, E, of the given symmetry is given by 


E=a—4E, 4E=vV (B—a)*/4+|7 


>_ (8—a) /2 (2-3) 
where ¢, and ¢, are the normalized wave functions of the lowest and next higher states 
respectively and JE represents the depression of the lowest energy level caused by its in- 
teraction with the next higher level. If more than three orbitals in 4, are different from 
those in ¢/,, the former has no influence on the latter because 7 vanishes in this case. 
In such a case we should further take into account the influence of the next higher 
state. Fortunately such a case does not occur in the present consideration. Further we 
see from the numerical computation that the influence of the ignored states is small and 
the ignorance gives no serious difficulty in the present case. 

When all orbitals in a configuration are closed with respect to the spin, the configura- 
tion contains only a singlet as is the case with @, 9, ¢_,(Q=0). If two orbitals in a 
configuration are open and the others are closed the configuration still contains only one 
singlet and one triplet. The examples of this case are @, G_, %, G(Q=1), ¥, 9-1 % 
¢,(Q=2) and 9, ¢9,°¢_,¢,(Q=3). Ifa configuration consists of four open and one closed 
orbitals there are two singlets, three triplets and one quintet in this configuration. 

As an example of the last case we consider the configuration 9,7 %) G_, %. G-».(Q=1). 
For the sake of simplicity we represents the antisymmetrical normalized wave function in 


the abbreviated way as follows. For example, the quintet wave function is written as 


(Pr Po" Gat Po" PX») =1/6! -EpPy,* (1) pr (2) Po" (3) 21 (4) PF (5) p22(6) 
(2-4) 
where P denotes the permutation operator for electron coordinates, €p is equal to +1 or 
—1 according as the permutation is even or odd, and the summation is to be extended 
over all possible permutations. The superscript, ++ or —, attached to the orbitals denotes 
the spin state. There are six wave functions whose spin magnetic quantum numbers, M,, 


vanish and four wave functions whose spin magnetic quantum numbers are equal to unity. 
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They are given by 


M,=0 M,~+1 

P= (Pr Go, Pi Go. x2) P= (G1 Gy G2, PF G~s) 

Po= ( PEST wees) f= ( ep ae 

= 17 = Se — ) Giha=,( am “fh ar = ) 

f= =, Wid =e. ) heli ce tot i) (2:5) 
$,= ae come =) 


b= ( ae, ee) 
where orbitals are not written except the first member in each set, but only one-electron 
spin states. 
Four of the six linearly independent linear combinations of the functions in the first 
set belong to the quintet and the triplets. One of the four linearly independent linear 
combinations of the functions in the second set belongs to the quintet. We have thus 


two singlets and three triplets as follows : 


Jak ONO=1) Sis O— 1 By 
Dye= (Pit Po—P$s—$s) /2 b= (P—P) [V2 
b= (¢,+¢.—$3—%6) /2 i= (re Y 2 (2-6) 


5ha = (y = (*) ii SQ 


where S is the total spin quantum number. From the result of the numerical calculation 
we see that the values of the diagonal energy are in alphabetical order of the suffices 
attached to ¢/ and the first members are lowest in each set. Therefore we designate them 
as the b-state. Other linear combinations are possible. For example *b,— "by “Yr—"War 
and *,,—*). "dia are all triplets, but they have higher energy. In order to avoid an 
unnecessary numerical work we give up to examine other possible linear combinations by 
solving an eigenvalue problem in each set. Such a work has little significance in the 
method of the present approximation. We select the b-state from 9,° Y; G-; G2 P-» in the 


same Way. 


The lowest state of the single configuration listed in Table 1 is ’A,,(Q=0, W=4). 
Its wave function is given by y= (Yo ¥1 -1)- The diagonal element of H for this 
state is given by 
(Py H fy) =2(2/L)?-4 +C—4D(1) —2D(2) (2:7) 
where C is the contribution from direct integrals. We measure the values of the diagonal 
elements for all states from this value : 
E,= Ce Hi Ha) is (fo ial ho) ? E,= (Li, Fa hy) i (fo, H $) 2 (2 A 8) 
Then we have B—a@=E,—E,. The wave functions and the matrix elements of the total 


Hamiltonian, H, given by (1-1) for various states are shown in Table 2. 


Table D, 
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(ii) 


(11) 


(i) 


(iv) 
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Q=0 TA b= (G2 p1* G21 Pr YH) 
Pr= (Pi tPo—$,— $4) /2 g—={ a ee 
E,=2(n/L)?-6 +[2D(1) —D(2) +4D(3) —D(4)]/2 $= ( ti - + =) 
(a H ¢,) =2D(3) —D(Q) et -'+ = +) 
Q=1 Ew 

Pa= (pa — $a) [V2 bi= (Go 9-0 Pr” Gx) 
=, given by (2-6) 5 - +) 


E,=2(2/L)?:3+2D(1) —D(3) 
E,=2(x/L)?-7+[2D(1) +3D(2) —D(4)]/2 

(¢a, H $) =[DQ) —2D(2) / ¥2 

Oe Esa 

Pa= (Po F-1 91" G2) 

d=", given by (2:6) 

E27 / 1) 3—D(3) 

E,=2(2/L)?-7+[D(1) +3D(2) —3D(3) —D(4) ]/2 
(ba, Ho) =—D(2)/V2 


Q=2 ‘"E,, 

Pa= (al Fpl") /V2 Pa = (9) 9-1 Po Gz) 
Po= (Yul Fn") (V2 Ga" = ( li) 
E,=2(2/L)*.4+D(1) + D(2) —D(3) f= (Po Pr =e) 
E,=2(2/L)?-6+D(1) —D(3) + D(4) b= ( —basisy 


(Fa H oy) =—D(1) 

upper sign: signlet; lower sign: triplet. 
Q=3 ™B, 

$a= (Pa Fa") /V2 

Po= (Pu Fy") [V2 

E,=2 (my L)?-3.D(3) 
E,=2(z/L)°*-7+(2+1)D(1) —2D(3) 
(Ya H oy) =D(1) + D(2) 


upper sign: singlet; lower sign : triplet, 
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We next compute the values of the matrix elements by making use of the numerical 
values of interaction integrals which are given in the last section, and then calculate the 
energy levels by inserting these values in the equation (2-3). The result is shown in 
Table 3 where E;,,, denotes the kinetic energy. In this calculation it is assumed that 
59 = 0.641 and /=1.4A=2-64576 atomic units where s, is the division constant for the 
interaction potential [see (1:2)] and / is the distance between two adjacent carbons in 
the benzene molecule”. The energy levels, E,,;,, are measured from the ground level, *A,,. 
The observed values of the levels are also shown in the last column of the table”. We 
see that the calculated values for singlets are in agreement with experiment. Though 
the calculated *B, is not as low as 3:8eV, this does not mean the disagreement with 
experiment, because “B,, and °B,, can not be distinguished in the present model on the 
one hand and Niira® showed that the calculated value of °B,,, is equal to 9-6eV on the 
other hand. If his value indicates the correct position of the level, the present result 
may rather be considered as in agreement with experiment. 

In the 'A,, and 'E,,, states the interaction between the lowest two states are large 
compared with those in other states. The depressions, JE, of the lowest levels in these 
two states are nearly equal. Therefore the 'E,, level is nearly equal to the lowest dia- 
gonal element, E,, for this state as is seen from Table 3. In other states the levels are 


higher than the diagonal elements because the depressions are smaller than that of the 


ground states. 


Table 3 
The energy is measured in eV where the energy equivalence of 1 atomic unit=27.2100 eV is 
assumed.”) 
eee 
state Q Exon 1B, E, | AE Ecaie Ents” 
{ i 

Ay 0 10) 0 10.670 0.576 0 0 
TF i 1 6.394 7.092 iPS whe) 0.659 7.009 7.0 
Se 1 6.394 7.858 14.902 0.179 8.256 _ 
'Fo, 2 8.525 7.999 13.091 0.0286 8.547 —_ 
"Boy v7 8.525 11.214 14.648 0.0422 11.748 — 
1B 3 6.394 4.930 16.699 0.328 5.179 ip e6.2 

" ena) 
3 6.394 7.858 17.465 0.154 8.281 3Bi,, 3.8 
re ° By, (9.6)* 


* the calculated value by Niira® 


§ 3. Interaction integrals 


In order to calculate the matrix elements of Hamiltonian we have to evaluate the 


interaction integrals of the following type: 


(4; n| J |p» m) = (EE CoS). Pt se) ILS 5e) 2, (5,) Pm (52) 45, ds, (32) 
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where J(s) is defined by (1-2). Since the states of different total ring quamtum num- 


bers do not interact, we have q+n=p-+m, and we see, from (1-3), that 


,* (5,) Pu® (52) Pp (51) Pn (5) = (Y L/L’) Py -q(51 52) - 
Therefore we have 
(q, n\J\p,m) =D( p—q), (p —g=n—m) (352) 
where D(q) is given by (2:1). On account of the even property of J(s) the integral 


can be reduced to 


D(q) =(2/L) |" J(s)eos(2qs/L)ds (3-3) 


Therefore D(q) is the even function of g. The chord length, r, corresponding to the 
arc length, s, is given by 

r= (L/z)sin(7s/L). (3-4) 
If we substitute this in J(s) defined by (1-2) and then the result in (3-3), we have 


D(q) =(2/L) ["{eos(2a) /sin O]d0, o=75,/L. (3-5) 


If we further apply the addition theorem for the trigonometric function to the integrand 
of D(q)—D(q+1) we can remove sin’ from the denominator of the integrand and 


we have the following recurrence formula : 
D(q) —D(q +1) = (2/L)[2/(2q+1) Jeos[ (2q +1) 75,/L] (3-6) 
D(0) =(2/L)log cot (7s,/2L) 


whence we have 


7 es T 
D(q) =? | tog cot a a oa 7 cos | (2m + =} : (3-7) 
Table 4 
soll 0.62 0.64 | 0.66 0.68 
DQ) —0.2954 ~ 0.3829 ~ 0.4665 —0.5463 
D(2) —1.5800 — 1.6075 — 1.6299 — 1.6473 
D(3) —1.5082 ~1.4642 1.4154 =1.3622 
D(4) — 0.8760 — 0.7789 — 0.6807 — 0.5820 
1Ay, 0 0 0 0 
IE}, 7.286 7,009 6.740 6.478 
Ein 8.385 8.256 8.124 7.990 
1Bog 8.792 8.547 8.305 8.068 
Eo, 11.946 11.748 11.541 11327, 
1B,, 5.255 5.179 5.106 5.040 
B, 8.388 8.281 8.172 8.057 
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In the present case of benzene L is equal to 6/ where / is the distance between 
adjacent carbons. The observed value of / is equal to 1:4A (=2.64576 atomic units)”. 
We compute the numerical values of D(q) for four values of 5. The result is shown 
in Table 4 where units are converted according to DuMond and Cohen’s determination” 
that 1 atomic units of energy is equal to 27.2100eV. The energy values in Table 3 
are computed for s,=0.64/. For other values of s, we have different values of energy 
levels. They are shown in the same table in order to see this variation in energy. As 
is seen in the table the triplet is higher than the singlet of the same symmetry. The 
reason for this is that the exchange integral, D(q), is negative in the present model in 


contrast with the atomic case because the interaction is not Coulombian. 
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Note added in proof. Recently Ham and Ruedenberg attempted to introduce the electronic interaction 
into the free-electron network model. [N.S.Ham and K. Ruedenberg, J. Chem. Phys. 25 (1956), 1] 
They assigned the excitation energy of 4.4 eV and 4.9 eV to 3Ej,, and *Bo,, respectively. If the assignment 
is correct for %E;,, the present result is certainly incorrect. The assignment to 3B,,, is not necessarily in 
contradiction to the present result because the theory can reproduce the experiment if the equations (v) in 
Table 2 are modified by the additional terms so as to discriminate Bi, and By, In order that the singlet 
is higher than the triplet the value of D(q) must be positive. If we determine the values of D(1) and 
D(3) so that singlet-triplet energy intervals agree with the assignment by Ham and Ruedenberg and com- 
pute the excitation energy for JE;,, and 'B, by making use of this determination the result is too large. 
Further if we make D(q) positive by the zero cutoff at a shorter distance the situation is not improved. 
Ham and Ruedenberg modified the way of cuto#. They employed the straight cutoff in order to obtair 


the positive D(q). The situation is still qualitatively the same. 
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The electronic band structure in the metallic copper is worked by the orthogonalized plane wave 
method in which the crystal potential is constructed by using toth the Hartree’s self-consistent field 
of Cut ion cores with exchange and conduction electrons with the Slater's approximate exchange 


potential. 
es 
The approximate energy versus k curve is obtained, which shows the strong resemblance to the 


free electron behaviour along three directions in k space, i.e., (1.0.0), (1.1.1) and (1.1.0). The results 
of the various methods of approximations performed so far are compared with ours together with 


some critical discussions. 


§ 1. Introduction 


As is well known, it is one of the fundamental problems of the quantum theory 
of solids to obtain the accurate knowledge about the electronic band structure of the actual 
crystals to which the manifold of physical properties characteristic of solid state can be 
ascribed at least in principle. Although many efforts along these lines have been made 
so far and are still being continued, they do not seem to have attained any convincing 
conclusions even for rather simple crystals. 

As for the alkali metals, for which the most thorough investigations have been made 
so far, the different methods of approximations are known to give rise to some discrepancies 
in the detailed behaviours of the band structure, although the general behaviours are 
consistent with each other, getting agreements with experiment, as shown, for sodium, by 
Lage & Bethe’? and by Howarth & Jones,” and, for lithium, by Schiff,’ Kohn & 
Rostoker,” by Parzen” and by Parmenter." Even for the simplest metals, therefore, the 
problem does not seem to be settled completely. 

As for the polyvalent metals such as beryllium,’ magnesium,” titanium,” iron” 
and nickel,’ the various methods of approximations have been applied to deal with the 
electronic band structure, however the results of the computation seem to be far less 
reliable compared with those of alkali metals owing to the polyvalent character of the 
respective crystals. 

Between the alkali metals and the polyvalent metals there are monovalent noble 
metals, whose band structures have been studied also by many workers. Above all, the 


most detailed investigations have been performed for the metallic copper by Fuchs,” 
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Krutter,"” Tibbs“ and Howarth”, who have adopted the Wigner-Seitz cellular method 
and the augmented plane wave method, respectively. Although their calculations provide 
useful knowledge about the band structure of the metallic copper, there still remain 
discrepancies, qualitative or quantitative, in the detailed behaviours of energy E versus 
wave number k according to the methods of approximations mentioned above. In particular, 
the final results obtained are remarkably sensitive to the potential to be used, as shown 
by Howarth. 

In view of such unsettled situation in metallic copper, it seems to be highly desirable 
to study the band structure in copper by the use of the orthogonalized plane wave method 
(O.P.W.) proposed by Herring and to compare the results with those obtained by 
other methods, since the O.P.W. method has already been proved to be powerful for 
alkali metals and even for other non-metallic crystals by Parmenter and Herman.” Since 
the conduction electrons in the monovalent noble metals are known to behave similarly 
to free electrons on the empirical basis, we may expect that the O.P.W. method gives 
presumably a good approximation to this problem. In this article, therefore, we shall 
describe the result of our application of O.P.W. to the metallic copper, which is compared 


with the previous results. 


§ 2. Outline of the method of computation 


It is widely recognized that the O.P.W. method has many advantages: at first this 
method is based upon the secular problem in which the unperturbed wave functions satisfy 
automatically the boundary conditions and, moreover, the self-consistent procedure can be 
proceeded, without much labour, in this method. Secondly the potential need not be 
spherically symmetric about each of the atoms in the crystal. Further, as far as the conduc- 
tion electrons in metallic copper do concern, O.P.W. expansion will be expected to show 
presumably good convergence in view of Parmenter’s results for the metallic lithium.” 


Following Herring’s original ideas, each O.P.W. may be written as 
L(ELB TD) HVA expi(kth: 1) — 3,4, (E+ G(R), (2-1) 
where & is the reduced wave number vector, h a translation vector in the reciprocal lattice, 
ré (Rk: 7) the Bloch sum for core-electron and 4; (k-+h) the orthogonalizing coefficient, 
which is given by 
A(k-+h) =V~'? (1,(ki 1), expi(R+h, 1). (2-2) 
The variational procedure based on the linear combination of v(k+h 7) leads to 


the secular equation, whose matrix elements are given by, 


(kb it), LLB 21) =A, P-L pAy* R44) AEH) (2-3) 


and 
(1+ bir), HEEB +1) = O48 '08, 7+ UF) 
— SLE, (k) Ay¥ (R+5) A(R +6), (2-4) 
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where U[K]=1/2,- (U(r), expi(K, 7) a0 represents the Fourier coefficient of the crystal 
potential U(r). 


The core functions 
1,(k:1) =N-"3, expi(h, R,) -¥,(r— Ry) (2-5) 


are constructed approximately from the atomic orbital @, (= R,) of Hartree’s self-consistent 
field with exchange for Cu’, and further the overlaps between the neighbouring cores are 
approximately neglected. Then we have E,(k) =En, which represents atomic energy 
belonging to the quantum numbers of n and I. 

If the potential U(r) is once given, the relation between the energy E and the wave 


vector k may be given by solving the following secular equation, 
det|(Z(E+h:1), (H-E)1(k+H :1))|=0, (2-6) 


which is explicitly written by using (2-3) and (2-4). 

As pointed out in the literature, the accuracy of the solutions of (2:6) will be 
mainly governed by the appropriateness of the assumed crystal potential and the number 
of O.P.W. functions contained in (2:6). The criterion for the latter is assured by 
checking the good convergence of the expansion in the actual calculations. | However, 
there seems to be no convincing criterion for constructing an appropriate crystal potential, 
except for the comparison of the final results with the experiment, in spite of a decisively 
important effect of the crystal potential on the final results. 

In fact, Parmenter” has constructed in his O.P.W. calculation the mentioned crystal 
potential for Li by placing the neutral Li atom with electron configuration (1s)*(2s)°* 
(2p)"* at each lattice point, whereas, Herman”? has assumed for each C atom in diamond 
to be in valence state of (1s)°(2s)'(2p)°-°S. Although both authors have actually started 
from the picture of free atoms as mentioned above, we shall attempt to construct the 
crystal potential in copper by using the model of the free ion cores at lattice points plus 
free conduction electrons except for a concerned electron. The field of Cu* ion at each 


lattice point is given by the solution of Hartree-Fock equation for Cu’ ion, L607 
V com (1) a —2/r-Z,(r) (2 ’ 7) 


and the contribution from the conduction electrons is approximately replaced by the uniform 
charge density, following Herring’s proposition,” by taking account of the fact that 
Wigner—Seitz method for alkali metals has given actually the nearly uniform charge 
distribution of conduction electrons except for the very vicinity of the nuclei at lattice 
points. 


In other words, the assumption of the uniform charge density may be taken to re- 


present the starting potential of our procedure. The exchange interaction of a conduction 


electron with an ion core is taken into account approximately by using Slater’s exchange 
potential, on account of which the potential energy of a conduction electron due to an 
ion core at each lattice point may be given by 
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(r) = —2/r-[Zp(r) +3 (3/3227)? {22 (21+ 1) Poy (nl |r) } 7). (2:8) 
Then, it follows, 


U[K]=3/reK-[— (2/K) + (rv(r) +2) sinKrdr], 


0 


for K#0 (r,=radius of a s-sphere). (2:9) 


As shown by Herring,” U|0], i.e., the mean value of U (r) over s—polyhedron, is 
approximately equal to the mean value averaged over s-sphere of the potential caused by 
both ion core located at the center and the uniform charge density of other conduction 
electrons. The mentioned approximation for U[0] seems to be reasonably good in copper, 
because the first term in (3-2) is essentially equal to —2/r outside the s-sphere and 
the charge neutrality may be well preserved within the s-sphere. 


Thus we obtain, 


Ts 


U[0]= (3/*;") \Peo@ar+ (2-4/1,)J—6 (9/320) (Liz), (2-10) 
the second and third terms of which denote the contribution from the conduction electrons. 
As the ion-core within the crystal is approximately replaced by free Cu* ion in the 
above calculation, our procedure will not be considered to give a satisfactory answer to 
the problem for the reason that the effect of overlaps or distortions of the relatively large 
3d-cores is not fully taken into account by such a procedure. Recently, such an effect 
24) 


has actually been partly worked for the electronic band structures of the metallic iron 


but the method adopted there does not seem to be sufficiently satisfactory. 


§ 3. Numerical results and discussions 


The secular equations of (2-6) are resolved into factors by the use of group 
theoretical considerations and our actual procedure has been chosen as follows. 

For the state corresponding to a fixed k-vector, we take into consideration 1(k+h: r) 
corresponding to the smaller values of |k+A| in succession, from which the linear combi- 
nations are set up to solve the corresponding secular equation. This may be justified 
from the fact that the mean energy corresponding to each O:PIN es (kb: 1) is 
approximately determined by the relative magnitudes of |R+5| and the O.P.W. with 


lower mean energies are considered to make dominant contributions in the linear combi- 


nation. 
At the edge points in the Brillouin zone, however, not only one wave number vector 


k but also some other vectors k+h may give the minimum magnitude of [k+Al, as seen 
in the case of (27/a) (2:2:0), (27/a) (4-4 3. 1) and (27/a) G. 1.1) at a point K in 
Fig. 1. In such a case we consider only the states which -elong to the irreducible re- 


presentation in the group of k” appearing in the linear combinations and the states not 
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appearing in the linear combinations of the minimum |k+h| are disregarded, fos these 
correspond certainly to the states of higher energy which are not usually occupied by 


electrons. 


Fig. 1. The first Brillouin zone of a face-centered cubic crystal. Letters 


indicate points associated with wave functions of particular symmetries. 


For the state corresponding to X in Fig. 1 the minimum of \k+h| becomes 277/a, 
k+h being taken as (27/a) (0.0.1) and (27/a) (0.0.07 Thus, from the group-theoretical 
procedure, we have Xs and X,) states, of which the eigenfunctions become 7%(0.0.1 :7) 
eV 0. 0.1 =7) and 7¥(0.0.1 :7) == ¥{ O.Dot :7), respectively. 

Actual computations have been carried out along each of the directions in k-space, 
ie., 4(0.0.1), 4(1.1.1) and 3'(1.1.0) in Fig. 1, and in particular at the edge points 
X, L, K and the origin 7’ in the figure, where the considerably rapid convergences are 
achieved, as shown in Fig. 2. The symmetry along each of the above mentioned direc- 
tions in k-space becomes lower than those of edge points, so that the reduction of the 
secular equation in the former cases is incomplete compared with the latter, resulting in 
the relatively poor convergence. From the comparison with the results on other sub- 
stances, the degree of the convergence in copper is estimated to be intermediate between 
those of the alkali metals and the valence crystals as is expected. 

In Table I, the values of E computed for a number of k-values are shown. 

Since the computed energies have been obtained only for the limited number of k- 
values, we have attempted to represent E(k) by the rather simple polynomial of k, the 
coefhcients of which are determined by the least square method, as shown in Table II. 


Since this polynomial-expression is expected to be valid for small k-values, the values of 
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E (Rdy) 
number .of O-P.W. functions. 
20 
Fig. 2. The degree of convergence in the O.P.W. expansion. The number attached 
to the points on the curves are the order of the secular equation in the reduced form. 
Table I. The energy-values at various wave number k. (Ryd.) 
(1.0.0) direction (1.1.1) direction (1.1.0) direction 
k 1g n k E n k E n 
0 Tol 1282 27 
0 | Re ee AN ge PR) Tee ee A827 Ales 27, 
0.2 2's —1.200 ile 
0.2 A; =e 15 0.2 Al —1.204 12 0.4 se 062 9 
0.4 A,» | 1.089 |>15. 0.4 fol) S107 Pad amass x, i —owsol, 9 
0.6 A, —0.882 | 14 0.6 A, —0.868 | 11 0:7978 | 25) |) 01541 9 
KOWAL — 0.260 ala! 
0.9212 | X,'| —0.499 | 20 | 0.7978 | L,! | —0.696 | 24 DOL dake 
0.9771 | K,} | —0.344 
og22 |X, | —0.108 | 24 | 0.7978 | Ls | -0393 | 22 | ovo | ya | —o.135 


n is the number of the O.P.W. functions contained in the expansion. 
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Table II. The coefficients of the powers of F in the E(k)-curve. 
Ey=Ey+E, E+ Ey k!+5E5(kx2hy? + hitk22 + hh,” —1/5¢k) 


| Ep E Ep | Es 
For copper --1.282 1.249 — 0.194 0.265 
For lithium — 0.6832 0.723 0.039 — 0.033 


The values for lithium are quoted from the reference 4. 


edge points, i.e., X, L and K, have not been used for its computation. Furthermore, 
the above mentioned expression may be considered not to be sufficiently accurate for the 
detailed behaviour near the Fermi surface in metallic copper. 

The similar energy-expression by a polynomial of k has been worked for lithium, by 
Kohn and Rostol.er, with the results of E,=0.039, E,=—0.033 which are much nearer 
to the free electron values than ours for copper. The relatively large values of E, and 
E,, for the case of copper would be presumably ascribed to the rather large 3d-core of 


copper ion. 


In Figs. 3, 4 and 5 the energy curves along, each direction in k-space are shown 


E,—E, Ex—Eo E,—Eo 
(Ryd.) (Ryd.) (Ryd.) 


a a E fe Se along Fig. 4. E veisus k along Fig. 5. E versus k along 
e (0.0.1) direction. the (1.1.1) direction. the (1.1.0) direction. 


Broken lines express the energy-curves of fice elections. 
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together with those of the free electrons for comparison. 

The lowering of the eigenvalue of the state L,' compared with that of L, is observed 
to agree with the suggestion by Mott,” who pointed out, from the X-ray emission 
spectrum of copper, that at points near the (1.1.1)—planes inside the first Brillouin zone, 
the symmetry is predominantly of P-type. 

The energy bands of metallic copper have been already computed by the Wigner- 
Seitz method” and the augmented plane wave method” also. In Table III, therefore, 
the results by the various methods are listed for comparison. 


Table III. The results by various methods of approximations. 
H-F. ion core potential 
(The relative values to I’, state, (eV’)) 


lie lO | gap | Xs | Se eh eeah | K, | hers 
WS 8.86 10.56 LZet|l Gi? Me oteres od Juilt aoe a 
APW 7.83 9.25 1.4 | 9.92 | 11.65 order meant 5.99 
OPW 12.09 7.98 4.1 15.97 10.65 5.3 | 13.91 12.76 
| = 
free 8.66 11.54 | 12799 
tI | 


Hartree ion core potential 


ws | s.34 | Sisee) ke OD epee HEARST CMe 13.06 apoesiay “Sale cs 
APW | 6.88 8.80 1.9 | 8.68 | 10.87 2.2 | 5.59 5.74 


As is seen in Table III, the energy values of the conduction electrons in the metallic 
copper given by the O.P.W. method behave in a quite similar way to that of free electrons 
along each of three directions in k-space, whereas the results by the augmented plane 
wave method show much deviation from the free electron values along the (1.1.0)- 
directions. In both directions of (1.0.0) and (1.1.1), however, the band widths obtained 
by the three methods are nearly equal, while there are some discrepancies in the relative 
positions of E(X,) —E(X,;) and E(L,)—E(L,') and in the energy gaps. In fact, our 
values for the energy gaps are larger than those of the others and are seen to rather 
resemble to the results of Tibbs.” These discrepancies might be caused by our use of 
Slater’s exchange potential in the form of free electron approximation, since the coniribu- 
tion from this potential is rather large and then the inaccuracy involved in Slater’s averaged 
exchange potential is taken to have sensitive influence upon the final results. 

Although our result does not give an accurate information on the Fermi energy 
surface, it is inferred from our computation that the magnitude of m/m* on the Fermi 
surface will be much smaller in the (1.1.1)—direction. 

In view of the results of our computation together with the other data the assumed 
ctystal potential is observed to give rise to remarkably sensitive EL Regan aT the final 
energy values. It will, cherefore, be highly needed to follow the self-consistent procedure 


in the actual calculation and examine carefully the effect of crystal potential upon the 
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final result. The investigation of both 4s-and 3d—bands along these lines are now in 


progress. 
The author should like to express his sincere thanks to Prof. T. Muto and J. 
Yamashita for suggesting the problem and for their kind guidance throughout the present 


work. 
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The potential V(r) is uniquely constructed from the phase shift function y;(k) in any fixed value 
1 of angular momentum under a certain condition on V(r), if the system has no bound state. The 
usual variational method is extended so as to give a variation principle for V(r) in that case. We 
will consider an integral equation in the following form 


A(b = j, Be, WV pdr, 


where A(k) and B(k, r) are determined by a trial function which is specified by a given 77(k). By 
means of this equation it is shown that V(r) can be calculated for any r(=0) accurately within 
errors of the order of 4?, while the errors involved in the trial function are of the order J. 

When the system has bound states the situation is more complicated, but the phase shift 7; (k) 
uniquely determines the potential for the system as well as the binding energies of all bound states, 
when we restrict ourszlves to a potential of short range which is subjected to the condition, 


lim V(r) “7-0, as r>00(k>0), 


where —x is the logarithmic derivative for the asymptotic wave function of the lowest level. The 
arguments given in the case of no bound state remain still valid for such a short range potential. Some 
generalizations of our method are proposed to include the tensor potential as well as the central one, 
which will enable us to make use of known phase shifts in the two-nucleon problem. 


$1. Introduction 


We have pointed out in the preceding papers’ that the usual variational method can 
be generalized in two different ways. The present paper will be concerned again with 
another extension of the variational method. To keep the argument simple and clear, 
we will not enter into a general treatment, but take up a concrete example: Determina- 
tion of a central potential from the phase shift 4,(k) for a fixed angular momentum. 
This example is of some interest in the theory of scattering and has been investigated 
by many authors.”~"” There exists a complicated problem connected with the bound 
states, which will be considered in § 3. To avoid unnecessary confusion we will first treat 
the case in which the system has no bound state, so that the scattering potential V(r) 
is uniquely determined by the phase shift function 7 (k) assuming an appropriate condi- 
tion on V(r). The usual way of applying the variational method to scattering problems 
is to find 7,(k) for a fixed k from the given V(r). However it seems more reasonable 
to find V(r) from 7 (k), because the knowledges obtainable directly from the analysis of 
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experiments concern the phase shift rather than the potential V(r). We will formulate 
a variational method for V(r) in § 2. For two nucleon system the usefulness of this 
procedure is limited mainly by the following two reasons. The phase shift for a fixed 
angular momentum (for example, S-states) can not be well determined for all energies 
owing to the uncertainty of experiments. At very high energy region it seems very pro- 
bable that the interaction between two nucleons is not represented by a static potential. 
However, this is a common difficulty so for as we consider the non-relativistic Schrédinger 
equation, and an attempt of determination of potential is to follow, even if incomplete, 
the analysis of phase shift. We will mention incidentally the most remarkable point in 
the method which will be developed in the present paper. In the usual variational me- 
thods, the stationary expression for an eigenvalue (or number) enables one to calculate 
the value of this eigenvalue (or number) accurately with errors only of the order of J’, 
where d indicates the order of errors contained in the trial function. Is it possible to 
extend this stationary property for an eigenvalue (or number) to the case for a function 
itself? It is really possible, as discussed in § 2, then we can calculate the values of a 
function itself accurately with errors of O(4°) only. The stationary expression for V (r) 
is shown to be given by (6), and it is proved that the stationary requirement is equivalent 
to the fundamental Schrédinger equation with specified 7,(k). The closely parallel argu- 
ments are given in §3 for the case when the system has bound states. An application 
is shown in $4 for the neutron-proton scattering in S-states, which is described by the 
following relation, 


k cot 4 (k) =—@+ (%)/2) Fk. 


We see that a simple trial function gives good results. In § 5 two generalizations of the 
theory are described in order to take into consideration the tensor potential as well as the 
central one. In the actual phase shift analyses the values of phase shift at discrete energies 
only can be obtained, and we will give a simple modification in Appendix to use the ex- 


pression (6) for actual cases. 


§2. A variation principle for the potential function V (7) 


in the system without bound state 


For simplicity we will take the non-relativistic Schrodinger equation for the S-wave 
scattering by a central potential V(r) : 


| 5 +F-+V (r) by Ceri ea, (1a) 


u(k, 0) =0, u(k, r)—>const X sin (kr +7(k)). (16) 


where k° is the energy of the indicent particle in a suitable unit. 


u(k, r) is real for k>0, 
r> 0. 


The sign of V(r) is so chosen that an attractive well corresponds to (+). Let 
the phase shift function 7(k) be known for all energy values k°. N. Levinson” proved 


that ch x1 
ere exists at most only one potential function V(r) which reproduces the given 
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phase shift 7(k), if the system has no bound state and V(r) satisfies the following con- 
ditions 


[re |dr< oo, (2) 


[Pi |dr< eo, @) 


The conditions (2) and (3) are not trivial, considering that V. Bargmann” showed two 
explicit examples of phase equivalent potential even if there is no bound state. We will 
assume that the given 7(k) can be reproduced by a certain V(r) which obeys the condi- 
tions (2), (3), and consequently V(r) is uniquely determined by 9(k&). Our aim in 
this section is to give a method to determine V(r) from 7(k) in a variationally correct 
way. 

Multiplying u(k, r) from the left side of eq. (1), we get 
—| ner) (=, + )u(k, 1) dr= |" (ina Ode (4) 

) x Jo 


( 


We will abbreviate eq. (4) using the following notations, 
A =—| uth, (SF uk Der, BE N= uh YY, (5) 
with the reduced equation 
4®=\B& NV OM. (6) 


Eq. (6) is a Fredholm integral equation of the first kind and V(r) can be determined 
by this equation if u(k, r) is exactly known. In our case however only the function 7, (R) 
is known and hence eq. (6) seems useless for determining V(r). However (6) is a 
fundamental equation in the present variational method es will be shown later. 

We first take an arbitrary infinitesimal variation of the wave function u(k, 7) as in 
the usual variational method, which, of course, does not violate the condition (1b). When 
the wave function u(k, r) is subjected to such variation, A(k) and B(k, r) are correspon: 
dingly changed and V(r) also suffer an infinitesimal. variation so as to hold eq. (6). 
Thus we have 


sA(H = [0B (k, r) V(r) dr + | BG AOL (7) 


where 


vie. ["« Cat ( +k )u Gana (8a) 


Jil 


eds — | "an (k, r) ( si +k )u(k, 7) tr—\"u (k, 7) € ie +8 du (k, r) dr, 
0 dr? 0 dr 
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OB(k, 1) =2u(k, 1) Ou(k, 1). (8b) 
The operator d°/dr° is Hermitian if the condition (1b) is imposed to the wave function, 


as is verified as follows. 


frou (k, r) (4° u(k, r) /dr) dr 


— bu(ky v) -du (ky 1) /dr|-d Ou (k, 1) /dr-w(k, 1) O45) e Gude r)) /dr?-u(ky 1) dr. 
| (9) 
Using the following properties of Ou and u, 
du(k, 0) =u(k, 0) =0, Cu(k, 1) —>d0 csin(kr-+7(k)), u(k, r) e sin (kr +7 (k)), 
we find 


Bulk, ry» duck, 1) [dr =d(Ou (k, r)) /dr-u(k, 1) Ns 
Hence (9) is reduced to the following equation ; 
{ou (b, 7) -d2u(k, 1) /de2-dr= |. (k, 1) -d2(8u(k, 1) /d2-dr. (10) 
Substituting (10) into (8a) and using (1a) and (8b), we have 


d4(k) =—2| du(k, r) (4 4R)u(k 1) dr 
0 Ta 


5 [ou (kh, VG) uthitver= | 3B (kia) Pe) ah, (11) 
If eq. (11) is compared with eq. (7), it follows that 
| BG r) OV (1) dr=0. (12) 
Eq. (12) must hold for all values of k(>0), so we conclude 


OV (r) =0. (13) 


Derivation of (13) from (12) is justifiable only if the system has no bound state, as 
will be discussed in § 3. Eg. (13) means that, if the wave function u(k, r) in A(R) 
and B(k, r) is replaced by an approximate function (k, r) which differs from u(k, r) by 
an order of magnitude J, the potential function defined by (6) changes only the order 
of magnitude J° so far as the condition (1b) is not violated. Thus it has been proved 
that eq. (6) is a stationary expression for V(r). 

Next we can prove the converse of this preposition, namely, the requirement that 
V(r) in eq. (6) is stationary is equivalent to that the wave function u(k, r) must sbey ' 


eq. (la) so far as eq. (1b) is maintained. The stationary requirement for V(r) in (6) 
can be reduced to 
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dA(k) = | 0B CaO r (14) 


which is seen from (7) and (8). Since the condition (1b) is maintained, eq. (10) is 
now valid. From (8), (14) and (10) we directly derive the following equation ; 


| (k, r) (SS +E+ VC) alk Tidr== 0. (15) 


Eq. (15) must hold for arbitrary variation Ou(k, r), so we have eq. (1a). This fact 
suggests that in the present problem there is a variational procedure corresponding to the 
usual one, however, it is very complicated and is of no use for practical calculation. We 
merely say that the potential function V(r) is determined by eq. (6) with an accuracy 
of O(4°) if the wave function is chosen with an error of O(4). Next we must solve 
eq. (6). Such trouble seems inevitable, because we want to determine a function itself 


rather than an eigenvalue (or a number) as in the usual variational method. 


§ 3. The system with bound states 


In this section the variation principle given in last section will be extended to the system 
with bound states. V. Bargmann” gave explicit examples of phase equivalent potentials 
which reproduce different binding energies, and moreover showed that there exist continuous 
families of phese-binding energy equivalent potentials. According to the Gclfei.d-Levitan 
theory, the binding energies are completely independent of the phase shift (equivalently 
the S-matrix). Let the parameter specifying a family of phase-binding energy equivalent 
potentials be c(—0). We know that there is at most one potential satisfying the con- 
ditions (2)~ (3) to a specified set of 7(k), x; (binding energies, i==1,-7) and ¢(@=1, 

--n). Thus 7(k) is insufficient to determine V (r) completely when the system involves 
bound states. Nevertheless, in the theory of nucleon-nucleon scattering in the low 
energy region, we extrapolate the relation k cot 7(k) =—a+ (1/2) k—++:to the bound 
state!” so the binding energy cf the deuteron is determined by 7(&) only. Why is this 
treatment justifiable ? The extrapolation is permissible, as discussed by Jost and Kohn”, 
only when the potential satisfies the following restriction, 

lim e”’V (r) 50, Ciz) 
rpo 
where x2 is the largest binding energy of the system, because there is the one-to-one cor- 
respondence” between zeros of the S-matrix and the binding energies in the region—« 
< Im(k) <0. Under the condition (17), all binding energies correspond to zeros of the 
S-matrix and futher there is no redundant zeros. Then the S-matrix (equivalently 7 () ) 
determines all the binding energies completely. 

The arguments developed in § 2 are all valid in the present case too, except for the 
Meavationvok (13) ftom (12).9 We, can find non-vanishing OV (r) satisfying (12) as in 
the paper of Jost and Kohn.» Let u,(r) be a bound state wave function which satisfy 
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(2K? +VO Vu.(r) =0, u(0) =0, u (r) 30. (r> 00) 
dr 

We put OV (r) =44; (r) «du; (r) /dr-0a;, and calculate the left side s (1293 hina les 
of phase-binding energy equivalent potential is obtained by integration of this infinitesimal 
increment. 


co 


Coo 
/ X 
uu(ul uu, u’) dr + | uu (u;"u — uj ) dr| Od; 
) v 0 


ies) 
Dy) 
40a1\ 


Jo 


u? u; uj dr=21\ 


uf 


=204\ u, u(u; u)'dr— (k +«;) \\x (r) u(r) dr\ (r’) u(r’) dr’ + {i (r) u(r) dr 


Di \iu (r’) u(r’) ar} Oa; 


=0a,;(u; u) | — (Rr +«;) {| u; u cr 0a,=0, 
0 0 
where we have used the following relations 


u(r) wal ) = BFK) |) a 


\u OAS dr urd’ = \n cores a yeti d?, 


Thus (13) does not follow (12). However if we set the requirement (17) on V(x), 
the above OV (r) is not permissible, because OV (r) has the following asymptotic form for 
large r, 


OV (r) =4u,(r) uf (r) const Xe”, 


and concequently e””- 0V (r) 40, (r> co). Thus the condition (17) again gives an effective 
ctitetion for choosing a special potential from a family of phase-binding energy equivalent 
potential. Thus we have found that the arguments given in § 2 are all valid if we know 
a priori that that potential satisfies (17). 


§¢4. An example: k cot N=—a-+ (r,/2) kh. 


In the present section we will apply the variational method for V(r) so far developed 
in the preceding sections to neutron-proton scattering assuming that the scattering is 


described by a central static potential. As an example, let the S-wave phase shift be 
given in the following form 


k cot 7(k) =—a-+ (r,/2) RB, (18) 


which has been used to an approximate description of neutron-proton scattering in the low 
, . 12 . e \ 
energy region”. We assume the following form for the trial function, 


0 (k, r) =(1—e-”) cos kr+-cot 7 (k) sin kr (19) 
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where c is an adjustable parameter. A(k) and B(k, r) in eq. (6) are given by 
A(k) =c {3/4— (+2) / (40 +48)} +k cot 7(k), 
B(k, r) =@(k, 1). 


Eq. (6) can be solved analytically only for thc function 7(k), and in general we 
must take a numerical solution. Since the inte should be extended to infinity, we 
must adopt a suitable approximation to simplify the numerical solution. Here it is assum- 
ed that V(r) can be expanded in a Dirichlet series 

Viry=d) 4,077," (20) 


J 
y= 


We assume further that V(r) is well approximated using only finite terms (say n-terms) 


of (20). Then Eq. (6) is reduced in a simultaneous linear equations of order 1, 
A(k;) =>) ajjpe 7B (ki, r) dr, (i=1,-:-n) . (21) 
j=" 
If A; are chosen suitably and n is increased, the solution of (21) 


V(r) =3 a,eF (22) 


p= 


will converge to the exact solution (20) with fair accuracy. But eq. (21) can be inter- 
preted in another way. In an actual analysis of experiments we know the values of phase 
shift for only discrete values of energy (let this number be 7). In this case it seems 
natural to assume the form of V(r) as (22) with the help of meson theory: /;=j/p, 
f+: Compton wave length of meson. Then we can prove that (21) provides us a stationary 


expression for a;(j=1,---m). This proof will be given in Appendix. 


The exact solution for (18) is expressed in an analytical form’? as 
DING eS ay eae eae ee 
V — iA =) d.e J >, v= (/—b) aly 
(r) [1 Lay (1 ee ey") ‘2 2 J ike 
[=2(1+ V1—2ar,) /r, 6=2(—14+~1—2ar,) /1. (23) 


The scattering length a(=1/a@) and the effective range 7, in the neutron-proton system 
are 

a=5.388X10-"cm, r,=1.70X10~%cm, ar,=0.3155: for the spin triplet state. 
y, is taken to be the unit of length hereafter. Then the decreasing factor / in (23) are 


[=3.215 (for triplet). According to the meson theory the asymptotic behavior of nu- 


clear potential has the form 
V (r)—const e'"’/r, 


where the meson mass is assumed to be of 270 electron mass. We will take the follow- 


ing values as 4; 
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1,=3, 6719, 12: 


These 2, all satisfy the condition (17). °“Table *I shows the results obtained in several 
approximations using only three terms of (22). (t= Shane involved in the tria! tunc- 


9 


tones 2 KL corresponds to the incident neutron energy in lab. system 28.7 Mev. We 


0.0 0.2 | 0.5 | 1.0 2.0 
— es _ per pa { i" tel 
Approx. (1) 1.756 5.863 4.003 1.099 0.058 
a2) —4.831 4.605 4.108 1.191 0.063 
(3) 28.766 4.518 3.883 1.298 0.071 
Correct 4.8600 5.1411 3.8557 1.2024 0.0549 
solution 


Table I, The values of V(r) obtained from (21) and (22) are compared with the exact solution. 


Approx. (1): k&:=0, 0.5, 1 and 4;=3, 6, 9 
Approx. (2): k:=0, 1, 3 and A4;=3, 6, 9 
Approx. (3): k:=0, 2, 4 and 4;=3, 6, 12. 


see from Table I that three approximations have comparable accuracy and that the poten- 
tial V(r) is not well determined in the vicinity of the origin. This is expected from 
eq. (6), because B(k, r) behaves const X r for small r. But mathematically we can 
determine the potential accurately in the vicinity of the origin using the very high energy 
data, if we assume that the interaction is well represented by a static potential in that 
region. 


§5. To include the tensor potential 


To apply the present method to nucleon-nucleon scattering, both the tensor force 
should be taken into consideration as well as the Coulomb force. Then we must get a 
variation principle for both potentials. In the actual phase shift analyses, we can not 
get the values of phase shifts of several waves for all energies. But at first we assume 
that this is possible, and will generalize the method to include the tensor potential as 
well as the central one. A simple modification which is necessary in actual analysis will 
be given in Appendix. 

The arguments developed below are closely parallel those in §2. The Coulomb 
force will be neglected to avoid unnecessary confusion, though it is trivial to include 
Coulomb interaction. Since the equations in the spin singlet states are essentially the 
same as in the case of central forces only, we may treat the triplet case where two states 


with orbital angular momenta J-1 and J+1 (J: total angular momentum of the system) 
couple each other,'? 


d° of ea 7 ae JS GET) 
43 ct ew aed +|1 (jee » wo || n= SE Oe, 


: (2J+1) 
(24a) 
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lead haa +[7@- 2(J+2) Ww) |} =-SITTD 


(2J-+1) (2J-+1) 
XW (r) u(r). (24b) 
These equations (24) may be abbreviated using the following matrix representation. 
les et css, 0 by =0 | 
= B= 
0, —d/dr—k + (J+1) (J+2)/r], Orel 


Sat 6VJ(J+1)/(2J+1). | u(r) | 
(ry = 
6VIG+1)/2J+),  —279+2)/@J+1) w(r) 
Eqs. (24) are reduced to 

Av (r) = {BV (r) +CW(r)} v(7), (25) 


(24) or (25) have two independent solutions satisfying u(0) =»(0) =0, which will be 


chosen in the following way, 


ae -| u,(r)—>cos €(k) «sin {kr— ((J—1) 2/2) +74 (k)}, (26a) 
w, (r) sin & (k) «sin {kr— ((J +1) 7/2) +7, ()}, eas 
v; (k. 1) -| us (r) > —sin €(k) «sin {kr— ((J—1) 7/2) +75 (k)}, (26c) 
w3(r) > cos €(k) «sin {kr— ((J +1) 7/2) +7, (k)}, (26d) 


whete 7, and 7, are the eigenphase shifts of the 22 S-matrix for the state J, and € is 
a mixing parameter. 7,, 7; and & represent three-real and independent parameters which 


characterize the S-matrix completely. Multiplying v, from the left side of (25); Av,= 
{BV +CW}»,, we have 


A(t) =|" {B.(& VO) +Calk WO} ar (272) 


Similarly, 
4,8) =|" Bi VO +G& NWO) dy (27b) 


where 


At (= \"(u: Fs fg: dr (ut +) dr 
0 dr- dr 0 


+ | (=D ut/? + +1) J42) m/e 


B, (k, r) aang +H", aes (2 7c) 


ROE SEER A et eae 
2J+1 hdc oe : HY er | 
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We can prove that (27) is a stationary expression for both V(r) and W(r), nee the 
phase shift functions 7. (k) and 7,(k) in (26) are specified. Taking variations 00 (r), the 


formulas corresponding to (7) and (8) follow, 


34, (k) = \ 0.8. (k, 1) V(r) dr+| aC, (k, 1) Wr) dr + : B. (k, 1) 8V (1) dr 


=: te (k; r)OW(r)dr, (28) 


and the corresponding one for 7. The operator d°/dr* is again Hermitian if 7. (k) and 
n,(k) are specified. Namely, 


a ema pale oy fea y oe 


Then we find that 


0A, (k) oar 2\" [Ou 3 Eins te OW, en = k (Ou, “Ug aig OW, ; Ws) 
0 dr’ dr 


9 Oy, OUg ‘Ug + J+) I+?) ay, .», | dr 


r 


> 


=2\) (Oug* Uy +OW~: Wa) Vdr+2\" {[—2(J—1) /(2J +1) Jeu va 


J ( 


FASANO SOY ALM he CG BUDE neni tac Dear Psy w.| War. 
2J+1 2J+1 2J+1 


= | "OB, (k, r)V (1) dr + | ac, (k, r) W(r) dr, 


where use has been made of eqs. (24). Eq. (28) is now reduced to 


\-B. (k, 1) OV (1) dr+\"Cy (k, r) OW (1) dr=0. (29a) 
Similarly we also get 
\"B, (k, 1) OV (1) dr + Ke: (k, 1) 3W(r) dr=0. (29b) 


From (29a) and (29b) we can get the relation 
OV (r) =0, Ow(r) =0. 


if there is no bound state. When the bound states exist, as in the n—p system, there 
may be a condition corresponding to (17) under which the potentials V(r) and W(r) 
are uniquely determined from (29). This condition will be satisfied in the two nucleon 
system. We should notice that €(k) appeared in (26) is considered as an variational 


* This fact will be suggested by eq. (9) in the paper: T. Kikuta, Prog. Theor. Phys. 12 (1954), 10. 
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parameter, hence we need not know &(k) with accuracy as 7(k). 

Next we will consider some different case. The @ and [-waves behave as if the 
waves are in /=]J—1 and /=J-+1 respectively. As far as the low energy region is con- 
cerned, the @-wave gives more contribution to the cross section than the f-wave does. 
If 7,(k) and €(k) are known for all energies rather than 7,(k), we can construct other 
variation principle for V(r) and W(r). The arguments followed are similar to (26)— 
(29), therefore we will only give the results. The stationary expressions for V(r) and 
W(r) are now given by* 

A(t) =\" {Bab VO) Ck WO} dr 
(30) 


A, (k) =|" {B; (k, 1) V (7) +C,(k, 1) W(r)} dr, 
where A,, B, and C, are the same as (27a), and the quantities with 7 are related to both 


a and #. Expressing them in a simple way, we have 


A, ()=\"0,-Anads, Bikey) acuelBopies (276) 
A, (b) =|"0,- 40, TR ye Be, CL, Haste Con GL) 


7. (k) involved in v, of (31) is a variational parameter, on the other hand the trial func- 
tion for (30) must have correct 7,(k) and &(k). 
There are several points to be taken into consideration for actual application to two 


nucleon system, for which we will discuss in Appendix. 


§ 6. Concluding remarks 


In the usual variational methods, an eigenvalue (or number) can be calculated with 
accuracy O(4°) by using the stationary expression of this eigenvalue’ (or number), where 
4 is a quantity which gives measure of errors contained in the trial function. We have 
extended this advantageous point of the variational methods to the problem in which the 
function V(r) itself is to be determined from the phase shift function 7,(k). The sta- 
tionary expression of the function V(r) itself has been found to be eq. (6), and by 
using (6) we can calculate the value of V(r) with accuracy O(4) for all r(20). A 
new aspect developed in the present paper concerns the fact that we determine the func- 
tion itself instead of an eigenvalue (or a number). 

Finally we will mention other methods for constructing V(r) from 7(k). The 
fundamental formula for determing the potential V(r) from a phase shift function 7 (k) 
without using the wave function u(k, r) is the Gelfand-Levitan” equation which is derived 
in Jost and Kohn’s paper”. We must determine a “ spectral function” by 7(k), and 
construct a function g(p, 5) from the spectral function. A linear integral equation of the 


following type should be solved for all values of a parameter p, 
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K(p.) +9(p V+) 9G OKO, Odeo. (16) 


The potential V(r) is given by dK(p, p)/dp. This theory is very interesting in the theory 
of the S-matrix. Jost and Kohn” have also developed a constructing method of potential 
in the form of a series. They are useful for a special function 7 (k) which corresponds 
to the Eckert potential for which eq. (1) is solved analytically, but it seems extremely 
dificult to apply to the general type of 7(k). On the other hand eq. (6) is solvable 


approximately for general cases with minimum effort. 
The author would like to express his sincere thanks to Professor T. Yamanouchi 


for his discussions and many corrections in the manuscript of this paper. 


Appendix 


Let the potential V(r) be expressed as (22) and the values of phase shift at n 
discrete energy values be known. Then we can determine a; (j=1,2,::-n) from (21). 
In this appendix, we shall show that eqs. (21) are stationary expressions for a;(j=1, 2, 
---n). Taking a variation in both sides of (21), we have 

. us eco 2 RK Le foo — 2, , 
A (k) = 14 e. * éB(k r) dr +>0a,| < Bt e  e 
j= 0 j=! 0 
The left hand side of (A1) is reduced as follows. 


84(}) = -{ au(een € a +k uth r) dr—\" (k, r) ( “ +R du(k, 1dr, 
) r 0 r 


=— 2\"ou (k, r) ( + re) u(k, r) dr, 
) + fe ? 


( 


= 2| edu (k, r)V (r) uk, r) dr, 


By (Pm Ayr y 
=Sya,)"¢ 7OB( 1) dr, (A2) 


j= 


where the use has been made of eq. (10). Comparing (A-2) with (A-1), it follows 
that 


| N . ped” 
1B, 0a;=0, (i=1,-+-n), By =| e "Blk, r) dr. 


Then ies conclude that 0a;=0 (j=1,-::n), provided that the determinant : | B,; | does 
not vanish. The extension to the case where the interaction potential has a non-central 
part is straightforward. Let the phgse shifts 7, and 7, (or 7, and €) be known at n 
energy values from the analyses of experiments. We again assume, as in § 4, that V(r) 
and W(r) are a linear combination of several suitable functions, 


V (r) =o aster) 5 central potential 
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Wr) = a;f;(r) ; tensor potential. 


i=m+1 


Eqs. (23) are now reduced to simultaneous and inhomogeneous linear equations of order 
_2n, where the unknown variables are a,(i=1, 2,::-2n). This set of equations can be 
proved to give a stationary expressions for a, The method of proof is quite similar in 
the case of central potential. 

The nuclear forces are represented by the static potentials approximately in some 
moderate energy region, for example 0~300 Mev in the incident nucleon energy. In 
this energy region we can obtain several knowledges on the values of phase shift analysis. 
From these knowledges for the phase shifts, we can construct the interaction potentials 
except the vicinity of the origin using the variational method as discussed in this paper 
in detail. 
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State Vectors in the Collective 
Description 


Toshiyuki Nishiyama 


Department of Physics, Osaka University, 
Osaka 


July 2, 1956 


In the theory of collective description 
proposed by Bohm” as well as in those of 


2) ,3) 


others”’”, there appears a set of subsidiary 
conditions. If these conditions were ignored, 
some fictitious states would appear in the 
solution of the cigenvalue problem. In 
order to take account of these conditions, 
we propose a method to transform a_sub- 
sidiary condition into another one for 
which the state vectors are more easily 
obtained. Our method will be effective in 
dealing with such cases that the collective 
motion becomes a harmonic oscillation. 

We may consider either a many fermion 
system or a many boson system. Here it 
is assumed that a function of n particle 
coordinates, say [=€(x,, %..., x,), which 
will become the coordinate of the collec- 
tive oscillation, has its canonical conjugate 
x determined by 


a=i/b-[T,&], [6 2]=%, (1) 


where T is the kinetic energy of particles. 
Tn the scheme of second quantization the 
corresponding canonical quantities © and z 
are given by functionals of the quantized 
wave functions. A typical example for € 
is the center-of-mass coordinate of a system 
of particles moving in a parabolic potential. 


As pointed out by Tomonaga” and others?” 


the coordinate of the plasma oscillation in 
a metal or that of the surface oscillation 
of a nucleus satisfies the relation (1) in 
some approximate meaning. We have pro- 
posed a method in the previous paper” to 
describe the plasma oscillation by an auxiliary 
field. The same procedure has been made 
independently by Miyazima” for the surface 
oscillation of a nucleus. In compensation 
for intreducing the redundant degrees of 
freedom of such an auxiliary field, a set of 
subsidiary conditions has been imposed on 
the state vectors as in Bohm’s collective 
description. 

Intreducting an auxiliary variable Q and 
its canonical conjugate P, we can go over 
to the collective representation by a contact 


transformation of the form 
U=U0°U.0;5 
U,=exp(iP/h), 
U,=exp(—inQ/h), 
[Q, P]=it, 


The subsidiary condition imposed on the 


(2) 


state vectors becomes 
$2). (3) 


In this collective representation the Hamil- 
tonian becomes commutative with both 7 
and z”. This implies that the Hamil- 
tonian is given in terms of a set of canonic- 
al quantities independent of € and z. The 
condition (3) may be expressed as 

OF (xn, °°; P) /Or=0, (4) 
by which it is implied that the state 
vectors are expressed by functionals of 
internal quantities ; 7, 7°: 
with &, 


-, commutative 
In the case of the center-of-mass 
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motion the internal variables orthogonal to 
the center-of-mass momentum are obtained 
by an orthogonal transformation in the 
configuration space with respect to momenta 
of particles. In this case, any state vector 
does not involve the center-of-mass momen- 
tum 7, so that (3) is valid for the center- 
of-mass coordinate ¢,. For general cases, 
Lipkin et al.” pointed out that a state 
vector multiplied by the 0-function 0(¢) 
satisfies the subsidiary condition of type (3). 
From our point of view, however, it is 
the more precise interpretation of (3) that 
the states are independent of z than that 
the states vectors are multiplied by the 
0-function. 

Now, we add a Hamiltonian of a 


harmonic oscillation given by 
Hy=n*/2 +2/2, (5) 


to the total Hamiltonian H expressed in 
the collective representation. The frequency 
2 is adjusted so that H, is simplified as 
far as possible. In most cases such that 
the collective motion becomes a harmonic 
oscillation, the modified Hamiltonian 
H,=H-+H, has a simpler form than H. 
We consider the eigenvalue problem of H 
in the representation that the Hamiltonian 
H, is diagonal. Then every eigenstate of 
H is given by a linear combination of 
eigenstates of H,. In general, such a linear 
combination does not satisfy the subsidiary 
condition (3). 
of H were solved directly, it would always 
be possible to make every eigenstate satisfy 


(3), because H is written in terms of a 


If the eigenvalue problem 


set of canonical quantities independent of 
€ and z. The reason why there appear 
some eigenstates of H that do not satisfy 
(3) is that such states are multiplied by 


some functionals of z. Here, introducing 


the destruction operator defined by 
A=7—i88§, (6) 


we classify the eigenstates of H given by 
linear combinations of the eigenstates’ of 
Hi). The eigenstates satisfying the condi- 


tion 
Ae a (7) 


are called proper states and of the other 
eigenstates, those satisfying (3) are called 
true states, and the remaining are called 
improper states. Concerning the true states 
we get the following theorem: 
Theorem 

An eigenstate of H becomes a true state, 


if and only if it takes the form 
P =exp(1°/262) ,, , (8) 


where U, is a proper state. 


Proof 
Using the following identity 


Fexp(2°/2b2) =iexp(2?/262) A/2, (9) 


and (7), we can see that a state expressed 
by (8) becomes an eigenstate of H satisfy- 
ing (3). 


is given by a functional of the intezral 


In general, an eigenstate of H 
quantities 7, q,°:: and of the auxiliary 
variable P conjugate to Q multiplied by a 
functional of z. An improper state is 
multiplied by an arbitrary functional of 7, 
while a proper state is multiplied by the 
Gaussian functional; exp(—2°/2b2), for 
which we get A exp(—7°/2b2) =0. Every 
true state is different from a proper state 
only by this Gaussian functional and given 
by (8). 

The above method has been applied to 
the well-known problem of coupled harmonic 


oscillators” and the many boson problems.’ 


“= 


A fuller presentation will be given in the 


following paper. 
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Some Remarks on the Nuclear 
Level Spacing 


Yoichi Fujimoto, Fumio Fukuzawa, 


and Sueji Okai 


Department of Physics, Kyoto University, 
Kyoto 


July 5, 1956 


Because a heavy nucleus has many 
degrees of freedom, at sufficiently high ex- 
citation energies the nuclear states become 
too numerous to treat individually and only 


W eiss- 


1) . . at 
kopf”’ has derived the semi-empirical nuclear 


a statistical description is possible. 


level density formula based on the statistical 
It should be noted 
that the level spacings obtained from 


Weisskopf’s formula are only those averaged 


model of nucleus. 


in the small energy region of a given 


excitation energy. 
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Recently, the parameters of nuclear energy 
levels at excitation energy just above neutron 
binding have been studied for heavy nuclides 
with improved resolution. Various regulari- 
ties have been observed” with regard to 
the widths and spacings of energy levels. 


it was found 


In the work of Harvey et al.,” 
that within experimental error the reduced 
neutron widths had an exponential distribu- 
tion in size for each nuclide that was in- 
vestigated. 

For level spacing (D), on the other 
hand, the similar distribution may be ex- 
pected to hold. This can be inferred from 
the fact” that if the sum of the reduced 
neutron widths vs neutron energy is plotted, 
it becomes a straight line within experi- 
mental error. Therefore, the first aim in 
this note is to point out that level spacing 
has also an exponential distribution in size. 
When the number of level spacings larger 
than a given value D were plotted as a 
function of D in a given energy range, 
the resulting distribution was found to be 
consistent with an exponential distribution, 
implying that the differential distribution, 
that is, the number of level spacings 
as a function of their size, was also 
exponential. 

In order to investigate this distribution 
with better statistical accuracy, the combi- 
nation of data” from various nuclides has 
been accomplished in the same way as 
Hughes and Harvey” did. The resulting 
curve is shown in Fig. 1. 

It is rather easy to understand the ex- 
ponential D distribution just shown, if it 
is assumed that a priori random distribution 
of levels is valid. Under the assumption 
just described, the problem of the size 
distribution is equivalent to that of distri- 
bution of the nearest neighbor’? in a random 
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distribution of nuclear levels. 
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Fig. 1 The distribution of 268 level spacings 


relative to the average value for each nuclide. The 
number of level spacings exceeding a particular value 
is plotted against this value. The distributions for 
diferent nuclides are normalized so they can be 


plotted together. 

Let w(D)dD denote the probability chat 
the nearest neighbor to a level occurs 
between D and D-++dD. This probability 
must be clearly equal to the probability 
that no levels exist interior D times the 
probability that a level does exist in the 
range between D and D+dD. Then the 


function w(D) must satisfy the relation 
rp a 
o(D)=[1—| o(D)dDY/D, 1) 


where D denotes the averaged level spacing, 
which is given by E/N: N is the number 
of levels and E is the energy interval con- 


taining N levels. From (1) we derive 


w(D) = (1/D)exp[—D/D]. (2) 
It should not be thought that the size 


distribution presented here is only restricted 


to the energy region just above the neutron 
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binding. The parameter which characterizes 
the size distribution is clearly the averaged 
level spacing, the inverse of which is just 


predicted by Weisskopf’s formula 
1/D=c exp(aE)"”. (3) 


Needless to say, this formula depends on 
the atomic weight through parameters a 
Thus, it is 


the second aim to show that the size dis- 


and c, and excitation energy. 


tribution can be related intimately to atomic 
weight and excitation energy. Substituting 
(3) in (2), we obtain the dependence of the 
fluctuation of level spacing from the averaged 


one on atomic weight and excitation energy : 
w(D) =c exp(aE)*”- 
-exp| —cD exp(aE)"”]. (4) 


This relation may be useful, as it is possible 
to account for the fluctuation of level 
spacing in various excitation energy. For 
example, it results that at lower excitation 
the fluctuation is considerably large and at 
higher the smaller in accord with the vari- 
ation of D. Further details are under in- 
vestigation. 

One of the authors (S.O.) is indebted 
to the Yukawa-Yomiuri fellowship for the 
The other author (F.F.) 
wishes to express his gratitude to Prof. M. 


financial aid. 


Kobayasi, who afforded him the opportunity 
of staying at the Kyoto University, and 
to the Hyogo University of Agriculture 
for awarding the grant which made his 
stay possible. 
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Note on the Decay of = Particle 


Shigeaki Hatano 


Department of Physics, Kyoto University, 
Kyoto 


July 9, 1956 


Recently Sakata’) proposed a compound 
hypothesis for the heavy unstable particles. 
According to this hypothesis, nucleons (N) 
and A particles and their 


(N and A) are considered to be funda- 


mental and other particles are composed of 
them in such a way as =(NN), K(NA), 
S\(ANN) and F(AAN) (each particle is 


composed of the particles in parentheses). 


antiparticles 


We assume that a particle and an anti- 
particle have a tendency to be in a couple, 
by analogy with the deuteron model of 
Thus, in Sakata’s model, 


we regard = as a bound system of /I and 


atomic nucleus. 


K (anti-K particle) and S$} as A and 7. 

To present this idea in a mathematical 
form, we use a formalism of meson pair 
theory”. 


Assuming that I is a particle 


of spin 1/2 and isospin 0 and K is of 
spin 0 and isospin 1/2, a possible form 


of the strong, charge independent interaction 
between them is 


Ayr=—f, \ dx, (x) f(x) O' (x) P(x), 
(1) 


where 
AGERE 


Here we take the interaction attractive so 
that the bound ‘state comes from this. If 
we follow the usual procedure in meson 
pair theory” and make the static approxi- 
mation for a case of one 1 particle resting 
at the origin, (i) is written in momentum 


space as 
Hyg = — Si_| dhdh’v® (ky o(B) 
(230)*. 
-D* (k) Ok’), 


where v(k) is a cut-off factor. The equa- 


tion of motion for P(k) is 
(E22 — Re) O(k) + Fo ¥ (hy) 
(27)° 
| dk'o(k) OU) = 08, At?) 


where x is the mass of K particle. The 
total energy E is determined by the secular 


equation 


\ fi | |o(k) |? 
1--- dk 2 ==): 
A eat E?— wi. (3) 


For a bound state, the total energy E 
should be 


c—E*>0. 


The = particle is represented as a bound 


state in our model when E is taken as 
E=mz—ma,, 


where m, and m=z are the masses of / and 
= particles respectively. 


Using the cut-off 


factor 
|v(k) P=A/ (A +8’) 


ard teking a cut-off momentum A=msz, 
we obtain 
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fi/4n= (1 +E )a13% (4) 


Wa Vi 2—E*. 


where 


The solution of Eq. (2) which belongs to 


the above eigenvalue E is 


1 /2w W v*(k) 
is) === ea og eee 
SEEMS IN nikon A Wek 


(5) 
In our model this wave function describes 


the state of = particle. Of course in ad- 


dition to these bound states (/°K°) and 
(A°K-), other bound states (/°K*) and 
(A°K) arise in degenerating to the above 
states. But these redundant states will 
decay rapidly into ordinary particles, because 
they have strangeness 0. 

In the case of >} particle we take the 


interaction between A and 7 as 


Hya= — fo dh n(x) in) Ga) 20). 

(6) 

Calculating in a similar manner as before 

and putting E=my—my and A=my, we 
obtain 

fo/47=1.1X (C1/my). (7) 

Now we consider the decay process 

E35 x, 


corresponds to a diagram in Fig. 1 (a) or 


In our model this process 
1 (b) according as we identify K~ particle 


with @- or T meson. 


ween Kmeson 


ewceeces 7 meson 


(a) {b) 


Fig. iv Decay process of Z particle. (a) is through 
a decay of @ meson, and (b) is of 7 meson. 


It is found in Fig. 1 (a) that A can not 
absorb a single meson, because / has isospin 
0 and z has isospin 1. Therefore the only 
possible process is the one with a decay of 7 


We take the 


interaction which describes the decay of 


meson shown in Fig. 1 (b). 


T meson into 37 mesons as 


g| dub, (x) ¢u(x) G(x) 92 (x) 
+ Complex Conjugate. (8) 


Using the interactions (6) and (8) and 
the wave function (5), we calculate the 
transition probability of the decay process 
of = particle shown in Fig. 1 (b) in the 
lowest order perturbation approximation. 
Then the ratio of the lifetime of 7~ meson 
If the 
value of f, in (7) is used, the result is 


to that of = particle is estimated. 


Tt, -/Te-~1TX 10°. 


This is very interesting because the experi- 
mental data for the ratio show the same 
order of magnitude. 

Although we neglect the recoil and the 
pair formation of A particles, the fact that 
the lifetime of =~ particle can be explained 
qualitatively will indicate hopefulness of 
our model. In conclusion it is remarked 
that in our model & and >} have an 
opposite parity to that of A. 

The author would like to express his 
sincere thanks to Professors M. Kobayasi, 
Y. Fujimoto and S. Takagi for their con- 
tinual encouragement and stimulating dis- 


cussions. 
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On the Energy Dependence of the 
Cross Section for the Production 
of the Penetrating Shower 
Underground 


S. Higashi, M. Oda, T. Oshio, 
H. Shibata, K. Watanabe and 
Y. Watase 


Institute of Polytechnics, Osaka City University, 
Osaka 


June 18, 1956 


It seems to be important to know the 
cross section for nuclear interactions produced 
by mu-mesons as a function of the incident 
energy in order to understand these pheno- 
mena. 

There have so far been various experi- 
ments on the nuclear interactions under- 
ground (U.P.S.)”~” and their cross sections 
have been estimated for various depths of 
observation and energies transfered to the 
interactions. It was reasonable to assume 
that the major part of the incident particle 
of U.P.S. is the mu-meson.”*?>” 

The cross section as a function of the 
depth of observation is to be related to the 
cross section as a function of the incident 
energy, E, of mu-meson by the following 
equation ; 


or, (% €) =("0, (E, &) |@1(x, E) /OE| «dE 
(1) 


threshold energy of this event, 

I(x, E) : intensity of the hard component 
which has the energies higher 
than E at the depth x. 

The cross section of this form is directly 


introduced from the experiment with the 


where &: 


following expression ; 


oa, (x, €) =n(x, €)/I(x, 0)-N- x (2) 


where n(x, €): frequeucy of the nuclear 


interactions at the depth 
x, involving the energies 
greater than €, 
N: Avogadro’s number, 
X: thickness of the shower 
producer in g/com’. 
The experimental cross sections obtained by 
various investigators are listed in Table I. 
I(x, E) is obtained from the intensity- 
depth relation of the hard component 
underground and a presumed energy-range 
relation of the mu-meson. 

George and Evans’ proposed an inter- 
pretation of the nuclear interaction under- 
ground as a process of photo-nuclear inter- 
action by virtual photons associated with 
the mu-meson in flight and presented the 
following expression : 

o,(E, €) = (ao,/z)[In(E/E) P (3) 
where @: fine structure constant, 

o,: the cross section for photo-nuclear 
interaction of the virtual photon, and — 
was presumed as 10~*cm*/nucleon. 

Although they were successful in inter- 
preting their own experimental conclusions, 
the discrepancy between the experimental 
cross sections and the calculated values on 
the basis of their assumption seems to be 
appreciable beyond the statistical errors as 
listed in Table I, and therefore, it is hard 
to say that the above interpretation affords 
great satisfaction to the total cross sections 
over the wide region of the threshold 
energies and depths. 

It may be worth-while to attempt to 
make a semi-empirical expression of o(E, &) 
which is consistent with experimental results 
in the form (2). It seems to be necessary 
to introduce at least two parameters into 
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Table 1 
Ps . Cress Section i 
Observer ees be nes Ey Se er atte i ake 
u (cm?/nucleon) 
George & Evans 30 0.82+0.4-10-° =>200 MeV Zoe Omeo 
50 2.6 -£0.8-10-*° ” 
68 1.35=£0.4-107% ” 
Mean 1.54+0.3-107% ” 
Cornell Group 1600 4 +2 -10-% =>5 GeV Gc lOme 
Osaka Group 32 2.8 +0.7-107%! =>7 GeV 2.8105"! 
200 2.9 +1.1-10-* ” 1.71072 


ee ne L EEE EES aan 


Table I: Experimental cross section for penetrating shower production by various authors. 


*: from the top of the atmosphere 


**: the energy involved in the shower estimated on the assumption that the nature of the shower 


underground is essentially similar to that at mountain altitude 


**: 0n the assumption of constant cross section, 


the expression (3) to cover the above 
experiments, and the following expression 


was adopted : 


Or. O25 ae) = (2a/7) ("on (E/E) dE! /E’, 


J Eni 
mim 


(4) 
o,=kP(E)*, 


Emin=NE 


where E: threshold energy of the showers 
estimated from the experimental 
results at the mountain altitude, 
assuming that U.P.S.’s have the 
same mechanism as that of 
showers observed at mountain 
altitude. 

8 and 7% may correspond to the follow- 
ing physical meanings : P representing the 
degree of the energy dependence of o,, 
and 1/7 being roughly refered to the in- 
elasticity. With (1) and Table I one 
reaches the result that 80.6 and 7~2. 
These lead to a semi-empirical expression 


of the cross section as follows ; 
Ou, (E, Eins) = (2ak/7) [(Eei° — Erith j 
; (0.6 In een) a 1) ] (5) 


10-28 cm2/nucleon, for photo-nuclear interactions 


where E,,;, is about twice as large as the 
threshold energy of the showers of the 
same sizes at mountain altitude. The cross 
section of U.P.S., as a result, has an 
energy dependence which is slightly stronger 
than that led by Weizsacker-Williams 
method” which was adopted in the inter- 
pretation by George and Evans. 

The authors are grateful to the Institute 
for Food Chemistry for the financial aid. 
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On the Nuclear Interaction of 
p-Meson below Grouad 


Takashi Kitamura and Minoru Oda 


Institute of Polytechnics, 
Osaka City University, Osaka 


June 18, 1956 


. . . 1),2 ,3 
There have been several investigations” 


on the nuclear interactions underground. 
George and Evans” and other investigators” 
had shown that they could be interpreted 
as photo-nuclear interactions by virtual 
photons associated with /-mesons in flight. 
It has been shown by Higashi et al.” that, 
if one would cover experimental conclusions 
at various depths underground by _ this 
interpretation, one reaches a cross section 
for the photo-nuclear interaction as a sort 
of increasing function of the energy of 
photon. 

So far, the role of secondary particles of 
the interactions has been neglected and, 
hence, the interactions have been considered 
to be wholly produced by /-mesons. The 
present authors would like to show briefly 
that the proportion of the nuclear interac- 
tion underground produced by secondary 
Z-meson component is possibly considerable 
so long as one takes the above interpretation 
with the assumption that the nature of 
the nuclear interaction of /#-meson is 
essentially similar to that of the nuclear 
interaction at high altitude, that is, the 
nuclear interaction produced by the nucleonic 
component. 

The number of z-mesons at an energy 
interval (E,, E,+dE,) at the depth, x, 
are expressed as a function f(E,, x) which 


es ; 
satifises the following equation ; 


Of(Ex, x) Of(En, x) _ Ler 
ae ar OE. aif qm? x) 


——_E Eg x) +G(E,sx) ee ae 


ral Bs) 


: ionization loss; 2.2 Mev/g/cm° in rock, 


2S 


A: mean free path for absorption ; 
200 g/cm* in rock, 

f: density of rock, 

tT: mean lifetime of 7-meson, 

/4: rest energy of 7-meson, 

G(E., x)dE,dx: the number of 7-mesons 
produced at the depth between x and 
x-+dx whose energy is in the interval 
Ens Eat dex: 

Solving the equation with a condition that 

F(E,, x) =0 at x=0, it ‘turns out” to be 

that : 


(Ex) =| GE. +(e—2)) 


t—x » 7 (t—x) \~# ner 
exp(———* (a a | dx. 
(2) 
If one takes the interpretation following 
George and Evans that a /t-meson is 


equivalent to a group of virtual photon, 


G(E,,, x) is to be expressed as follows : 
G(ER dbp sdBey | Tx E,)P(E,; Em) 
J& 


‘Opn—n (Ep) (E,n,) NE, ’ (3) 
where 


I(x, E,,) : the energy spectrum of /4-mesons 
at the depth, x, 

P(E,, E,,,) : the energy spectrum of virtual 
photons, E,,,, associated with a /-meson 
of energy, E,. The expression of Wil- 
liams and Weizsacker is to be used here 
following George and Evans, 

O,,-n(Ep,) : the cross section for the 


photo-nuclear interaction by a photon of 
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energy E,y, 


n(E,»,) : average multiplicity of charged 
m-mesons produced by a_photonuclear 
interaction as a function of the energy 
of photon, E,,, 

N: Avogadro number, 

€ : threshold 


shower produced by //-meson. 


energy for a penetrating 


E,, and E,,, can be related, on the average, 
with each other, provided that n(E,,) is 
known. The relation, n(E,,), between the 
multiplicity of produced z-mesons and the 
energy of photon, is presumably assumed 
to be similar to that between the multipli- 
city and the energy of nucleonic component 
in the case of nuclear interaction at high 
altitude. It is postulated, following George 
and Evans, that on _n(E,n) =const~10-” 
cm’. 

The results of calculation at 32 m.w.e., 
200 m.w.e. and 1600 m.w.e. below the top 
of the atmosphere are represented in the 
figure. 


the ratio of the number of slow 7-mesons 


The cross is a value estimated from 


and //-meson coming to rest in the emulsions 
exposed underground.” With these energy 
spectra of 7-mesons underground and _pre- 
sumed cross section, 350 mb, for the nuclear 
interaction of Z-mesons, one can estimate 
the relative frequency of occurrence of 
nuclear interactions underground for various 
depths and threshold energies of the inter- 
actions as shown in the table. Although 
it should be emphasized that the argu- 
ments are rather indefinite because of lack 
of our knowledge on the nuclear interac- 
action underground, the role of secondary 
7-mesons in the nuclear interaction under- 
ground seems to be considerable particularly 
at larger depths unless a radically different 


mechanism on the nuclear interaction under- 


ground is to be adopted. 

We wish to express our thanks to Prof. 
Y. Watase for suggesting this work as well 
as for his continuous interest in the sub- 
ject. Thanks are also due to the /-meson 
Group*’ in this laboratory for their dis- 


cussion. 


200m. w.e. 


1600m.w.e, 
~ 


Fig 1. E,, in Bev 


Energy spectrum of secondary z-mesons. 


Table 1. 
 —————— 
threshold 
epetsy. 1 Bev 3 Bev 
_ depth 
0.7 0.5 
32 m.w.e. 1.0 “1.0. 
175) Jioal 
200 m.w.e. 1.0 1.0 
2.45 7) 
1600 m.w.e. 1.0 1.0 


Se eee 
Relative frequency of occurrence of the nuclear 
interactions underground produced by z-mesons to 


that produced by s-mesons. 


*) §. Higashi, T. Oshio, H. Shibata, K. Watanabe, 
S. Fukui and Y. Murata 
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Thermodynamic Properties of He° 


V. S. Nanda and S. K. Trikha 


Department of Physics, Delhi University, 
Delhi, India 


July 5, 1956 


It is natural to attempt an explanation 
of the properties of He® on the basis of 
models similar to those which have been 
tried in the case of He’, for both are 
essentially quantum liquids. In the begin- 
ning some authors'’”” applied the perfect 
F.D. gas model to liquid He*. The 
measurement of its specific heat later on, 
however, gave values very much different 
from the theoretical results. Further, the 
nuclear spin magnetic susceptibility, as 
measured by Fairbank et al.”., was found 


to be in complete disagreement with theory. 
This led Price’, Rice” and Temperley” to 
give up the above approach altogether and 
use the ‘cell model’ of the liquid. 

The object of the present note is to 
show that the possibilities of a F.D. model 
for He® have not been altogether exhausted. 
In fact, a F.D. gas model, modified on 
the lines of a corresponding model for He’, 
leads to a fairly satisfactory explanation of 
the thermodynamic behaviour of He*. An 
inevitable consequence of a model of the 
above type is the existence of partial nuclear 
spin alignment in the liquid at all tempera- 
tures. 

Following London” in the case of liquid 
He’, we describe liquid He*® by picturing 
it as a metal in which the ions and the 
electrons are replaced by particles of the 
same kind viz. He® atoms. A _ fraction 
f(=1/3.8) of the total number of atoms 
corresponds to the free electrons in the 
metal and behaves as an ideal F.D. gas in 
a potential well of depth Z, while the rest 
of the atoms constitute a quasi-crystalline 
lattice. In our computations of the specific 
heat and entropy, we have taken the F.D. 
degeneracy temperature to be 0.54°K and 
a Debye temperature 8.5°K. In Fig. 1 
and Fig. 2 we show a comparison between 
the theoretical and experimental specific 
heat and entropy values”. The agreement 
below 2°K is fairly satisfactory. The 
discrepancy above this temperature can be 
attributed to the lowering of the Debye 
temperature (see in this 
Mikura’) . 

It is significant to note that in our 
computations we have not taken into ac- 


connection 


count the contribution to the total entropy 
of the liquid arising out of the possible 
random alignment of the nuclear spins of 
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Fig. 1. The specific heat, C cal. mole“! deg™', of liquid He’ as as a function of absolute temperature, TCK). 
: Theoretically calculated values with T*=0.54°K, f=1/3.8. 
Pecans : Theoretically calculated values with T*=0.45°K, f=1/4.0. 

@: Smoothed experimental results of Abraham et al.*) 

A\: Experimental results of Roberts and Sydoriak.!” 
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Fig. 2. The entropy, S cal mole-! deg-!, of liquid He* as a function of absolute temperature, T(°K). 
: Theoretically calculated values with T*=0.54°K, f= 1/3.8. 
——- : Theoretically calculated values with T*=0.45°K, f= 1/4.0. 

@): Smoothed experimental results of Abraham et al.9) 

Ax: Experimental results of Roberts and Sydoriak.)® 
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the atoms which constitute the quasi- 


crystalline lattice. Thus, according to the 
present model the nuclear spins of these 
atoms are aligned for all liquid temperatures 
and therefore make no contribution to the 
nuclear paramagnetic susceptibility. The 
measured susceptibility is, therefore, due 
only to the fraction which behaves as an 
ideal gas with a degeneracy temperature 


of 0.54°K. 
degeneracy temperature of 0.45°K required 


This is very close to the 


by Fairbank et al. to fit their experimental 
results with the theoretical F.D. curve. 

In the end it appears worthwhile to 
point out how the various arbitrary para- 
meters 7, f and T* occuring in the theory 
have been fixed. The choice of #(=8.5°K) 
is governed by the shape of the specific 
heat curve above 1°K and its value lies 
between the range 9.25 and 7.52°K arrived 
at by Mikura’” by applying the law of 
corresponding states. The parameter f(= 
1/3.8) is fixed from the shape of the 
specific heat curve below 1°K while T* 
(=0.54°K) is chosen so as to give the 
observed value of the entropy” at 1.5°K. 
Fairbank et al., however, found that their 
susceptibility data could be fitted in with 
the susceptibility of an ideal F.D. gas 
with T*=0.45°K. We have, therefore, 
shown in Fig. 1 and Fig. 2 the entropy 
and specific heat computations with this 
value of T* (dotted curves). Here the 
original value of @ is retained while f is 
taken as equal to 1/4.0. The agreement 
in this case is not so good as compared 
with our first choice, but is still in 
reasonable accord with experiment. 

A detailed discussion of the consequences 


of the present model is deferred to a later 
publication. 


Our grateful thanks are due to Prof. 


D. S. Kothari for his interest in this 


investigation. 
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On the Energy Matrix of 
the Tensor Forces 


Tatuya Sasakawa 


Department of Physics, Kyoto University, 
Kyoto 


July 2, 1956 


In investigating nuclear configurations, 
there arises a need for evaluating the two 
particle matrix elements in j-j or L-S 
coupling scheme. In this note our atten- 
tion will be directed to the matrix elements 
of the two particle tensor force operators 
between the states of two equivalent or 
inequivalent nucleons. 

In the L-S coupling scheme, it is con- 
venient to express the interaction of the 


tensor force between nucleons 1 and 2, 


Letters to 


ie | (at AMGEN Stl Pati | 
Tiot 3) 


Ae (1) 


ss (12) eal (8; :Pyo) (So Pio) 
—$(s,-8,)V (ri), (2) 


as was done by Talmi” and recently by 
Hope and Longdon”’. 

But in the j-j coupling scheme it is not 
convenient to work with the double tensors 
resulting from the expression (2), while 
they are convenient in the L-S coupling 
scheme. Talmi’ first noted this, and he 
showed that the expression (1) for S,V,, 
can be expressed as a sum of scalar products 
of tensors of degree K, irreducible with 


respect to j;: 
SV pet Aw (the). 
KRU 


(Talmi” (28)) (3) 


Notations used here are the same as Talmi’s.” 


Using this form, he evaluated the matrix 
elements of (d5).)? and (d;).)* configuration 
in terms of the Talmi integral. 

However, he did not give the explicit 
expression of Aj, and did not consider the 
K dependence of Aj,, in (3). To get the 
accurate evaluation for matrix element, A, 
must be given in the explicit form. For 


this purpose we reduced S, V5 to the form 


SHAD AB PRION, 4) 
where 


Ay =e /15/20(—) K+k—-k!—! 
t 


-V (2k+1) (2K +1)(2400/k0}(2400|kO) - 


-W (RIK : K2)W(k2k'2 : #2) ve (7172), 
(5) 
v,(r4%) being the radial part of Vi», when 


it is expressed as 
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Vp >) 0A %F5) (cP Ge), (6) 
of =[42/(2t+1) PY (Gg,). (7) 


The matrix element of (#{*, t$*?”) , 
) 


is generally expressed using the U-coefficient” 
as, 
CE jf Xl? * ty *) Ej j X) 
= (—)%n*#-*~W (jn fini XK) 
~V(2jn +1) Qn #1) 2+ 1) 2’ +1) 
“(2K-+41) 
slo Isso lls CEalle lar Ele Ue’) 


EG ea Oy a A \\ R, Ry Rv 


oy 


Can a sth g 
We NS ake 
-0,(12) 1,2dr,r9dro. (8) 


Using (8) we can calculate the matrix 
elements between various configurations with 
the technique due to Racah”’. 

Particularly in the case or /,=l,, and 
(8) vanishes 


Hence K must 


jn=ju, 2 U-coefficient in 
unless 1+k+K=even. 
be odd because k is always even owing to 
the parity conservation. 

A direct consequence of the above argu- 


ment is as follows. In a matrix element 


C2 (Dj: MVS o\f2(1)j:€IM) (9) 
it can be shown 2 =Kif I=0. Then the 
matrix element (9) vanishes whenever [=0 
and I’=even. This conclusion includes 
the vanishing of tensor force interactions bet- 
ween a closed shell and an external nucleon, 
also between a closed shell and an almost 
closed shell, as special cases. 
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The Range of the Interaction between Different Fermions 


Michiji KONUMA 
Department of Physics, University of Tokyo, Tokyo 


(Received December 9, 1955) 


We investigate the range of a virtual boson field coming from the transition between two fermions 
whcse masses are different from each other. The spread of a boson emitted by a heavier fermion is 
longer than that of the one emitted by a lighter fermion. The range of the exchange force potential 
between two fermions of different masses is longer than the Compton wave length of the -oson. 


The effects of this range shift on the interaction between hyperons and heavy mesons are considered. 


§1. Introduction 


It is well known that the ranges of both nuclear force and 7 meson cloud around 
the nucleon are given by the Compton wave length of the z-meson. It seems worth- 
while to investigate the range of a virtual boson feld arising from the transition between 
two fermions whose masses are different from each other,* since it will contribute to the 
construction of a quantitative theory on the interaction between hyperons and heavy mesons. 

In §2 and § 3, it is discussed that the range of the exchange force potential between 
two fermions of different masses is longer than the Compton wave length of the boson, 
In § 4, considering the effect on the heavy particles, we find that the effect of the range 
shift in comparison with the recoil effect is small in the case of NAG interaction, etc., 


but is large in the case of A>{7 interaction. 


§2. A qualitative consideration 


We start our discussions by a qualitative consideration of the interaction between 
two fermions F,, F, and a boson B, whose masses ate denoted by m,, m, and /4 respec- 


tively.. In the case of 
> m,—m, = 0>0, (1) 


a free fermion can not emit the real boson, but it can emit virtual bosons within the 


limit of the uncertainty principle. 
We consider the process F,>F,+ B. Suppose that we observe the boson by setting 


up some device at a distance r from the fermion. source. The time which the boson 


* After writing this manuscript, the author was informed that Dr. A. Sugie had remarked the effect 
of the mass difference between charged and neutral bosons on the nuclear force (Prog. Theor. Phys. 11 


(1954), 333). 
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takes to propagate this distance with the velocity v is given by 
prj 71S 
The energy shift JE of the system must be at least 
JE > (pet m—m)e= ("+0)e. 


Considering the uncertainty relation for energy and time and the consistence with the 
energy conservation law, the titne Jt during which the boson exists in the system should 


be 
At Sb/dE S b/(p+eA)e. 
Since the time of propagation must be shorter than Jt, we have 


r< b/("+0)e. (2) 


Thus, the range of the boson field can not exceed b/(t#+0)c. In the same way the 
region of the boson emitted by the process F,—>F,+B is limited by 


P< 6/(u—d)e. (2') 
Therefore, the virtual boson field created by the transition between two fermions of 


different masses has two ranges, and the spread of the boson emitted by the heavier 
fermion is longer than that of the one emitted by the lighter fermion. 


§ 3. The potential between different fermions 


The above result is nothing but the upper limit of the two ranges. Hence, let us 
derive the potential between F, and F,. As an example, we take the interaction between 
two fermions—the nucleon (charge-+,0) and the I particle (charge 0)—and a scalar 0 


meson (charge-+, 0) [each particle has its antiparticle|. The interaction Hamiltonian can 
be written as 


H=9(¥ x0 yO, +herm. conj.) 
where (3) 


PD, = PD, Me EF Doo ; 


We can easily extend the calculation to the case of other types of the interaction, but 
the conclusion is expected to be unaffected. In the lowest order perturbation theory, the 


proton-/1 potential V is given, not including the recoil effects of fermions, by 
V=V_,+V,, 
pe F{__1 _ rrydhe 
(27)*Jo(—w—9d) gee (4) 


eee | Bae 
t (anys wCaaaee) exp (kr) dk, 


where suffices a, 6 correspond to respective graphs in Figure 1 and hereafter we take 


The Range of the Interaction between Different Fermions Zoi. 


b=c=1. Here, for convenience of the Owe hey, 
calculation, putting 
per=e—o, (5) 
1 1 
need: we -exp(ikr) dk 
(27 (aga », 
= exp(—p'r), (6) OM Ue) 
4mr Fig. 1 
0 | 1 ' 
ae vrs 
eon) olen fe we 


the potentials have the forms 
F=— (97/294, — 2); 


V,=—(9°/2) +4). oe 


If we remind 


oa ¥ exp (ikr)dk= €! /27°) K, (tr) 


with the Hankel function of imaginary argument K,(//r), it is found that 
(0/277) Ky(p'r) > L,> (0/27°) K (pr). 


The K,(x) tends to infinity slower than exp(—x)/x for x->0, and for increasing x, it 
decreases monotonously and tends to zero as exp(—x) /x!* for x—> 00. Thus I, has a 
larger spread than Yukawa potential I,, and for w'r=1 the value of I, is 0.25 times as 
much as that of 1,. Therefore, the range of V, (V,) is of the value shorter (longer) 
than “1 by the contribution from the second term in Equation (4’). (The range of 
V,, is still shorter than the Compton wave length p-’ of the ( meson.) This conclusion 
is in agreement with the qualitative consideration in § 2. 


As the static potential is given by 


y=—L exp(—p'r), (8) 
47r 


the range of the potential between two fermions of different masses is not the Compton 


wave length of the boson 7’, but 
ptt {p2— (mg—am)"} (9) 


$4, The effects of the range shift on the heavy particles 


Next, we consider qualitatively the effects of the range shift op! — on the 
interactions of the heavy particles. According to the Nishijima” and Gell-Mann” model, 
the couplings in Table 1 are the strong, charge-independent interactions. (Moreover, if 
we take into account the pair interactions, AAna and NZO0, etc., should be added.) 


262 M. Konuma 


Table 1. Strong interactions. 


coupling Compton wave length yo! | ee 
| = 
NNz 1.00 
AS\x 1.19 
Sw 1.41 107}°cm 1.00 
27 1.00 
NAO 1.07 
NS9 , 1.08 
4.00 X 107~4cm 
AZO 1.09 
S206 1.04 


In general, the recoil effect and the higher order corrections, etc., give various con- 
tributions to the interaction between two fermions. Hence, we are not necessarily allowed 
to consider only the range shift. Roughly speeking, for imstance, in the case of NAA 
interaction, while the inclusion of the recoil effect gives the contribution of the order 
v/M~1/2 (M: the mean fermion mass), the effect of the range shift is of the order 
0/u~1/3. However, in the case of AS}7 interaction, it is expected that the effect of 
the range shift is not smaller than the others. 

Recently, Nishijima”” and Iwao” have discussed the Nl bound system by using the 
Yukawa potential of the range #4)’. In the case of the nuclear force, the potential of 
the meson theory is valid only in the outer region beyond the order of the half of = 
meson Compton wave length. About the inner region the validity of the potential concept 
is not yet clear. While the existence of the bound state depends on the volume of the 
inner region. Therefore, in the present case of the N// interaction it is questionable to 
connect the coupling constant of the Yukawa potential in the second order perturbation 
theory directly to the strength of the NA@ interaction. Hence we do not necessarily draw 
a definite conclusion, but if it is justified to use the Yukawa potential, we may say that, 
taking account of the range shift, the Nil force becomes of the longer range than 4)", 
as a result the coupling between Ni tends to be weaker. 

To take into account the weak interactions relating to the decay mechanisms induces 
some new problems. Taking the Nlz interaction as an example, we find that the = 
meson can be emitted also in the real state, and, in such a case, treatments disregarding 
the recoil effect are not justified. 

The interaction of this type has been treated by Cheston and Primakoff® for the 
non-mesonic decay of the hyperfragment. They have calculated the transition from the 
A particle to the nucleon in a 7 meson field around another nucleon source. But they 
have neglected the transition of the nucleon in a < meson field around the A source. 
The latter contribution seems to be more efficient in this decay process. Moreover, the 
mass change in the case of the transition is a. quantum effect, hence such a semi-classical 


treatment can not be applied. In other words, the static meson field does not telate 
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J 


directly with the potential or the transition matrix element. About this point we shall 
discuss further in the Appendix. 

The author wishes to express his cordial thanks to Prof. H. Umezawa and Dr. T. 
Okabayashi for their helpful discussions. He is also indepted to Prof. M. Nogami, Prof. 


K. Ono and many colleagues. 
Appendix 


We consider the static meson field and clarify its relation to the Equations (4), (4) 
derived by the calculation in the perturbation theory. 

Let us take the equation of motion for the meson field variable Y, in the Heisenberg 
representation : 


(0-4 \Q=—9(Gyhr tox Px ) 
where (A-1) 


TS a O (ky — 0) exp (ik, x,) d'k. 


This source function means that the recoil effect of the fermion is neglected. The so.u- 
tion for the static field is given by 


ae 
a ree O(ky— 8) exp (ik, x, ) 4 


woe —exp(—//r)exp(—i0f). (A-2) 
4ir 


This is just the standing wave solution for Equation (A: 1). The interaction between 
other fermion end this field is —gP,Py@. (Here the time-dependent factor exp(—i0?) 
does not give any effect on the potential or on the transition probability.) Therefore, the 


potential for NA system is given by 
yon op Ny, 7 
=f exp (ft). (A:3) 
Amr 


This is in agreement with the result of the perturbation theory ; Equation (8). 

But we have calculated here only the effect of the interaction of the nucleon with 
the boson field coming from the /-particle source. Thus, it may be expected that we 
should not obtain Equation (8), but Equation (4’). It is not apparent why such a 
semi-classical treatment has led to the potential (8) between two fermions of different 
masses, although this treatment has been justified in the cases of the Moller scattering 
of the two electrons and the potential of the nuclear force. 

In order to clarify this, we investigate the solution (A-2). Introducing the follow- 


ing notations 
he) =—9bv@) Pa), 
Jp eo = 99 (hl) 


= yee 2 rac +0)exp (ik, x”, )d'k, 
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the solution (A-2) can be written as 
Ora CaP ARE AT re 
The interaction between this field and other fermion is given by 
T=—{ Jule" )¢o(x" dx" 


=| JG") da" 2) J, alee" (A-4) 
If we use the following relations 
A(x) = —(E(x)/2)4(x), A(x) =4* (x) +4°-(x), 
4” (x)=—d*(—x), 4% (x) =i(d" (x) -4- (x), 


the integrand of I can be transformed into 


—Je(e) AE EA) 4+ (x — 2’) J, (2) 


<I) FESR (a! 2a) — EI.) A(R" 2) J (2). 


Since the last term does not give any contribution to the result, we can write 


et i 


jp = To (xl) eg (x! — 2’) J, (x) dtd!’ 


4 | | IACOY CEP VACOY EE Da (A-5) 


This consists of the two terms, each of which represents the effect of the interactions between 
one fermion and a boson emitted in the past by another fermion. Thus, it is expected 
that Equations (4’) derived from the perturbation theory are in agreement with the 
respective term in Equation (A-5). This is confirmed by the evaluation of Equation (A-5). 
The coincidence between Equation (A-3) and the result of the perturbation theory comes 
from the fact that the changes of masses of two sources are of the same values and of 
different signs. 

Thus, the semi-classical treatment is not generally valid; it does not seem to be 
applicable, e.g., to the case treated by Cheston and Primakoff (cf. $4). For, in such 
a case, the meson field is hardly to be the standing wave ; the latter is composed of the 
outgoing and incoming waves of the same strength, 
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Electronic energy levels of polyacenes are calculated by assuming their x electrons to move freely 
in a ring of a circumference which is equal to the perimeter length of the polyacene molecule. The 
interaction between z-electrons is assumed to be the long range part of the Coulomb interaction. 
The short range part is omitted by the zero cut-off at 0.48/ of the arc length where / is the distance 
between adjacent carbons in the molecule. The agreement between calculated and observed levels is 
fairly well. 


Introduction 


The free-electron model of benzene was examined in the previous paper” where the 
Jong range interaction between 7-electrons was assumed. In the present paper the same 
idea is applied to polyacenes as the second step to examine the free-electron model 
for conjugated cyclic system. As was done by Platt? the z-electrons are assumed to be 
enclosed in a ring of the circumference which is equal to the perimeter length of the 
polyacene molecule. It is further assumed that the interaction between 7-electrons is 
given by the long range part of the Coulomb interaction. The significance of such a 
model was already accounted for in a previous paper”. In what follows we shall see that 
this model is rather satisfactory in spite of its simpleness. 

The electronic states of polyacenes were alrecdy discussed by other methods”. The 
free-electron model was also applied to this problem by taking into account the net-work 
structure of the molecule but not the interaction between z-electrons.” Therefore the 
present model is another extreme as compared with the net-work model. It may be 
desired to take into account both the net-work structure and the interaction. However, 
this may be difficult and gives a too complicated aspect to a medel theory for which the 
simpleness 1s characteristic. It was seen that the results of the free-electron net-work 
model were as good as those of the simplified LCAO calculations. We shall see that 
the present model gives the electronic levels which are as good as those given by the 


free-electron net-work model. 


Calculated result and comparison with experiment 


We consider the 7-electron system of polyacene which consists of n benzene rings. 


* A part of the preliminary result was already reported elsewhere”. 
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The total number of 7z-electrons is equal to 2(2n+1) which is denoted by — The 
perimeter length, L, of the polyacene molecule is equal to 2(2n+1)/ where / is the 


bond length between two adjacent carbons. The Hamiltonian of the system is given by 
N N Vv 
H=— (1/2) Sd/ddt 33 JG—5) Qa) 
k=1 k=1 j=k+ 


where all quantities are measured in atomic units, 5; is the ring coordinate of the &-th 
electron, and J(s,—s;) represents the interaction between two electrons. The ring coordinate 
is measured by the arc length 
(including the sign) from a de- 
Naphthalene finite point. The interaction is 
defined by 
JSS) =0 lx sl< 5 


(2) 
==1/tyy [Se Sse 


where r,; is the chord length 
Anthracene oe ; 
corresponding to the arc given by 
s,—s, This interaction is the 
long range part of the Coulomb 
interaction. 
If we neglect the interaction 
the one-electron eigenfunction and 
Naphthacene ; 8 
the corresponding energy levels are 


given by 
OO eae 8 daa A a 
E(q) =2 (2/L)*q° (3) 
paint? g=0, £1, 42,00. 


where q is the one-electron ring 
Fig. 1. Molecular structure of polyacenes quantum number. We adopt this 
function as the molecular orbitals of polyacenes. In the ground state of the molecule 
all levels up to g=-tn are occupied by z-electrons. We consider the four excited states 
in which one electron is excited from the orbitals with the ring quantum number of 1, 
n—1, —n-+1, and —n respectively to that of n4+1. The ring quantum number, Q, of 
the total system is equal to 1, 2, 2n, and 2n+1 in these states respectively where Q is 
defined by S}q. We prefer Platt’s way of denoting states to the group-theoretical one 
because the former can discriminate these ground and four excited states by different 
symbols, namely, A, B, C, K and L respectively. 

The method of calculating electronic levels was already accounted for in the case of 
benzene”. As was there mentioned, the states of different ring quantum numbers do not 


interact because of the ring symmetry of the present model and we can not discriminate 
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the a and & states of Platt, e.g., B, and B,. In order to remove such a degeneracy the 
model should have the same symmetry as the real molecule: for example, we should 
introduce any asymmetry into the form of the model or its skeleton potential. 

The direct integrals are independent of orbitals because the electron density is uniform 
throughout the ring, and they give no influence to the excitation energy of the molecule. 


The other interaction integrals can all be expressed in terms of the following function: 
=i 
D(q) = (2/LD) [log cot {z5,/ (2L)} BS 2 (2k+-1) “cos {(2k+1) 75,/L} | . (4) 
k=0 


If we neglect the configuration interaction the heights of lower excited levels from the 


ground level, A, are given by 


E(B) —EC@A) =2(#/L)?: (2n4+1) + (141) DQ) —D(2n4+1) 


E(?°L) —E(A) =2(a/L)*- (2n+1) +D(2n+1) 

E (°C) —E (A) =2 (z#/L)*-4n+D(1) + 11) D(2) —D(2n) 
—D(2n+-1) 

E(@°K) —E@(A) =2(2/L)?-4n+ D(1) + D(2n) —D(2n+1) 


(5) 


where the upper signs correspond to the singlets and the lower signs to the triplets. 


Table 1. 
The heights of levels from the ground level, 1A, are shown in eV. 


Energy levels of polyacenes 


(): estimation; [ ]: absorption peak; n: number of benzene rings. 


i Ba 1B, 3By 3B, KO, 1G 
obs. 7.31 5.58 (6.11) (4.34) SrG.s2 
Naphthalene 2 aiid 5.79 4.65 7.43 
3 obs. 6.455 4.77 Ob4)ine-72) = 5.58 
Anthracene male 5.06 B32 6.80 
Raa 5.83 4.46 (4.64) (3.50) [6.62] 5.46 
Naphthacene 4 ate. 2 4,49 2.58 6.19 
obs. (5.33) 4.09 (4.34) (3.01) ae ey 
Pentacene 5 aalte 4.04. pila 5.65 
n Ney, ky) oy "Ly 1K 5K 
g : ets 4.34 3.99 2.64 (4.49) an — 
Naphthalene Z, he 3.03 4.65 6:55 8.49 
ols, 3.31 3.47 1.82 4.09 _ — 
Anthracene 3) wale 2.16 3.32 5.48 6.82 
e f oks. 2.60 (3.16) 1.24 (3.66) — _ 
Naphthacene & zalle 1.63 2.58 4.69 (5.70 
; ols 2.14 2.93 0.71 (3.47) = = 
Pentacene 5 tale 1.33 211 410 4.91 


———————— 
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The numerical calculation is carried out for s,=0.68/ and 1=1.4A. The result is 
shown in Table 1 and Table 2 in which the observed values of excitation energy are also 
shown”. We see that the agreement between calculated and observed values is fairly 
satisfactory for 'B and °L but not for “B and ‘L. The configuration interaction may 
improve the agreement because we saw in the case of benzene” that the configuration 
interaction made levels higher except 'B. In the case of benzene the somewhat different 
value of the division constant was adopted, namely s,=0.64/. The difference is due to 
the neglect of the configuration interaction in the present case. It should be noted here 
that it is essential for the present model to take into account the interaction between 


electrons in order to obtain the agreement between the calculated and observed values. 


Table 2. Interaction integrals in eV 


nn 


n| Da) | D@ | De | Dia) | DG) | pw) | Di | Dis) | DE) | Dao) | D@1) 


—0.5463 —1.6473 |— 1.3622 |—0.5820| | | | 
0.5725 |— 0.5267 |— 0.9231 |— 0.9673 :|— 0.8098 | 

—~ 0.4300 |—0.6323 | 0.6963 |—0.6676 |—0.5769 
0.9568] 0.2428 |— 0.1361 |—0.3563 | 0.4786 —0.5331 —0.5380 —0.5063 —0.4482 


0.9665 | 0.3694} 0.0387 |—0.1691 |—0.3024 |— 0.3843 |—0.4280 —0.4422 — 0.4334 |—0.4068 |— 0.3666 
| | | | 


WwW hf Ww NH 
o 
o 
NI 
Ww 
rg 
| 
S 
So 
oO 
wi 
VS) 


Note added in proof. Recently N. S. Ham and K. Ruedenberg [J. Chem. Phys. 25 (1956), 13] devised 
a method of introducing the electronic interaction into the free-electron net-work model of polyacenes. 
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Usually, the grand canonical distribution method is derived only through plausibility arguments, 
and up to the present its accurate proof has never been made basing directly on ergodic theorem. 
In order to give the method a sound tas’s, we attempt to reformulate this in the case of ordinary 
classical liquids, and show that it is practically ecuivalent to both the microcanonical and the canonical 
distribution methods. As the result, we can safely use any one of the three methods of statistical 
mechanics, even for the purpose of investigating phase change. 


§1. Introduction 


The development of equilibrium statistical mechanics has made possible to include a 
wide range of applications. No one doubts that this chapter of physics has already 
realized a large number of fruitful results. This fact, however, does not necessarily mean 
that the formalism has left no room to be discussed. It is true that we have three 
kinds of prescription —microcanonical, canonical and grand canonical distribution methods, 
and that in many cases one may use one or another as he likes. But it is not self-evident 
that the three methods are practically equivalent to each other, and any one has not been 
able to decide whether it is true or not. We may here cite a typical example. Classical 
fluids have non-negative compressibilities. The problem is why they do. Its proof is 
given by Van Hove,’ who started from the cononical distribution. If one uses the grand 
canonical distribution instead of the canonical one, the proof is almost self-evident, or even 
trivial after Van Hove. For the grand canonical distribution method gives in itself the 
non-negative compressibility, whatever intermolecular forces may be, just as the specific 
heat of any system is always non-negative by the canonical distribution. Katsura calculated 
exactly the equation of states of “small system” as well as Husimi-Temperley’s model,” 
and concluded that the canonicel and grand canonical methods are not always equivalent. 
If the three prescriptions are not always equivalent to each other, or if they are not 
evenly reliable, it would not be a matter of small significance. We believe that such un- 


pleasant circumstances are due solely to the fact that the standard methods of statistical 


mechanics have not been established on their solid bases. In other words, there still 


remains some gap between the ergodic theorem and the usual prescriptions of statistical 


mechanics. The purpose of the present article is to investigate the validity of the grand 


canonical distribution method iv the case of ordinary classical liquids and to show that 


this method is practically equivalent to the other two, to the result that we can use 


safely any of the three for the above liquids. 
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The most reasonable formulation of statistical mechanics is, we think, what is given 
by Khinchin in his book.” Although this book, as its title shows, !ays emphasis on the 
mathematical frame of statistical mechanics, it also throws light upon its physical side 
and discloses various weak points of the theory. One of the characteristics of his formula- 
tion consists in separating the mathematical construction from the physical base. Simply 
speaking, the physical base is the supposition that the statistical mechanical system is 
composed of a very large number of mutually almost independent “components”. The 
mathematical construction is nothing but the application of probability theory: the 
equilibrium properties of any system composed of a very large number of components can 
be asymptotically determined by the action of some central limit theorem. 

At the same time, the recent development of the statistical or statistical mechanical 
theories of irreversible processes seems to suggest strongly that a statistical mechanical 
system is composed of a very large number of components which are subject to a kind 
of central limit theorem. For instance, Onsager and Machlup” and Hashitsume” have 
formulated irreversible processes as Gaussian Markoff processes which could most probably 
be considered as asymptotic behaviors of groups of quite many components. Furthermore, 
when M. S. Green” and one of the ‘present authors® derived the above Markoffian 
processes from the first principle of mechanics, they laid stress on the assumption that 
gross variables are approximate one-valued integrals of motion, which, we believe, would 
be essentially equivalent to the concept of components. Thus we may say that in non- 
equilibrium as well as equilibrium states the concept of “component” is playing an ex- 
tremely essential role to the result they can be treated statistically. 

Before giving a brief outline of the present article, we should note on its limit of 
application. It refers to the nature of interparticle interactions and is expressed by the 
following conditions : 


i. The particles interact with each other only through two-body forces, the total 
3 


. . . — . al 
potential energy being written as Uy = 208 (x;, x,). 


ii. The mutual potential energy u(x, x;) between the i-th and j-th particle has 
the properties : 
(1) u(x, x;) = a 00 when |x —x,|<d,, 
(2) [u(x x) |<@ when dy<|x,—x,|<d,, 
(3) u(x, x) =0 when d,<|x,—x,|, 
where d,, d, and w are constants. 
In Sec. 2 we shall emboss the mathematical frame of statistical mechanics of liquids, 
making clear the action of probability theory in it. For this purpose we introduce an 


imaginary system which is defined rather ad hoc and which is called 7-system. 7-system 


consists, by definition, of a large number of components, so that Khinchin’s probability- 


theoretical treatment is straight-forwardly applicable to it. In particular the above condi- 


tions allow us to use central limit theorem and lead to the usual grand canonical distribution 


On the Grand Canonical. Distribution Method of Statistical Mechanics 271 


In Sec. 3 a real system will be considered in relation to its 7-system. When it is 
of a macroscopic size, the two systems are shown to have their common statistical mechanical 
properties. Here again the above nature of interparticle interactions plays an important 
tole. Thus, 7-system is supposed as a good representation of the real system and the 
grand canonical distribution method becomes a well established means for statistical 
mechanical computations. Next, this method is directly connected with thermodynamics. 
Properly speaking, the hydrostatic pressure should be derived by differentiating the logarithm 
of grand partition function with respect to volume. But one usually finds it by division 
instead of differentiation. Its reason is given there for the first time. In Sec. 4 the 
three methods—microcanonical, canonical and grand canonical distributions—are shown 
practically equivalent to each other. The last section involves some comments on Katsura’s 


works and a discussion on the occurrence of phase change in the frame of our theory. 


§2. z-system 


To simplify the discussion, we consider an isolated system composed of N identical 
particles and occupying a domain I’. Suppose I’ is divided into M subdomains 7, 72:+-7 a1 
all of which are identical cubic cells except for those involving the boundary of 1’. 

Now we imagine a new liquid in which all the inter-cell interactions vanish. The 
particles are still allowed to move freely from cell to cell and within every cell they 
interact with each other through the same forces as in the real liquid. Since, in the 
case of real liquids, such neglects can not be done without special reasons, the now defined 
liquid is merely an imaginary one, which we call z-system. In the rest of this section 
we shall be concerned only with the statistical mechanical properties of this system and 
its relation to the real one will be given in the subsequent sections. 

Due to ergodic theorem, the equilibrium properties of an isolated system with a 
constant energy E are determined by the microcanonical distribution. Now the knowledges 
obtainable by the usual methods of thermodynamic measurements are quite limited, that, 
from the theoretical point of view, it is sufficient to know from the above distribution 
the probability for one of the components composing the system to have its energy ¢ 
and its number of particles n. For this purpose, as Khinchin made clear, we must 
investigate the asymptotic form of the structure function of 7-system. 

By definition, 7-system is composed of components. One can, therefore, easily proceed 
e of reasoning as Khinchineelsniet 32 (Et Nisel +ike the structure 


function of 7-system where E and WN stand for the total energy and the total number of 
*) Now we. introduce the two-dimensional Laplace 


along much the same lin 


particles of the system respectively. 
Peaetorm, 2a, 4; 1) of the structure function : 


ra S| Pau -aN O ae S81 

Bad P= >) \-e 7 2 (EN: Ra (2°1) 
vai) —0 N!h 

* All the quantities with the symbol ~ refer to z-system, while those without ~ are reserved for 


the real system. 
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which assumes finite values*’ if 
a>o, —wo<A<+oo. (2-2) 


Now, Khinchin’s conjugate distribution may be written down as follows : 


h. Spy AS Sena xy yc 
TG I Ec ge yen on Oe ei a 


As is well known, the means and variances with respect to the conjugate distribution 


can be calculated by differentiating the logarithm of its generating function & (a, 43 Loe 


(X)=—d log F/da, (Y¥)=—4 log =/AA, (2-4) 
Dyr=( (X—(X))2)=8? log F/Ba’, Dyy=((Y—CY))*2) = 8" log 5/02, 
Dyy==( (X—(X)) (Y—CY)) )=3? log F/0a02 . (2-5) 


Corresponding to the fact that each cell acts as a component of 7-system, the follow- 
ing probability-theoretical relation can be easily obtained : 
M 
Ue, AX, YsP)=d..5 .. | TUG, asx nsrddu. (2-6) 
By,-¥ J ur,=xJ iat 
From Eq. (2:6) we can see at once that the two-dimensional random variable (X, Y) 
is just equal to the sum of M independent random variables (x, y;). Accordingly, if M 
is sufficiently large and if the two-dimensional central limit theorem is applicable to Eq. 


(2-6), the asymptotic form of U(a, 4; X, Y; 1") is given as follows : 


Ula, ASX ¥3P)=—h ep ees {Dyy(X—(X)) 2-4 
= : 


24 


+ Der (Y—CY))*—2Dey(X—{X)) (Y—<y))} | > (257) 
where 


= Drx Dyy— Di-w : (2 E 8) 


Now we must make a remark as regards the applicability of the limit theorem to 
our problem. In view of the assumed nature of the inter-particle interaction, it seems 
almost self-evident that this theorem holds in our case. Namely any cell can involve not 
more than a finite number of particles and, as a result, a finite value of potential energy. 
U(a, 23x, y37) has, therefore, its finite absolute moments of lower orders. 

The asymptotic U(a, 4; X, Y; 1") given by Eq. (2:7) still contains two undetermined 


parameters @ and A. If we put 


(X)=E, (Y)=N, (2-9) 


* Because of the hard core potential = in (2-1) is practically a finite series. Thus the variable E 
has its finite lower limit. Besides @(E,N;I°) can be assumed to increas? slowly compared with e-*#, 


As the result, we can safely assume the existence of E(a, 4;T7°) for any real finite valu:s of a@>O and 2. 
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where E and N tefer to the isolated 7-system under consideration, these equations uniquely 
fix the values of a and A, which we shall hereafter denote by / and # (see App. 3). 
Then the asymptotic form of the structure function is given by 


Q(E, N; I) = (274) 18 (8, ws Pye" (1+0(1)). (2-10) 


Having obtained the asymptotic form of the structure function, it would no longer 
be necessary to present the straightforward calculations for finding the probability distribu- 
tion p(e,n;7) of a single component. The result is the wellknown grand canonical 


distribution : 
ple 23;n)= (farms 7) yewPe¥"2 (e, 257): (204) 


Looking upon e as a function of external parameters, differentiating it with respect 
to these parameters, and using Eq. (2:11) to get an average, one can calculate the work 
done by the external forces. Thus, for example, the hydrostatic pressure P 1s formally 


derived in the form: 
pP= (0/AV) log = (8, #31’), (2-12) 


where V stands for the volume of /’. 

Since no discussions have so far been made on the size of cell except that it is finite, 
we are obliged to suppose the pressure given by Eq. (2:12) to depend not only on fb 
and / but also on cell size. Besides, it should be noted that Eq. (2-12) 1s apparently 


different from the usual expression that is known in statistical thermodynamics : 
ap=(1/V log (8, 163 1°). (2-13) 


Indeed, as far as we remain with 7-system, neither the equivalence between the two 
pressures nor their cell size-independence cen be shown, Anyway, 7-system is, by defini. 
tion, an imaginary one, and we need not discuss it any further. In the fo!lowing sections 
we shall go back to the real system and investigate its statistical mechanical properties, 


where 7-system will most effectively serve as a mathematical device, the results of the 


present section being fully utilized. 


§ 3. Grand canonical distribution of a cell 


In 7-system the probability density for a cell 7, to have the potential energy en 


and the number of particles ,, when the total potential energy ard the cotel number of 


particles of the whole system /' are E and N, is given according to the microcanonical 
distribution by 
2 (e,, ny 5 r1) Q(E—e, N—1; 5 ee /2 (EGG 5 IE Ne (3-1) 


Making use of central limit theorem, this has been shownein Sec, 2 -to,become the well- 


* For the sake of simplicity we omit the kinetic energy, since its inclusion offers no new difficulties 


in the following discusssions. 
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known grand canonical distribution law provided that the number of cells M is sufficiently 


large. 


In the real system, the potential energy of 7; is composed of two parts: the 
intracellular potential e,, and the intercellular one € which is completely omitted in 7- 
system. We must find out the distribution law of e, or at least the mean value of «4, 
for this will become indispensable when we shall eventually make a comparison with 
thermodynamics. 

As is shown in Appendix 1, there exists a remarkable tendency that 7-system 
asymptotically simulates the real one. It is proved there that the logarithm of the grand 
partition function of the real system is asymptotically equal to that of the corresponding 
m-system. Nevertheless, we are not yet free, in deriving the distribution law mentioned 
above, to substitute 7-system for the real one from the beginning. Indeed, for the real 
system the situation seems troublesome prima facie. Because of the intercellular interaction 
we cannot compose structure functions by convolution, so we cannot at once expect that 
the distribution law can be given in such a simple form as Eq. (3-1). A’ little 
consideration, however, will suffice to show that we can proceed quite analogously as in 
the case of 7-system mutatis mutandis. 

We construct in each cube 7 a cube 7’ with the same centre and the faces parallel 
to 7, the side length of which is d—2d,, where d is the side length of the original cubic 
cell and d, is the range of potential defined in Sec. 1. Given the domain /’ composed 
of cubes 71, 7o---7'm, we denote by 1” the domain composed of the cubes 7’, 72’---7m 
and by /’—I/” the part of /’ not belonging to /”. 

If we fix all the positions {X} of particles that are involved in /’—J/”, the total 


intercellular interaction energy is determined, 


a St 


and these fixed particles in /'—/" can be 
looked upon as the external sources of force 


acting on the moving particles in /”. 


amet cnr 


Noting these circumstances, we can now 


ask for the probability density that the 


intracellular potential of 7, is e, and the 


number of particles within 7,’ (not 7,) is qi 
n,’ when we completely know the configu- 
ration {X} of the particles in /’—/”. 
(conf. Fig. 1). cab 
Bigs iL. 


Owing to the assumed nature of inter- 


article interacti o i i i i 
P raction, 7;' has no direct interaction with /’—j7, Looking upon {X} as 
parameters, therefore, the answer is 


ple, m’ 3 {X}) = i (e1, my’ 3 1X} ? ri) 2 (E—E,—e, Nort N\—n)'; ix} » tosh) 
2 (E—E,, N—N,; {X}, 1’) 
(3-2) 


) ae are ty f 
Here {2(e,, n,'; {X},7) is the structure function of 7’ in the static field due to {x 
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While e, is supposed to include all the intracellular potential energy in 7, n’ refers to 
the particle number in 7’. N, is the particle number in /’—/” and E, is the total 
intercellular potential energy between the N, particles.*? 

An important conclusion derivable from Eq. (3:2) is that, in the situation where 
the positions of all the particles in /’—/" are fixed, /’ can be considered as a 7-system 
under the influence of external force field. Therefore, it becomes again possible to apply 
central limit theorem. The result is, when M is sufficiently large, 


e fa-p/n! 
Pes ty 3 it ) =e, ms {(X}, 74) —— —_—— {1+o0(1)}, (353) 
AG exe RL ee Oc) 
where 
= | = —ae—An d. 
B (a, AX}, =D Ons {XE A, G4) 


and §’ and p’ are determined by 
—8 log (6, #3 {X}, 1°) /A—"=E—-E, —8 log E(B", w! 5 {X}, 1”) /Op'=N-N,. 
(Exey 


Using Eq. (3-3), we can calculate the mean value of e, when the set {X} is 


prescribed : 
{eX}. 7) 2=—? log & (6, es (X}, 71) /OR"- (3-6) 


When e, is the function of extensive parameters 4,, 4,, ..., 4, the generalized external force 


<A,» in the direction of 4, is 


—Bler—p! ny! 


(A, (i X}, 71) pS |Fae (ey ty! 3 1X} 7) 2 de, (3-7) 


2 (8, v3 1X}, 71) 
= — (1/f')9 log & (8%, ws {X}, 71) /04. « 
What we want to know is (A,(7;)) which is the generalized force when the set 
{X} is not prescribed or when (A,({X}, 7) ) is averaged over all the possible values of 
the set {X}. That is to say, our aim is to show that if the sizes of the cell 7, and 
of J’ are sufficiently large, (4, (7) ) is given by 


(Ay (11) >= — (1/8) 9 log 2 (8, #371) [9465 (3-8) 
where / and /4 are determined by 


A log 2 (8, #3 I’) /OR=E, 
and (3-9) 
—A log 2 (8, 2; 1) /OP=N. 


* e, is the sum of potential energy acting between the fixed particles, PSANES the unfixed ones and 
between the fixed and unfixed particles in 71. Intercellular potential energy is the sum of potential energy 
acting between a pair of particles occupying different eee among 71, T°) ru- Ei Is oiely due to the Ni 
fixed particles. Letting e(r:) be the intracellular potential energy of 7;, we have the relation 


M 
Se(rs) +H=E. 


i=l 
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In order to prove this, it will suffice to show that in the limit of infinite cell size, 
(I) the values of 8’ and p’ determined by (3:5) are equal to the values of 
and jt determined by (3-9); and that 
(IL) when the uniformity of convergence of the two limiting processes (3:24) 
hold, 
0 log = (B, #3 4X}. /9A, is equal to A log = (8, #3 rypan® 


Putting 2 (8, 4; 1’) =exp[V(I")9 (B, #3; 1)] etc. (cf. App. 1), Eqs. (3-5) and (3:9) 


can be rewritten as follows : 


— ag (8, ws {X}, 1) /08'= (E-E,) /V), e559) 
—ay (8, #! {X}, 0) /op' = (N-N)/V OL), (2:55) 
—og (8, p30) /0B=EV(), (3°95) 
—dg(8, #31) /9e=N/V(L). 29 


We notice that 
lim (N—N,)/V 1’) = lim N/V (LI), 
V(P)>2 


M>o 
daa 
al . ’ GB ; 10) 
lim (E—E,)/V(’) = _ lim EJP). 
pig Vw)>o2 
which can easily be verified from the inequalities : 
N, S Md,d?/v, \E,| ScuN,- (3-11) 


Here, v)=47/3- (d,/2)° and ¢ isa number of order unity. These are the direct conse 
quences from the assumptions imposed on the inter-particle interaction. 


In App. 1, it is proved that 


lim g (8, 3 {X} > FS = lim g (f, BS I?) =7 (3, f)- G3 _ 12) 
nade V(P)>o 
The convergence is shown there to be uniform with respect to both §# and “4 when B is 
bounded. As a result, the limit function 7 (/, 4) is a continuous function of B and p#. 
On the other hand, from the definition it is easy to see that 


09 (B, #3 {X}, 1°) /2P>o0, 99 (8, #3 {X}, )/ov >O, (3-13) 


and 
G9 (PB, iT) /OP >; 0°9 (8, #3 1°) Jove > 0. (3-14) 
Let 7,, 2’, G and f,/ be any numbers such that 
BY <Bi<B<hy< Ph! 


and , 
8 <B'<Bp sit ae 


* When we make V(J") or d tend to infinity, we suppose {X} to be an arbitrary function of V(1") 
and d. The equality in the limit implies that it holds irrespective of the form of the arbitrary function. 
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From’ (3-13) and (3-14) we have 


OG teeta) OR Xt I’) < OG (B's Hs AX}, PY 
P,— 8,’ op’ 


IB, Bs 1X}, LP) =~ 9 By v's {X}, FP) 


Bo’ =8, G oe 
9 (Pi, #3 1) —9 (BY, HSL) — 89 (8, BSP) 9 Py, BP) —9 Bp BIT) 
B, a Bi 0p eee aa Bs 
Let x 
(3-17) 
iE 9(B,, 3 P) —9 (Bo, 3 P) (3-18) 
ORE B,—B, 


Then, using (3-12) and continuity of 7 (/, 4), we have 
L(B,, By, ) +6 4+&<99 (8, Bs {X}, 1) /OR’< L(A’, Bo LE) +&'+&!, (3-19) 
L(B,, Bi, 2) +61" <09 (8, #3 2) /OB< LB, Boy B) +8" (3-20) 
where &,, &/, &/’ and &,”” tend to zero as both d and V(/’) tend to infinity, and 
lim &=0, lim &/=0. (3-21) 


wpe! |>0 lu—p/ 10 


Using (3:5) and (3-10) we can rewrite (3-20) in the form 
L(B,, By’, #) +6)" < — (E-E,) /V LP) < L (By! Boy BY FE". (3-22) 


Comparing (3:19) with (3-22) and noting (3-13), we can conclude in the case of 
sufficiently large V(/") that, if the value of vis sufficiently near to that of 4, there 
is a value of ’ for any /’ which satisfies (3-5) and the relation: 


|8—9'| <8.’ By’ . (3-23) 


Since we can choose |f,/—(3,'| as small as we wish, if we take pv’ sufficiently near to / 
there is the value of [’ which is sufficiently near to 8 and which satisfies Eq. (3-5’). 
The same can be said with Eq. (3:5”). 

Thus, there is the set of values of f’ and p! satisfying Eqs. (3:5’) and (3-5”) 
which tend to those of 9 and yt in the limit. As there is the proof for the uniqueness 
of Chek solutiontof!(315)\MG45)si-G 39’) sand (3-9/) in App. 3, we can make the 
above assertion (I). Although we have the relations (3-12), they are not sufficient for 
the proof of (II). 


If we could ascertain the uniformity of convergence of the two limiting processes : 


lim Blog 2B, 13 1X}, 7/92, and lim Plog SCA" )/Ph, G24) 
V(P)>0 
there would be no difficulty to prove (ID). 
Unfortunately, we have not succeeded to attain the rigorous proof. Since it is a 
rather troublesome task to show strictly the above uniformity of convergence, we have 


given up this problem. From the physical point of view, however, it will be quite natural 
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to expect (II) because we have the relations (3-12).* Incidentally we may remark 
that this point remains untouched in the theory of Van Hove’ as well. 

The conclusion we have just reached is that the grand canonical distribution law 1s 
under certain conditions effectively applicable to the real system, as if the intercellular 
interactions were infinitely small as long as both d and M are sufficiently large. In short, 
our 7-system is a very good replica of the real system in the statistical mechanical sense. 

At the end of this paragraph, a word must be added as to the equivalence between 
(2-12) and (2:13). As is fully discussed in App. 1, log =(8, 2; 1°) is asymptotically 
equal to V(l')9 (8, 4) where 7 (8, #) is independent of V(I’). Thus the above 
equivalence is now obvious. As is easily recognized, this fact plays an essential role in 
deriving thermodynamics from our formulation. Since the derivation is straightforward, 


it may be omitted here. 


§4, The equivalence of various formalisms of statistical machanics. 


It is well-known that there are various formalisms of statistical mechanics. They are 
different in defining the entropy of a closed system /’ as a function of the number of 
particles N and the total energy E of the system. Namely : 

(1) Boltzmann’s method : 


Sn (E, N; P°) =klog {Vy(E+4E; 0) —Vy(EsT)}, (4-1) 


where JE is a constant independent of N and E, k is the Boltzmann constant and 


Vy(E;I’) is the phase volume of the set of points the total energy corresponding to 
which is smaller than E. 


(2) Method of canonical distribution : 

So(E, N; J") =k {log (8, N; ) + BE}, (4-2) 
where 2 is determined in terms of the ordinary partition function 0(8,N;I°) by the 
relation : 

—0 log 0/AB=E. (4:3) 


(3) Method of grand canonical distribution : 


Sa (E, N; 1°) =k {log 5 (8, #3 I) +BE+HN}, (4-4) 
where ( and /# are determined by Eq. (3-9). 
Of these three methods we have seen in the preceding section that the method of 
grand canonical distribution is well founded in the sense that by this method the 


thermodynamic properties of the system under consideration are obtainable on the basis 
of the ergodic theorem. 


As to the other methods plausibility arguments for their validity have been given 


* Practically speaking, we should take difference quotient rather than differential one with respect to 
A,;. From this point of view the assertion (IL) is now obvious from (3-12). 
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in various textbooks, and yet the rigorous proof for the system of dependent particles 
does not seem to exist. The equivalence of these methods will not be so self-evident 
especially when the system is undergoing a phase change. 


The results we have obtained in this respect are the following: There exist 


imesoe (Ns) 4) N= spc, 2)\s (4-5) 
N>c 
lim Sc(E, N; a) /N= sol€, ay (4-6) 
N> oo 
lim Sg (E, N; I) /N=se6(, P)5 (4-7) 
N>o 
and 
SR te; p) = 50 (6, ?) IG (é, ?) ’ (4 -8) 


where in the limiting process N/V (I’) and E/V (I’) are fixed at p and € respectively. 
Making use of Z-system, these results can be directly obtained from the following 
lemmas. Here, we use the symbol X* for the quantity X of 7-system whose basic cube 
has the side length d. 
L(2,1): There exists 
a= lim Sé7N, (4-9) 


and it is a function of ” and € only. 


L(2-:2): When M is large, 


S#(E, N; 7) =Sé(E, N; [’) +0(M) 


=54(E, N; 1°) +0(M). (4-10) 

L(2-3): When d is large, 
54 (8 ~) =sn(€, p) +0(1/d). (4-11) 

L(2:4): When d is large, 
64(e p) =soS, 0) OU"), (4-12) 
4 (8 ~) =se(€ ~-) +O(1/4). (4:13) 


The proofs of all the statements of this section are given in the appendix 2. 
It is to be noted that the above results are quite independent of the existence of 


phase change. 


§5. Concluding Remarks 


When a system is of a macroscopic size and when the interparticle interaction 
satisfies the conditions given in Sec. 1, the grand canonical distribution method has been 
exactly founded on the basis of ergodic theorem. Then the equilibrium properties of the 
system have been shown to be equally derivable from anyone of the usual statistical 


mechanical methods—microcanonical, canonical, and grand canonical methods. 
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As to the assumptions imposed on the nature of the interparticle interaction, it can 
be shown that they are unnecessarily restrictive. One may allow not only two-body force 
but also n-body force so long as nm is finite and independent of the total number of 
particles. Further, the two-body force does not necessarily have a hard core and it is the 
point that the force increases with sufficient rapidity when two particles approach to each 
other nearer and nearer. Anyway, our proof can be supposed to apply to the ordinary 
classical: liquids and gases. 

Katsura”’® attempted to compare the results of canonical and grand canonical dis- 
tribution methods with each other. Since exact calculations must be carried out to 
eliminate any ambiguities, he had to refer to rather ad hoc models; i.e., ‘“ small clusters ”’ 
and the Husimi-Temperley model. Now, it is not surprising that his results show in 
both cases decisive discrepancies between the two methods, because on the one hand his 
small cluster is of a microscopic size and because on the other hand the Husimi-Temperley 
model involves many-body forces which depend on the total number of particles of the 
system. This contradicts the assumptions made in the present theory and does not allow 
to go to the limit dco with a constant particle density and energy density. Thus we 
can see that there are no reasons why the canonical and grand canonical distribution 
methods should give the same results in each of these models. 

Finally it should be emphasized that the present theory holds equally well even when 
phase change is proceeding. In the present theory we have occasionally utilized the 
regular character of =(8, 4;1°) with respect to % and “#, which itself is a direct con- 
sequence of the assumed nature of inter-particle interaction. Now it might look paradoxical 
that a regular 2(8, 4; 1") can produce discontinuous behaviors of a thermodynamic 
system. . This point can be seen as follows: Let m) be the maximum of the number of 
particles that a cubic cell can contain. Various means and variances with respect to the 
conjugate distribution U(3, 4; X, Y) are of the order of magnitude O(n,) and O(n,°) 
respectively. A quantity of O(n,’) occasionally appears infinitely large compared with 
another quantity of O(n,) when n, is quite large. This means that an infinite heat 
capacity or a zero compressibility are practically possible, in spite of the regular character 
of 2 (3, 4; 1"). Besides, however rapidly these variances may change during the course 
of changing / or /4, it does not effect the validity of the central limit theorem, so far 
as these variances do not exceed a finite value independent of the number of cubic cells 


M. ‘Thus the conditions for the applicability of limit theorem do not exclude the possible 
occurrence of thermodynamic discontinuities. 


Appendix 1 


The technique of making use of 7-system as a mathematical device to discuss the 
nature of the original system is nothing but the method which Van Hove” applied 
ingeniously. The results he has derived, as to the relationship between the two systems 
however, are concerned with canonical distribution, so it is necessary for our purposes 3 


generalize them to the case of grand canonical formulation. The extension is straight- 
forward. The reader is recommended to refer to Van Hove’s paper. Sao 
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We imagine that a cubic lattice L,, with lattice constant d larger than d, is constructed 
in the space including the domain /’ which contains the N particles in question, the 
space being divided by a set of cubes with side length equal to d. 

Let J’, be the maximum domain formed by the cubes completely contained in I’ 
and J’, be the minimum domain formed by the cubes covering /’. 

We suppose that 
(1) the volume of J’, V(I’), increases indefinitely with N in such a way that the 
density of the system N/V (J’) is fixed at a finite value p, and that 


(2) lim V(I)) /VW,) =1. (AI: 1) 


V(T)>o0 
We denote by %(8,N;I/’) and £(8,;1") the partition function and the grand 


partition function of the system under consideration, respectively. 


Putting 
@ (8, N; I’) =exp[Nf (8, N; 1), (A1-2) 
and 
5 (6, ¢3T)=explVC)IG ws T)), (Al :3) 
it is easy to see that 
POUND) =f Bp el yo fQG,N 3 15)s (A1 -4) 
V(P) 98 Hs TDIVD)IB Hs LYST) GI EG, #5 0 o)- (Ada) 


Denoting as Uy (x;..-Xy) that which remains in the potential energy expression of the 
total system when we discard the terms associated with pairs of particles occupying more 
than one cube, we put 

(8, N; 1’) =exp(NF(B, N; Pyjaa|..| eau da. dey, CAL) 


E(B, ps P)=explV (EGG, #5 PY J=Ye explnfB ms PY], (AL) 


where I” denotes any of the three domains /’,, 1’; and I’. These are the canonical 
and grandcanonical partition functions of three 7-systems. 


Van Hove already showed that 


d, .T _F(8 aya) LE, pV (I") 4, Al1:8 
(1-2) < fi, Ns PY FB, Ni PY SPR ag Crt) 

where &(x) is a function with the property that 
lim &(x) =0. (A1-9) 


a> 
The expression of € (x) depends only on the nature of the interparticle force. 


Therefore, we have 


exp[nf'(9, n; LT’) ]=exp[nf (8, n; 1”) | exp(n0,), (A1-10) 


(3,| SMa €(1— +), 2 pa) Pal (A1-11) 


n 


282 T. Yamamoto and H. Matsuda 


and thus we put 


2=F exp[V(I") 4], (A1-12) 
where 
1 4 Geeta, | 
<< _E Sel yea | (A1-13) 
jo] S Mas| €(1— ye dd, 
Thus we obtain 
GE Ban ce 
J : el tat |e ae Al-14 
19, 5 F) TOP, 15 |S Ma] e(1 *) Ri de> |? (Al: 14) 
lg (8, pe tp) —9 (3, #3 1") |S Mex| © (1 — +), Pi ak (A1-15) 


Supposing that /” is composed of cubes 71, 7'5-+-) 7m, we can write 
exp [VID G (8, #5 P= feel VIE, es)" 


< (A1 - 16) 
=expi/(1 7) g (8, BL; r) | > 


showing that 
98, es =9B esn=Ialb, +. (A1-17) 


Introducing this into the left-hand side of (L-1-1) and noting that 9(8, u;T) is 
independent of d, and the right-hand side is independent of V (/’), we can conclude that : 
(L:1-2): There exists 


lim 92(8, M=9 (BY), (Al - 18) 
d>o 

and 
lim 9(f,4;0T)=9 (8, »)- (A1-19) 
V(P)>0 


It is to be noted that these convergences are uniform so long as ( is bounded, because 
the right-hand side of (L:1-1) is bounded when (9 is bounded. 
From (L:1-1) and (L-1-2), we can at once derive the following lemmas. 


(Eat 3) if lim VdU)/VW) =1, 
V(P)>0 
lim g9(8,43I”)= lim g(f,p4;T). (A1-20) 
V(P)>o V(P))oow 


(L-1:4): Let g*(8, #31") be the corresponding quantity to g(8, #; 1°) when 
the field of external forces with finite magnitude exists. Let 7/’ be the sub-space of J" 
where the field is not zero. 


If lim: Vig! \7V Ce) 0, 
V(P)>0 
we have 


lim 9 (Res Toi Bi OCR Ala (A1-21) 


VW(P)>ao 
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Appendix 2. — The proofs of lemmas of Sec. 4. 


(L:2-1): This is apparent if we note that 


log = (p, B3 I’) = 119, (8, L), 
(A2-1) 


il fhe 
=N ea (8, 2); 
pd 
and that § and 4 are determined by 
—99a(8, #)/OB=pd"€, —OGa(B, () /Ou=pd*. (A2-2) 


(L:2:2): The application of central limit theorem to 7-system proves the proposi- 
tions. The detailed accounts of the theorem have been given in Sec. 3. 
From (3-9) and (3:15) we have 


= ea 
log 2°(E, N; I’) =BE+pN-+log = (8, #3; I) +0(M). (A2 -3) 
On the other hand 
log [RIE Min Q¢(E!, NOT Sa (EIN GL) es log | k4IE Max OE, Nee 


ELE! ZE+AE EAEIZE+A 


- (A2-4) 
Noting that log 2°(8, #; I’) =d°Mg. (8, 44), we have 
5% (E, N; ) =Si(E, N; [) +0(M). (A2-5) 
Quite analogously we can show that 
S4(E, N; 7°) =S3(E, N; 7’) +0(M). (A2-6) 


(L:2-3): Denoting the intracellular potential energy of /" by E,, the intercellular 
potential energy of I’ by E,(E=E,+E,), and the phase volume corresponding to 


x<E,<x+dx, y<E,<y+dy (A2-7) 
by w(x, y, N) dxdy, we have 

Q(E, N; 1) =|"« (E=ypy;-N) dy, (A2-8) 

OE, NT’) =|" (oN) dy: (A2-9) 
Due to the nature of the interaction, we see that 

w(x, y, N)=0 when x<—cNu, (A2-10) 

w(x, y, N)=0 when co>|y|>4(N, d) >0, (A2-11) 


where 


0<A(N, d)/N=O(1/d). (A2-12) 
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Thus 
E+ AE+A(N, a) o 


[dere (ENG I) | dE’ o(E’, y, N) dy 
. —-oO 


Pipn ee: (E!, N; r). (A2-13) 
Noting that 
O*(E!, N; I’) — lt WNF* (I LN,p) +0080 (A2-14) 


from (L+2:1) and (L-2:-2), 
and that a5 2(E, p) /IE>0 because B>0, (A2-15) 


we have 


blog (dB. CE, Ns P)}SNFt(E+4E+AWN, Y/N, p) +0(M) 


E 


(A2-16) 
=N{52(E/N, p) +O(1/d)} +o(M), 
while 
R+AR E+AE é 
| dE'2(E', N; ry=| dE’ lim \ dx w(E'—x, x, N), (A2-17) 
E E &>0 —e 
where 
dE’ lim \ dx w(E’—x, x) (A2- 18) 
E>) —e 


is the phase volume corresponding to the configuration where there is no intercellular 
interaction, and thus 


lim | dx w(E'—x, x, N) = Qe (Bl NG Te). (A2-19) 


E>0 


The definition of J’’ is the same as in §3. From (L-1-2), 
k log 2*(E’, N; I”) =N{5"(E'/N, N/V) +.0(1/d)} +0(M). (A2 -20) 
E+ AK 
fe k og {| dE'2(E', N; I")} > N{F#(&, p) +O(1/d)} +0(M). (A2-21) 
JE 


Again using (L-2-2), we obtain (L-2-3). 


(L:2:4): The proof is directly obtained from Van Hove’s paper and (L:1-1). 
We do not repeat them here. 


Appendix 3. 


We shall prove here the following theorem : 


If two real and finite numbers A and 
L>0O are given, the equations 
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fa) log =/da+A=0 


disg &/ALLL=0 Sree 
have always a single pair of roots 
, a=0>0, dA=p. i(A3I- 2) 
Proof: Introducing a new function =* by 
E*(A, L3a, 2) =e4"E (a, 2), (A3 -3) 
one can rewrite (A3-1) in the form: 
d log F*/da=0, 48 log B*/dA=0. (A3 -4) 


Thus the problem is to show that E* has a single minimum in the half-plane a >0, 
—co<j<-+oco which will be called o-plane. 

Now we can prove that =* tends to -+-co at the whole boundary of o. 

(1) Boundary a=0, A= 0. 


Choosing a certain small integer 0>0, we have at once 


B*> oS) [ero (E, N) dE/NB* 


N<L—-6 


(A3-5) 


—o 


> ey (8G, N)dE/N15*> +00, 
N 


i <I—6 


—o 


because the integration with respect to E extends to + ©. 
(2) Boundary a=0, A<0. 


ge Os (Vee, N) dE/N\ 5% 
N>L+6 


—co 


—o 


> eos) | 2 (E, N) dE/NiP*> +0. (A3-6) 


NOT+6 
(3) Boundary A= +0, @ is arbitrary (including + 00). 
a*> etAtal pee [er 2E, N)dE/N! A 


N<L-6 


—o 


—o 


> es We N)dE/N1B—> +00. (A3-7) 


Nels (A> +) 


(4) Boundary A= — ©, @ is arbitrary (including + ©). 


Bee St (OE, N)dE/NIM 2 +0 - (A3 -8) 


N>L+6 vy -o 2) 


(5) Boundary a= +, / is finite. 


Choosing a certain small energy €>0, one obtains 
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A* > etAt AL = [reg (E, N) dE/N!h°* 
N 


—c 


> +0. (A3 -9) 


>+0) 


Ss got [oma N) dE/NP 


N 


(A3-9), it will be obvious that our theorem holds when 


In view of (A3-5) 
and only when the second derivative of log =* is always positive. To show this, let us. 


differentiate log 2* twice in the direction s which makes an angle ¢ with 4 axis at an 


arbitrary point on o. Then we have 
log F*/d8°=I"log Z*/da?- sin’d + 29°log E*/dad/-sin d cos 6+0°log 5*/92’-cos’d . 
(A3-10) 


Remembering (2-4) and (2:5) in the text, the required relation can at once be derived 
from (A3-9): 


0" log ie IG fe) eS ( d log = | 
N +—— x 
as Zi a d) “v or sin @-++ =F YI cos 


| (A3-11) 


—aE=—AN 
Xe Q(N, E) a> 0. 
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A Relativistic Wave Equation for a Particle with Two 
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A telativistic wave equation is given which describes a particle having two different mass states 
of spin 1 and 0. The energy density is positive definite and the usual method of quantization is 
applicable. 


§ 1. Introduction 


Recently, Bhabha” has given a relativistic wave equation which describes a particle 
with two mass states, one of spin 3/2 and the other spin 1/2. This equation was refor- 
mulated by Gupta” in the analogous way to Rarita-Schwinger’s formula and the quanti- 
zation was performed. 


The equation of Bhabha is 


(a, p*—X) $ (x) =9, (1-1) 
where p*=—i0/Ox,, %= (Xp X19 Xo %)> Xo==ct, and 7 is a constant related to masses. 
a, are the 20X20 matrices. Raising and lowering of tensor indices are done by the 


metric tensor g,,=g"” defined by 
So0= —Su= —Sn=—Bs=1, Buv=0 for /=-Y. 
Before this equation was found, the equation which have the form 
(a, P—DY Oo) =0, (1-2) 


where @, are certain square matrices, had been investigated by various authors”~"”, and 
it was shown that these equations have solutions describing particles with various mass 
and spin states, neither the energy nor the charge being, however, made to be positive 
definite. As is well known, the usual method of quantization is physically significant 
only when the energy or the charge is definite. But the equations treated by these au- 
thors were not sufficiently general and Bhabha has shown that there really exists an equa- 
tion which describes a Fermi particle with two mass states and definite charge density. 
His theory would be of interest at the present time, because a number of new pat- 
ticles have been observed recently, and some of them of half-integral spin may be described 
by such multi-mass equations. The situation is similar for particles of integral spin. We 


shall, therefore, extend the theory to Bose particles, giving an equation which describes 
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a particle having two different mass state 


s of spin 1 and 0. The equation is defined in 


§ 2 and its properties are investigated in § 3, showing that the energy density is positive 


definite. § 4 is devoted to the quantization of the theory. 


§2. The wave equation 


At first we give a brief description about the properties of the equation having the 
form (1-2), as far as it is necessary for the development of this paper. The equation 


(1:2) is relativistically invariant if, with the Lorentz transformation 
X= Xv, Pate” Pwr 

there exists a transformation 
d(x’) =U¢ (x), 

such that 
aaa re ee. 

The Lorentz rotation can be built up from the infinitesimal transformations 


Xy! = Xp Ey X's Geet 1/2. 2 Le, 


where 
Evwwtew=0, Ipetlop=0. 
The condition (2:3), applied to (2-4), gives 
: [a,, Thol=Iye Ao—Yuo &p- 
If one puts U=R for the reflection of the three spatial axes, (2:3) requires 
3) 
Reco: =e. bhi Oe hate iie 


[,, and R also satisfy the following commutation rules (k, /=1, 2 , 3), 


Bae Io\= —IJup LrarrGie Lo +9Juo Ne +I vp ras 
R= Top Rr —I),, Rae IF ie Tas 
The wave equation (1:2) may be derived from the Lagrangian density 


L(x) =$* (x) D(a, p*-— Dy), 


(2:1) 


(2:2) 


(2-3) 


(2-4) 


(2-5) 
(kod 28 


(2-6) 


(2*7) a4 


(2-8) 


provided there exists a matrix D, which is non-singular and such that a,*D=Da,. The 


invariance of (1-2) requires 
Ope e. 
By use of (2:4) for U, one gets from (2-9) 
I>. D+DI..=0, 


and 


(2-9) 


(2:10) » 
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R*D=DR: (2111) 
The charge-current four vector and the energy-momentum tensor are defined by 
Si =0* Da, 9, 
t,y=1/2[¢* Da, py $— (p, $*) Da, ¢). (2-12) 


All the formulations are equivalent under the transformation by an arbitrary non-singular 


matrix 5, 
os 4, 
D-s* Ds, 
ays" ay S, (2-13) 
U>s7* Us. 
To construct the representation of @,, we shall work with the two sets (K,, K,, Ks) 
and (L,, L,, L;) defined by 
K=kG Inti), Ke=tGlith), K=tG hth), 
je = a be) ey Vos Li Le) Pe (he— Lu)’; (2-14) 


both of which transform as components of a vector under spatial rotations, and obey the 


commutation rules 


[K,, K,] = iK., [L;, L,| = iL, (2 : 15) 


the remaining being obtained by cyclic permutations OLN E lye )ee ewer R=K?+K? 
4K2 and P=L?+L,+L,' commute with all the I,, and their eigenvalues are k(k+1) 
and [(/+1), respectively, where k and / are positive numbers, integral or half-integral, or 
zero. S,=ilp, Sy=ily and S,=the also satisfy the similar relation to (2:15) and can 
be interpreted as components of the spin angular momentum, §=$72452+5,? having the 
eigenvalue s(s+1). To investigate the ‘relation between the mass and spin eigenvalues, 
it is convenient to use the representation in which S and S, are diagonal as well as K 
and L. D can also be given in the diagonal form in this representation. Corresponding 


to the given & and /, the values of s form a progression 
PERE, ee Mi re |k—1)) 
and D is of the form 
(s|D|s’) =d(—1) "cur 
where d is a constant. One may assume d=+1 without loss of generality, the sign 
being given arbitrarily for any particular k and / values. 


The a, are determined uniquely when one defines the transformation properties Of, Les. 


I,, and R, and fixes the arbitrariness of the sign in the representation of D. 
As for the equation with two states of spin 1 and 0, we shall consider the follow- 
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ing transformation properties, which would be the simplest for our purpose, even if ano- 
ther choice may not be excluded. 

aise.) : 

: PG Ui e2 1/2) 


Ly= : ths 


: 0) ; ’ (2-17) 
Dyer) 


. uv (0, 0) 


where I,,(&, /) are irreducible elements of I,, specified by & and J, and 


An 
10 a, Bare Wa 
R=}. Se Fee aon (2-18) 
A 
ages 
where 
I, — 
4-( ole ee ae ee eee 
. Lig 
1, stands for the nXn unit matrix. Corresponding to the I,, and R given above, D can 
be given in the diagonal form as follows. 
P ayAs aay 
os F : 
D=|, . pit td ee. hae (2-19) 


where d,, (m=1, 2, 3, 4, 5) take the value +1 or —1 independently of each other. 
We choose them as follows. 
dj, — 15. dd, d=. (2-20) 
a, can now be determined uniquely from the above definitions. @, is given by the 
relations 
[a,, Iz|=0, [[a, Tul, LulSQo (2-21) 
a,, being defined by 
Ce oe (2522) 
For the representation [,,(k, /) and the method of obtaining the representation of @, by 
use of (2:21) and (2:22), ome may refer to Reference (7). 


The a, matrices are thus given as follows. (The symbol* denotes the Hermitian 
conjugate of a matrix.) 


Uy : fue LCT eM: fae ele 
tae A RR Ts —ut . av, dv. 
Q=| Sak ey FP ea a, ae eee : 
—tfy Ines ace Tes. ADU futewenncty bu, 


tnt Wet’ oy bugten. Eos Hay. hehe es, 
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y= y } v= d 
1 i : 
1 : 
i : 
Vv 3/2 
} (2-23) 
i 1/v2 
no eves ve we 
—1/Vv2 vgs 
yn . : == Il 4 nai mein 
Wok L/v 2 
: : , 1/2, 
/3 /6 ; —V3/6  . 
Uy=1y, V»== — Wy, 
1 : 
7 ae 
e . i i 
U,— . . ° 5 ; v,= a 5 
5 1 
1/V6 


the rows and columns being distinguished by s and m(=s,) as well as k and /. They 
are arranged in the order such that the larger s appears to the left of the smaller, 
and once s is given the larger m appears to the left of the smaller. The first nine rows 
and columns are thus arranged in the order, denoting them by (s, m) for the particular 


k and / values 
(2, 2) 2; Ne (2; 0), ie —=1), Qi =2), (ls 1); (1, Oe Gs —1), (0, 0), 


and similarly for the others. 
For obtaining the spin values and the corresponding rest masses, one writes the ma- 


trix elements of a, for each spin state separately, 


A= (s=2|a,|s=2) =0, (2-24) 


oe anlage; 
jes(=tlodi= =| Ds one 3 Ally (2-25) 
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/ ; V3/2 ; /3/2 f : : 
3/2 a qd 
Te i= : = : c 
ears ery ate f Peis b 
= ; b 


(2-26) 


Here a, 6, c, d and f are numbers which can not be determined from the ansfor ones 
properties. Strictly speaking, each matrix element for s>0 in the above ae should 
be written as a diagonal matrix of 2s+1 rows and columns with same diagonal a 
But we have simply put them as numbers, which has nothing to do with minimal equa- 
tions. (2:24) shows that the state of spin 2 is not realized. One can make the energy 
density positive definite by putting certain restrictions on the constants. 

We shall define the constants by 


f=—d=0, 
3f'a +3b°=2ab’, (2-27) 
3a°/ (2a —3) >b°>% a’ (2a°—3) > 0, 
which make the minimal equations for matrices 2, and A, be 
Afae— a—f) J=0, 
ATAe— @—€+6°—3 f°) |=0, (2-28) 
respectively. (2-28) shows that there are two states of spin 1 and 0, and their masses 


are, respectively, 


"Gf Gae+h—afy™ (2-29) 


Then the constants must satisfy the inequalities, 


fi<1, $-—€+b°—3f'>0, 
which are satisfied by (2:27). 


§ 3. Properties of the equation 


We shall now prove that the energy density for the equation is positive definite 


The equation contains the constants not determined from the transformation properties, 


and we have defined them by (2-27). 


Though we can put more restrictions besides 


them, it will become clear that they are sufficient for making the energy density positive 
definite. 


To see this, we first transform a@, to the pseudo-diagonal form by the transformation 
(2:13) with the transformation function s which is given below. 


For the state of spin 1, one can transform 4, such that 
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iS ; : 
Silt A aN —€ : (ooh) 
where €=(1—f°)'”. From this it follows that but for an arbitrary multiplying factor 
sul, Sy = 1/5, 54= —f/§, 


She (¢) = Shy (—¢) : Gez) 


Then D becomes after this transformation 


1 : , Oba os 
*Ga1[De=vene : 1 : (. ae Oe | : (3-3) 
= 5 il 


where 
=| 51|?E | 5011? — | 5e1|?, (3:4) 


and the value of 0 is not necessary. Substituting (3-2) in (3:4) one gets a=2. In 
this representation the solution of (a, p’—7) (x) =0, the equation corresponding to a 


particle at rest, is without normalization 


b=po, eixeolt +-gh_e~fe=ol¥ e -5) 


1 < 
s.—| ° ! =| 1 ) (3-6) 


and p and q are arbitrary constants. By use of (2-12), (3-1), (3-3), (3-5) and (3-6) 
the energy density reduces to 


where 


to= a7 (|p|? +l"), (3-7) 
showing that the sign of the energy density is equal to that of @ (assuming y> 0), and 


positive in this case. 


The similar procedure is adopted for the state of spin 0. The transformation func- 
tion s, which corresponds (3-1) for the state of spin 1, is determined to satisfy 


oases palate fs (3-8) 


where 
n= (8—a@+6°—$f*) 4/2 
From this it follows that but for an arbitrary multiplying factor 


=v 2/3 (1/9) +4), no=1, $5 = — 4/7, 
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b | Zz 2 oy ; 3 e 9) 
— 1 2 2 aye= +. —— —$— | —Sry +a’) 1| ? ( 
$41 y; |2 (7+) 1} $51 fy 3 ( 
Sho (7) = Sky (—7) s 


D becomes after this transformation 


=a) x) paca de 8 


al jas rt yee Rie 
st (s=0|D|s=0) s=s*)s : hh : | s= fovte als (3-10) 
5 1 : | ea?) 
5 Ly 
where 
B= —|5y|?—| 501]? + | 5011? + [Sar]? + LSonl*s (3~14) 


and 0 is a 3X3 matrix, the form of which is not necessary for our purpose. The solution 
corresponding to a particle at rest is 


$= pb. 4 gh 1, (3-12) 


where 


i alle 2 | , (3-13) 
and p and q are arbitrary constants. The energy density is 
to= Bx (pl? + I9l") - (3-14) 


In order that this is positive, it is necessary that f>0. Substituting (3-9) in (3-11) 
and using (2:27), one gets 


pl Pe ela (a 


7 PA ee 
which is positive from the definition (2:27). 
Thus it becomes clear that the equation has the solution with two states, one of 
mass 7/S and spin 1, and the other of mass 7/7 and spin 0, the energy density being 


positive definite. 


It remains to be proved that the equation is irreducible, that is, the @, can not be 


decomposed into the direct sum of irreducible sets. This may be proved in the way : 


we assume that the a, are decomposable and show later that the assumption leads to a 
contradiction. The procedure is similar to that given by Bhabha when he gave the equa- 
tion with two mass states for a Fermi particle, so we do not give the proof in details 
but a few remarks. 


As the equation contains two states and the energy density is definite, the a, would 
have the form 
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if they were decomposable, in which a and a® transform under Lorentz transformation 
according to the representations [,, (1,1) +1y(3, 4) +4, (0, 0) and 1, (4, 4) +4, (0, 0), 
respectively. The latter is the same with that of Kemmer’s equation for spin 0, but the 
former differs from Kemmer’s for spin 1. Though the equation containing the representa- 
tion ,,(1, 1) +1,,3, $) +1, (0, 0) has in general two solutions of spin 1 and 0 and 
the energy density is not definite, the special choice of the constants appearing in the 
equation which are independent of transformation properties would make the amplitude 
corresponding to the state of spin 0 vanish. Such a situation would become clear in the 
Appendix. 


Our equation is, however, indecomposable in such a way. 


§ 4. Quantization and concluding remarks 


Our equation can be quantized in the similar way to that for the Bose particle with 


one mass state. The commutation relation between the components of the field for a 
) 


given time is’ 
[Dae f(x, x). £*(%,.x/) Da, |=Dae(«—x’), (4-1) 
independent of the representation. 
g and ¢/* may be expanded as follows. 
O,) =1/ vv SIU, (m, r, k) db, (m, 1, ke) etkux® 
| +U_*(m, 1, k)b_(m, 1, k) e~ihy2"] 
f* (x) =1/ vV SIU." Gn, 1, ik) .* (m, 1, Ie) ethux® (4-2) 
? +U_(m, 1, k) 6*(m, 1, It) eibyr"], 


d. (m, r, k) etkux" and ¢_(m, r, k) e—ikyx” are the momentum eigenfunctions corresponding 
to the mass m and the parameter r used to specify the polarization, and reduce in the rest 
system to b,e© and ge" in (3-6) or G69 and ge" in (3-13) but for 
a multiplying factor, according as m=m, or m=m). 
They can be nomalized to 
o.* (m, ’, k) Dabzr (m’, ie k) SISO Ory Deere (4 -3) 

It is because that as 6, and g_ in (3-6) and (3-13) satisfy (4,3) but for a numerical 
factor, (4-3) may hold in any frame of reference due to the relativistic invariance of it. 


From (4-3) it follows that 
d1Da, 9. (m, 7, k) 0.* (m, r, k) Da,=EDa, . (4-4) 


Combining (4-1) with (4:4) one gets 
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[U: (m, YT, k) of Wor (m’, Y's kk!) ]=Spem! 0, p1 Onges Gag: (4 j 5) 


As U*(m, r, k) U.(m, r, k) are positive integers or zero, the energy of the free field. 
given by 


E= Vin d° ined = | d°x | y* Daag (0,*) Das 


= RLU." (m, r, k) U, (m, 1, k) +-U_(m, r, k) U_*(m,r, k) |, (4:6) 
m,r kk 
is positive definite. 

The method of quantization given above may not be restricted to the two mass equa- 
tion, but will be equally applicable to more general cases of multimass equations with 
various spin states. 

The interaction with the electromagnetic field is introduced by replacing p, by py— 
eA,, by which the transition between the two states occurs, the transition probability de- 
pending essentially on the choice of the constants which are left to be determined. The 
state of spin 1(0) is then considered as “the excited state”? of that of spin 0(1). 

Though whether such particles will prove to exist in nature is an open question, 
the equation for a particle with more than one mass states such as given in this paper 
may be considered from the formalistic view point as the natural extension of usual ones. 
The theory is, however, unsatisfactory in the sense that the constants appeared in the 
equation are not determined uniquely from the values of mass and spin, and no principle 
to define them can be given now. 


Appendix 


As the equation describes a Bose particle it may be written down in tensor form. 
This problem is treated here. According to (2:17) for the representation of ei, of i 
represented by 


(1,1) 
(1/2, 1/2) 
P=| 9 (0,0) . (A-1) 
(1/2, 1/2) 
¢ (0,0) 


As I,,(1/2, 1/2) and I,,(0, 0) appear twice in (2:17), we have distinguished one by at- 


taching the bar from the other in the components of ¢ in (A-1). ¢ has 19 components 


which are distinguished by s and m besides k and / corresponding to the representation of 


I,,. We shall denote the components of ¢/(k, /) by 9%, (k+). 


One introduces a second rank symmetric tensor (*”, two vectors $i) and 9%, and 


two scalars Uy) and Uw, which are related to ¢, (k+l) by 
$22) $22) =—2i0", $2(2) +22) = 0, 
$h?(2) —$ 22) = 20, 2(2) + P22) =2i0", 
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$2(2) =—(1/V6 )O'— A /v'6 +) 624 2/3 6%, 
by (2) —p_7 (2) =20", (2) +1 (2) = —210", 
$o (2) =— V2 OM, hy (2) = V3/2 (ON +3 + 3G + 3), (A-2) 
$i) —$a OD) =F" $' CQ) +$-2) = Pw’ 
$A) =—-A/V2) Ga’, Po) = A/V2 ea’, $0" (0) =U, 
Gi} (1) —G-' (1) =¢e)', $70) + 9-70) = iP 
$3 (1) =— G/V2) 90), GPA) =A/V2) Gm", $0 (0) =Uy). 
As for the new variables it follows that 
19 =3L p* Pi +P’ Pi tf (PP +P’ PH) J, 
LP ty = 2p," + V2 ap’ Un —4 p* 8, 
Loy = —2fp i + V2 bp'Uy + (f/2) pra, (4:3) 
(Ua =— (a/V2) py Ph; 
(Uo) = (6/2 ) PG» 
where = S10,"". From these equations, it is easy to show that ¢/ satisfies the equation 
(—m,’) (1—m,') $=0. (4-4) 
It is to be noted that the quantization is not easily applicable to (A-3), but only to 
the original equation. 
If one puts f=0, the equation is not irreducible, but is decomposed into two irre- 


ducible sets, one consists of 4%, gt, and Uj), and the other ¢% and Uj». In this case 


it follows that in one set 

XO — 3 (p* O% +p’ YG)» 

Lin =2py OY + VZ ap" Uy —4 4, (4:5) 

{Uw = — (a/V2 ) p. Po» 
and in the other 

Wo=v2 bp Ue, 

WU = (6/V 2) Pu Po: (A 6) 
(A-6) is identical with the scalar equation given by Kemmer. To investigate the pro- 
perties of the equations (A-5), one multiplies the second with p, and obtains 

fa Pin = V2 (al. (YW, 
which reduces to 
Pu Pn =, (4:7) 


because a’=3/2 resulting from the relation (2:27). Uy) thus vanishes in this case. 
Eliminating 0°” and Ug) and using (A-7) one gets 
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(I-21) Gm =9- (4:8) 


(A-7) and (A-8) show that gj) is the y-th component of a vector potential. 
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Taking into account the loosely bound nature of deuteron, the general theory of compound nucleus 
formation by deuterons is developed, in which the compound nucleus formation by deuterons is 
considered as a two step process; first the neutron enters into the target nucleus to form a compound 
state and then the proton, combined with it, forms another compound state. Stripping process is 
obtained as the correction terms of the compound nucleus process due to the interaction in the 
external proton channel. The indirect stripping process is also discussed. 


$1. Introduction 


The theories of deuteron stripping reaction developed by Butler” and other authors” 


have succeeded in explaining the forward peak of the angular distribution of (d, p) 
reactions in 5—20 Mev energy regions of the incident deuteron and have provided a 
powerful tool in nuclear spectroscopy to determine the spin and parity of the lowlying 
states of the nucleus. 

These theories, however, seem to fail to explain the angular distribution at larger 
angles. In the case of O'* (d, p)O” reaction by 1-3.5Mev deuteron,” the angular distribu- 
tions vary rapidly with a small change of incident deuteron energy. These variations 
become still more remarkable in kev energy region. Such phenomena seem to occur 
commonly in the case of light nuclei. On the other hand, the proton energy spectrum, 
observed at 90° direction through 15 Mev deuteron bombardment” shows the Maxwell 
distribution characteristic of the statistical property of compound nucleus reaction. These 
phenomena may hardly be explained by a simple modification of the theory of stripping 
reaction, e.g. by taking account of the configuration mixing of the states of captured 
neutron,” the effect of Coulomb interaction on the emitted proton,” or the polarization 
of the incident deuteron and the proton-nucleus interaction in the final state.” The 
characteristic deviations from the current theory of deuteron stripping reaction mentioned 
above, therefore, may be ascribed to the interference effects” of the stripping and the 
compound nucleus processes. Thus it is required to formulate the theory of deuteron induced 
reaction so as to be capable of treating the stripping and compound nucleus processes on 
the equal footing. 

Since the deuteron is a loosely bound system, having a diameter comparable to or 


larger than those of light nuclei, it may not be sufhcient to match smoothly, on the 
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boundary surface, the wave fanction of the motion of the centre of mass of the deuteron, 
while it is for the case of an elementary particle such as a neutron. In other words, the 
deuteron enters into a nucleus to form a compound nucleus not only through the so-called 
deuteron channel but also through the neutron and proton channels. It can be inferred 
from the fact that the stripping reaction is the main process in (d, p) reaction and that 
the large cross section of deuteron inelastic scattering can not be explained by the ordinary 
compound nucleus theory. In fact, the stripping process may be interpreted as follows ; 
the neutron which constitutes the incident deuteron in the deuteron channel enters into 
the target nucleus through the neutron channel and the proton escapes through the proton 
channel without entering into the internal region of the residual nucleus. In the formal 
theory of the nuclear reaction by Teichman and Wigner®) the channel wave function, 
fi, Pips: ate defined so as to form an orthonormal set on the surface S, j oSyid S=a— 
On the other hand, a solution of the Schrédinger equation in the external region is 
given by 
> (is, 2.) [eee (re) FG (rs) J, 


§ 


with arbitrary coefficients of c,, c,, where F,(r,) and G,(r,) represent the so-called radial 
wave functions of the pair s, such as a target nucleus and a deuteron. Furthermore, the 
channel wave function ¢% is assumed to be identified with the wave function of the 
reaction product #7; ¢f = 4%. As is mentioned above, this identification may no longer 
hold in the case of the reaction of a loosely bound system, provided the surface S is 
located near the actual nuclear surface as have been done so far. 

To avoid this difficulty, there might be several possible ways. First, the surface 5, 
which divides the configuration space into the internal and external regions, may be located 
so distant from the actual nuclear surface that not only the compound nucleus process 
but also the stripping process may take place in the internal region. Then, the stripping 


process may also be contained in the pole expansion of the R-matrix, R= >}(E—E,)~™ 
x 


7X7. However, the signs of the 7), of various levels and channels are then not at 
random but correlated with one another. The statistical theory can not be applied to 
such a system. The angular distribution of (d, p) reaction derived by such a theoretical 
formulation could explain the experimental data not only at small angles but also at large 
ones. This formulation, however, may be of no practical use, because the actual calcula- 
tions of the deuteron reduced width 7,, might be almost impossible in the frame of the 
mentioned formulation. An alternative way to the above is to construct the theory in 
such a way as to match smoothly not only the wave function in the deuteron channel 
but also its overlapping regions in the neutron and proton channels, locating the surface 
S in the same place as in the case of the current theory. The parameters which appear 
in this formalism, such as the widths, the positions of the levels, etc., will have the 
same values as in the current theory. 

. In this paper we intend to treat exactly the overlapping regions of the wave function 
in the neutron and proton channels, by neglecting contribution from ordinary deuteron 
channel. Thus, intuitively speaking, the compound nucleus formation by deuterons is 
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considered as a two step process in which first the neutron enters into the target nucleus 
to form a compound state II and then the proton combined with the state II forms the 
compound state IV and vice versa. For an illustration of our procedure, consider the 
simplified one-dimensional medel used by 
Butler which is shown in Figure 1. All wave 
functions are connected smoothly in the 
regions I, II, III and IV, respectively. As 
suggested by Thomas,” we can not define the 
external region in such a way that there are 
no nuclear interactions in this region, since 
an incident particle does interact with the tail 
of the wave function of a target nucleus 
which extends to infinity, though in an ex-. 
ponentially decaying manner. It is this ex- 


ternal region interaction between the proton 


and the intermediate state II in the region 
II that causes the stripping process for (d, p) “ re 
reaction.* Fig. 1 Simplified one dimensional model of 


In section 2 a method is described to Butler. Region I represents the incident and 


, ; elastically scattered deuteron, II the neutron in 
derive the nuclear reaction theory of Kapur 


the internal and proton in the external regions, 
and Peierls” by means of the operator calculas III the proton in the internal and neutron in 
developed by Lippman and Schwinger’. In the external regions and IV compound nucleus 
Kepur and Peierls’, T-matrix is represented by the deuteron capture. 

directly as a pole expansion of the energies of the levels. On the other hand, R-matrix 
is given as a pole expansion in the theory of Wigner and Eisenbud.’” The transformation 
of R-matrix into T-matrix is very complicated, when many levels are contained in R-matrix. 
Both theories, however, are completely equivalent as is proved by Kawai and Nagasaki.’” 
As it becomes apparent later on, many levels are actualy concerned in our formulation. 
This is the reason why we adopt the theory of Kapur and Peierls. The exact formula 
of the correction term due to the interactions in the external region is also presented in 
section 2. In section 3 T-matrix .of (d, p) reaction is represented in the form of the 
sum of two terms; One corresponds to the stripping reaction and the other to the com- 
pound nucleus process. By making use of Born approximation the former can be identified 
with the formula of Butler. The latter is represented, using the method of section 2, 
in the form of the pole expansion in section 4. In section 5 the term which may be 
interpreted as a correction of the stripping process due to a certain sort of volume inter- 


actions is expressed explicitly. The indirect stripping processes are also discussed. 


ee 


* If we neglect this interaction, the stripping process can not be obtained by means of matching the 


wave function only between I and II, which was proved by Gerjouy®. See, also section 3. 
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§2. General formulation of nuclear reaction 


i) In the first part of this section we shall formulate the theory of nuclear reaction 
derived by Kapur and Peierls by using the operator calculus of Lippman and Schwinger. 
The treatment presented here is almost the same as that of Hayakawa.’ 


Consider the following type of reaction, 
at+A—>b-+B, (1) 


where a and b are the incident and emitted particles, and A and B are the target and 
residual nuclei, respectively. The Hamiltonian, H, of the total system is separated into two 


terms. In the intial state, 


H=H,+V,, (2a) 


where H® is the free Hamiltonian, representing the particle a and the nucleus 4, and V, 


is the interaction between them. In the same manner, for the final state, we have 
H=H;+V,, (2b) 


in which H;} and V,, are the corresponding quantities in the final state. The wave func- 
tions of the free systems in the initial and final states, 2, and %,, obey the following 
equations ; 
HO,=E®,, FRY .=E®,. (3) 
The wave function of the whole system, which is subjected to 
HY =EY, (4) 
is represented, with suitable boundary conditions, in the integral form as follows, 
T= 0,4 (E+ie— HY) VEO? 
= 0,4. (E+ie—H)-V,0,, (5) 
The matrix element of the transition matrix between the initial state @, and the final 
state Y, is given by 


Dpa=(O,|Va|F >> =CE LS IF,| @,), (6) 


where 
PS =@,+ (E—ie—H)“V,@, . 


In order to derive the Kapur and Peierls’ formula, we must expand the wave function 
P'” by the complete set of the decaying states in the internal region. As %S') does 
not satisfy the boundary condition of the decaying state, it can not be expanded as a 
whole. To avoid the mentioned difficulty, Kapur and Peierls introduced an arbitrary func- 


tion ~ which only satisfies the boundary condition of the incibent wave on the surface S. 
Thus, Y{"—y can be expanded as a whole. 


As an alternative, we introduce* a potential 


It is found necessary for obtaining (14) to use our procedure of introducing the potential L and 


making it a hard sphere. This is due to some mathematical reason relating to the convergency of the series 
(11) on the boundary surface S. 
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L, in the initial state, ie, the interaction is divided as V,= (V. L=L,)-L,. To résétve 
the symmetric property of S-matrix explicitly, it is convenient to divide also the interac- 
tion of the final state; V,=(V,—L,) +L,. Then, the transition matrix element becomes 


as)” 


Tine C PLGA We DES’? 
= (O,|L)\9S?> +957 | Vi—L,) iF V,—L,) (1/E+1¢€— HA) Va—L,) go>; 


where (7) 
g= 0,4 (ELie— HL, (8a) 
and 
g§ = 0, 4+ (E—ie— Hy) Lg. (8b) 


The first term of (7), which appears only for a=6, represents the scattering by the 
potential L,. 
Next, we define a set of eigenfunctions, |X), of H in the internal region, by 


H|X,)=W| Xi); (9a) 


with the boundary condition of the decaying states* on the surface S. As is well known, 
such a boundary condition is not Hermitian. Therefore, the eigenvalues are complex and 
the set |X,) can not form an orthonormal set by itself. To obtain the orthogonal set 
of the decaying states, we must introduce another set of the eigenfunctions Ya) Olas 


with the boundary condition which is complex conjugate to that of |X}, through 
A Y,»=Wil Yn): (9b) 
Since H is a Hermitian operator, we can easily obtain the following relations, 


Woe (W means complex conjugate of W) (9c) 
CY, | X= Pra ? (10a) 


and 


dX) /M) (Val =1, (10b) 
with a normalization 


||P = 1. 


These mean that the sets of the eigen functions |X,) and (Y,| form a biorthogonal set.’” 
As the Green function 1/(E 4i¢—H) obeys the same boundary condition as |X), 
we can expand T-matrix by using (10b), 


1 + 
(95 (Vi—Ly) “e V,—L,) ry ae lgs 


it 
= (= = (+) (~) V, — fy Xx ———— ng Vigra la ? 
eK, We L,|Ja d+ 2K \V. | Dan AT al eee 
(11) 


* See, Eq. (65) of reference 9. 


where a small imaginary quantity ie is omitted, for brevity, in the denominator of theg 
last term. Using the following identities derived from the Schrédinger equations satished 
by gS and gi, and |X,> and CY,|, 

CYR Le f= (E—W,) CY, \98)> (12a) 


C9? |Vi—Ly| Xa =o» ss (E—W,) (9? |X), (13b) 


tra = CY, |HigS)—(Y | Alga?) > 


7m = (IP AX) — CIP HI), 
the right hand side of (11) can be reduced to 


(H=transpose of H) 


1 Pa be 1 1 (+) 
po St RO Tae — CY31935"")- (GED) 
DoE > K9§>| yt D7 nS rg?) 


The second and third terms of (13) become, by making use of the relation (10b), 
Cg? |Hlg?)— GP |Alg) and (9g |Alg)>— (9? |Hlge?). 
Therefore, the matrix element of T-matrix between the states a and 6 is given by 
T a= (Pp| Lol 90? oan gg Tat (E—Wy) Na} Tra (14) 


Taking the potentiai L, and L, as a hard sphere on the surface S, the formula (14) 
can be proved to agree with that of Kapur and Peierls exactly. Our procedure for L, 
and L, above just corresponds to the situation where in the latter formalism a function 
7 was introduced with the condition’ that it is zero in everywhere in the internal region 
and has a certain value of derivative only on the surface S. 


Now, there is a convenient relation for the calculation of the (amplitude of) width, 
Tra=€Yy| High? )—C¥4| Hg) 
~ (15) 
=CY,|H|%.>—CY¥,| HM). 


By the use of Green’s theorem the first expression of (15) can be transformed into a 
surface integral as 


(vill9s?)—(Yil Ala?) =—| vt 9-2 virgo} ds, 
which is readily transformed to the final expression (15), remembering that g$'? is, on 
the surface S, @, plus outgoing wave with a proportional factor and that the boundary 
condition imposed on Y;* is identical with that of the outgoing wave. 

In a similar way as.above, the R-matrix of Wigner and Eisenbud can be derived by 
taking a self-adjoint boundary condition and the corresponding orthonormal set of eigen- 


functions in which the term corresponding to the first term of (14) does not appear, as 
is apparent by the definition of R-matrix. 


ii) Surface direct interaction—Interaction in the external region 
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In the formal theory of nuclear reaction it has been assumed that all nuclear inter- 
actions are confined to the internal region of the configuration space. In order to apply 
the statistical treatment, the surface S should be located, as far as possible, near the actual 
nuclear surface. However, an incident particle does interact with the tail of the wave 
function of a target nucleus which extends to infinity, though in an exponentially decaying 
manner. Therefore, we should take into account the contribution of the interactions in 
the external region, especially when the S is located near the nuclear surface. 

For this purpose, we divide the interaction V into two parts, V =VILp" V! is 
the interaction in the internal region and V” that in the external one. For the initial 
state a, V,—V1+V%, and for the final state 4, V,=VitVi. In the same manner as 
(7), we have 


De aC Os Ge? +(G> ye [2 ja ge oe v' |e”) 16 
b 6 t » | | E+ie—H a a ( ) 
with 
ever Semen eT AAD 
E+ie—H?-V7, 
; 
G=|1 i PAN@,. 
; sy As PL 3 NT °| 


The first term represents the contributions from the internal region only and is identical 
with the eq. (14), since in (14) the interactions in the external region are completely 
neglected. The second term is the correction term due to the interactions in the external 
region. The interaction V® may be treated as a small perturbation, because the tail of 


the wave function in the external region may be considered to be very small. Then, 


(16) becomes approximately 
Ta =P, \VEIGO) GE FFG), (17) 


the second term of which is nothing but the modified (distorted wave) Born approxima- 


tion. 


§3. T-matrix of (d, p) reaction and stripping process 


First we shall prepare the formula of T-matrix in the most suitable form for treating 


our problem. The Hamiltonian H of the system is given by 
H=Hy+Tpt+TntVaptYotY n » (18) 


where Hy is the Hamiltonian of the target nucleus, T, and T,, are the kinetic energy 
ors of the proton and neutron, and Vi», V, and V,, the ‘interaction between the 
that between the proton and target nucleus, and that between the 
In the initial state in which we have the incident 


operat 
proton and neutron, 
neutron and target nucleus, respectively. 
deuteron and the target nucleus the Hamiltonian of free state is H,= Hy+TatTptY np 


and the interaction Hamiltonian is taken to be V;=V,,+V>, whereas in the final state 
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of the residual nucleus and the emitted proton, the corresponding quantities are given by 
H,= (Hy+T,+V,) +T, and V,=V,,+V ip, respectively. The wave function of the total 


system can be written as 


; 
| tee ViAV,) |% (19) 
Y; | sega peer ») é 
with 
(Hoyle LF a) ?,=E®,. (20a) 


@, is the free state wave function in the initial state which is expressed by the product 
of the wave functions of the incident deuteron and the target nucleus. 


Then, the T-matrix element is given by 


Lgg=( OV 5+ Vas Ds (21) 
with 
{(Hy+ fi at Va) a T,} D,=E®, ) (20b) 


where @, is a free state wave function of the final state, ie., the product of the wave 
functions of the proton plane wave and of the residual nucleus. The wave function ¥{*? 


which is given by (19) can be written as follows ; 


vg =[14 : 
FR ay SU pad 


np 


se raepaueat tae.) 


1 
oa . 
Ripeerersesyper era 


VV) | ’ (22) 


which can be easily obtained by algebraic manipulation. This*relation is more convenient 


for our problem than the corresponding expression used by Francis and Watson,” i.e., 


FP =| ee eee v, | 
Leet tae Fe Pram Ee RTS afer! eg 


~ : V.| D, > 
Bie fel ya ee eer 


x [1+ 


for the reason that the denominator in the second brackets does not contain the inter- 
action operator V’,,, and the interaction appeared in the first brackets is V,,+V,,, rather 
than V,. The former may be required mainly from the mathematical point of view, 
which will become apparent in the next section, whereas the latter is due to the physical 
reason that the interaction V,,+V,,,, on the proton can not be considered separately after 


the neutron is captured in the nucleus. Moreover, ¢==|1-+ (E+ie—Hy—T,,— T,—V,,) 7 


x V,—V,,) |; is one of the wave functions in the region II of Fig. 1., since it satisfies 
the following Schrodinger equation, 


[ (Ay “te Tos =I Zam) =e T, |g > Eg. 


It is to be noted that the wave matrix [1+ (E+ie— Ayo T= 7; —-Viprin(_ =) ae 
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does not create an outgoing wave of proton, because the amplitude of the proton out- 
going wave in © is proportional to {(V|V,|%;)—(9,|V,,,|9;)}, which is apparently zero 

As is discussed in Introduction and section 2, we must take into account the inter- 
action between the proton and the tails of the wave function of the state which is formed 
by the neutron capture into the target nucleus. This interaction is denoted by (V,,+-V,,,); 
Vi AV p= Vr AV) + V,AV y)/", where (VV,+V,,)/" is the interaction acting on 


the proton in the region IV. Then, (21) can be written, in the same manner as (16), 
as follows ; 


Ta (OV yt Van) PPD) +( GPO AK)” E nig eoldeicee S07 a Pag 2 


E+ie—H 
25) 9) (23) 
where (Cs [2 =5 1 aS ge) aa P,, 
E—i¢—H,,—T,—(V,4+V,,)"" 
and 
= 1 f 
oip=|14 VitV op - 
Iv Biles H,, yer (V,, | Vin yew ( vi %) 


il 
E=16— HH, —T,, 


H,, = Hy+T,+7, - 


Xx E = VV, TH Kiko) | ) 


The first term represents the contributitions only from the region IV and may be inter- 
preted as a compound nucleus process, which will be treated in the section 4. The second 
is the correction term due to the interaction with the proton in the region IJ and may 
be interpreted as the stripping process arising from the so-called surface interaction. 

As (V,+V,,)”" is the interaction between the tails of the wave function of the 
intermediate states formed by the neutron capture and the proton in the external region, 
it may be expected to be small compared with the volume interaction UA aes, 
Therefore, we may treat it as a perturbation. Then the second term of (23) can be 


wtitten as 


a (Go | (VV, = Vs) 1 OD P;) . (24) 


pa 
The neutron in the incident deuteron is likely to be captured in an outer orbit; for ex- 
ample, in the Fermi gas model the neutron is captured into a level outside of the Fermi 
surface with the residual nucleus in its ground state. Therefore, Vj’ may be small com- 
pared with V, 77. since the wave function of the captured neutron has a longer tail than 


those of the other nucleons in the nucleus. If V7’ is neglected in (24), we have 
TS ~ (GO |HiZ| 2p @,)- (25) 


. . . ae +) 3 (-) 
Since the interactions contained in GS and 2{))@; are confined to the region IV, G; 


and 2%), in (24) and (25) may be written in the asymptotic forms as follows ; 


Gi = (time reversed state of) P+ >) Tu Eu 
« 


26) 0,= 04>) TEs 
6 


where E, and E, are out-going waves in the channel a and #, respectively. If we take 
approximately only the waves in the channel i and f, (25) becomes the formula of the 
modified (distorted) Born approximation of Tobocman, which was proved by Thomas.” 

For the analysis of the experimental data it seems reasonable to take the waves 
distorted by the complex potential which is determined by the experiments of the elastic 
scattering. For Gf, we may safely use the complex potential of Feshbach, Porter and 
Weisskopf'” which is determined by the scattering experiments of the proton by the 
residual nucleus 7;, when the residual nucleus 7; is in the ground state. If it is not in 
the ground state, it may be impossible to determine the optical potential empirically. 
At least, it may be supposed that the complex potential has a larger imaginary part than 
that of the ground state." On the other hand, the experimental data of deuteron elastic 
scattering are rather scanty to determine the distorted wave in the entrance channel of 
deuteron. The accumulation of the data is wanted. 


If we use Born approximation in (25), the formula of Butler can be obtained.* 


§ 4. Compound aucleus formation by deuterons 


As is discussed in Introduction, we consider the compound nucleus formation by 
deuterons as a two step process in which first the neutron enters into the target nucleus 
to form the compound state II and then the proton, combined with it, forms the com- 
pound state IV and vice versa. Accordingly, the configuration space is divided into four 
parts; the external region I in the ordinary sense, region II where the neutron is in the 
internal region and the proton in the external region, region III] where the roles of the 
neutron and proton are exchanged, and the internal region IV in the ordinary sense. 
The surfaces between each of them are called 5S”, S'*, S*' and S*', respectively. In this 
section we perform the pole expansion of the first term of (22), which represents the 
process through the region IV. Throughout this section the suffix IV of (V,+V,,)7" 
is omitted for brevity. 

For expanding T-matrix in terms of the biorthogonal set of decaying states, we must 
introduce the potentials L, and L, in the same manner as in section 2; 


V.= (V,,—L,) a A > 
and 


V3 AP ten — (V,, + en om L,) 6 } we = 


It must be noted that the potential L, is in general not diagonal for the states of the 


* See the Appendix of reference 7. 
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target nucleus in contradiction with the case of L,, but is taken to be diagonal for the 


states of the residual nucleus. In the analogous way as in (7) of section 2, we obtain 


9 =|14 —(V,+V,,—L wy = Loe | 
Cee ae gtd Wher cee To,” 
4 
x14 : z Vii—Vap—lLn Jos, : L, 
BEA3e—H,—T, ; ) £+i1¢--H,—T,—T,—V,,—-L, J 


on account of which the T-matrix of the process given by the first term of (23) can be 
written as 


CDV, +AV ny| 2S DY 
er [4+ L,|ja+ : V.—V | ?,) 
( ge Evie—H,,—T,—L, : Ej HoT. - ~») | ‘ 
+GP |, +V np — Ly 259 9.) = TYP +T (26) 
with 
£ 1 
qs >= [14 L, |, 27 
: he Be i f (27) 


The first term may be interpreted as follows; the neutron is captured by the target 
nucleus, which is caused by the wave matrix, 1+ (E+i¢—H,,—T,) 1.V,,—V,,), and 
the proton is scattered by the potential L, without changing the state of the nucleus 
which is formed by the neutron capture. This process will be discussed in detail in the 
next section. The second term represents the process through the so-called compound 
nucleus formation by deuteron as a whole as will be apparent later. The following 
calculations ate divided into two parts for convenience ; in the part (i) the pole expan- 
sion of the T-matrix in the region II is performed and in the part (ii) the final expres- 
sion of the pole expansion is presented. 
(i) Pole expansion in the region II. 

We now expand the T-matrix in the region II where the neutron is in the internal 
region and the proton in the external region in the configuration space. 

Before the expansion is performed, we must separate the coordinates of the neutron 
and proton. For this purpose we define the complete set of the free states of the proton 


wave, 
T | ky) =€,|kp), €,=hk,/2M, : 
Then 
O.= > kk) Ck, QO, = SHES: ‘ In (le53 rT, €) 
k, k, 


Here € means all coordinates of the target nucleus. From the Schrodinger equatiori 


satisfied by @,, i.e., 
(E— Ay— Tj ie) Ue Vip? ’ 


* In this section we use the notation H, for simplicity, instead of H— (Vpt+Vorp) ive 
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it follows that 
(EY — Fi, —T,) Ce (k,, Pry €) =h, (k,, Pr 5) 4 


where 
bakdens r,, €) — Ug ae D, i 
and 
EVv=E—c). 
Therefore, 
1 1 —— Go2 
1 VV) |0,=[1 4; C.F be) | 
| ara eee i E+ie— H,,— T f 
1 : 
Se ee a Me (28) 
za lh a ] oe 1 ( r 
where 
i 
ae E L, | 0, (29) 
iS prapresy saa T,,—Ty—Vap— Ln 
and 
gs (k,, r, g) Se Ge (30a) 
Ao (k,,, Vr, €) =(kelK. Gun). (30b) 


We next define the biorthogonal set, |ID,) and(II¢|, of the decaying states of the 


collision complex formed by the neutron and target nucleus, 

Hy,\IL)=Wyx"|Ih), (31a) 
with the boundary condition of the decaying state on the surface 5S’, and 

Hy)\ x)= Wy" | Tf), (31b) 
with the complex conjugate boundary condition to that of |II,>. Then, it follows that 

DEL) C/N") Ux = 1 (32) 
with the normalization 

OO ee, CII§| 11, )=N40,, « 

Hence, we have, by the aid of (32) 


Gore i —L.)qh —po 

ly Paneer ula n) In n } 

IS he) 1 ¢ 

Sor + 2h) Conwy NF {CI |V,—L,|9° > — CIC Or. (34) 
\ a 


Now, we have the relation 


CHEV n— Lal gn) — CIB | Pn) = of, — (EB — WY) CI 9), (35) 
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with 
On = Ck| Hiz|gS?) —CIS| Alo), 
which can be obtained by the following Schrédinger equations 


(H,, —E’’) Gane == V,— L,) Ges —hS), 
and 


CII8| Hy, = CIE | Wt 
The substitution of Eq (35) in Eq (34) leads to 


1 
> | IT,» "wh Neo : (36) 


Therefore, we have 


1 
1+ Vi- np 2 
| E+i1¢—Hy—T,—T,—V, C2 


1 
= 23 Dal kp) |II,) (E¥ —W,”) ne ? (37) 
Pp : L 


which is the result of the expansion in the region II. The w{/, is a factor proportional 
to the neutron width 73/, the explicit form of which will be given in the next section. 
(ii) Pole expansion in the region IV. 

In order to perform the pole expansion of the T-matrix in the region IV, we must 
introduce the biorthogonal set, |IV,,) and (IV £|, of the decaying states of the collision 
complex which is formed by the target nucleus and the deuteron in the same manner 


as in the region II. 
AUIV,)=We IV), (38a) 
with the boundary condition of the decaying state on the surface S”', and 
HIV) =Wi" IV 4), (38b) 
with the complex conjugate boundary condition to the former. Then, we have as before 


(WW =Ni", IP WP =1, 
and 


SW.) sop Vy | =1. (39) 


xP 


Our task in this subsection is to express the following formula, the second term of (26) 


in the form of pole expansion ; 


1 1 
V7, 4+-V a» — et eee (V AV ezrin L, | 
(oi cae bili+gqpca et : >|] Breer or er, 


«| I) eam | 


512 HY ui 


= (0° Wy+V Lal epee Vo on L,) | 
<h! + 1 il 
| 3 Ie »’. |IT,) (EX WI) NF! ol, | ; (40) 

where ; 

gs) = L, | k,). (41) 

Dp ikea ry) > [2 ee i | a} 
Allowing for |gS"?>|IL)=|9p° I), the expression, 

1 ligt 1 " 
3 Srp a, V,+Vn Ly) igh ‘IT, (E Tre Wi) Nee (42) : 


can be reduced, using (39), to 


1 
: ox, + SV, uP 


Ie Eh) yyy) ND (E-W,") Nz" 


CIV £\V,4+V np—L lop? Th) 


1 1 
(E 1 _ yy Ni? Ohne (43) 


By making use of the relation, 
IVE Vy AV np — gl 96 La.) =P pitta — (€,+ WU -—WE)UVi lop ID), (44) 
with 
Tutt = fl Algp? Ib) — (IV <\| Ag? Ih), 
which is derived by the equations 


(ie HEU Xo) ge Ih) = V,+Vap—L,) lgs? I), 


and 
(WV s|H=(IV |W”, 


Eq. (42) can be written as 


e 1 1 ‘ 
Pe) EWEN [gt EM win nee Veo Eh) ae oft}, (45) 


in which (39) and the identity of 


u iv 1 S 1 1 
Tey Map gape mage Oo 


are used. 
Our next task is to express, in the analogous style as (14) in section 2, the follow- 


ing expression 


1 
“Wztvy nziP {r Vp, ply pi Tl TiO 
(Ea " )N; (E”’ —W x) N; 


> G7 Kot np ap > 
PsAky, 


+UV5| IT) nh \. (47) 
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In the same manner as in (12) it follows that 
(9° |V,,44V,— LW Fae TC a (E—W]?) LIP LY; (48) 
Ym= OF || UPR rar Cah all | a). 
on account of which (47) can be written as 
il ise 1 
dhl EWE NTE GET) NI 


nes LUV: las TT ants} 
A 


ee igs = Tel Wh TLy f ea ngs, ta 


Wai (E i] =W?) Nee aii (49) 


The last two can can be proved to vanish because of the identities, 
DIF IV. y— ules Inge | Ags TY — Cg | Hl g$ I) 


= (EB We) oF Gp Th), 


and 


EOP 98 Th ap = CIP Hal 98.9) CGP? Fart 909). 
aed 


In order to make all parameters in our formalism to have the same values as in the 
current theory, it is necessary to take L, and L, as hard sphere potentials. Then the 
second term in the curled brackets of (49) makes also no contributions. 


Then, we have finally, for the T-matrix of compound nucleus reaction, 


i 
(E=W iT) NG” 


oO 
Ta > Vp. 


if 1 1 
a } Lee (E The. Wi) Na | ; (50) 


There is, of course, an alternative process in which first the proton enters into the 
target nucleus to form the compound state |JII,,), and then the neutron forms the com- 
pound state |IV,,) combined with the state |II[,,). T-matrix element of this process is 
evidently given by 


1 1 

@ —SN1 Sl + TIT / 

(Oe ~ 240 pn (E— ine | rE fu ky TIT)! (E17 WI) xpi? alts} > (50’) 
WL Hl 9, ABS E \ 


where the notations 7, x,,777)/, LOitm E’” and Wj’, respectively, are just the corresponding 
quantities to the VwkylTy? wit, E” and Wij! in the former process mentioned before, 
since the roles of the neutron and proton are exchanged. The term corresponding to the 
first term of (26) vanishes by virtue of the potential L,’ corresponding to L,, because 
we are treating only the process in which a proton appears as a reaction product in the 
final state. 

Since the quantity 7,, is transformed, in the usual way, into a surface integral on 
the boundary surface, it represents evidently (the amplitude of) the proton width which 
has appeared in the theory of Kapur and Peierls. On the other hand, the quantity 
Tskytt, 18 the proton width for the process in which the target nucleus is not in the 
ground state but in an (real or virtual) excited state. 
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The (amplitude of) deuteron width is reasonably defined as 


1 
Tusa = TwskepZa pare NI Ohm + 9 Te shnd a! (ET Wii) Nene (51) 
Fach term in the above summation may be reasonably interpreted as follows ; the neutron 
within the incident deuteron forms a collision complex 2 by entering into the target 
nucleus and then the proton, combined with 2, forms a compound state /4, and the 
alternative process, respectively. In our result obtained above, it may be worth noticing 
that many compound states /, intermediately formed by the neutron capture, make actual 
contributions to the deuteron width which, in some cases, for instance, in the case of 


indirect stripping process, play an important role, as will be discussed later. 


§5. The volume direct interaction Te 


In this section T%?, the first term of (26), is expressed explicitly. With the aid 
of the result obtained by (4)-(i), TS can be written as follows : 


Te Ae D IL] 1+ x [is IT,) ‘shel wit 52 
: Kpsd ieee E+ie—H,—T,—L, Sri (E” —-W')N;? hi 

which may be interpreted as follows, the neutron is captured into the target nucleus to 
form a state |II,), and the proton which is in a free state k,,) are scattered by L, 
without changing the state |II,). Therefore, TSP may be considered as a direct process 


due to volume interaction, whereas the stripping process presented in section 3 is the 


direct process arising from the surface interaction. 


(i) First we shall calculate the w}? 


. 
nm? 


oi, = Ck | A |gS?) — CI Hy,\9S?Y 


Ror lear a 
=(-#' 2M,) | 1t¢|2 go —? cr. co} 9 
/2M,)\ {5 98? —g CUBS 98} 8,8) 
which may be approximately replaced by* 
dT gen a M c ce) fe) 2 
On = ( ) /2 a) ¢ IIx | Gn— IIs 9} dS”, (54) 
er Or, Or, caro 


As was defined in the preceeding section, 7; in 7,—=(k,|V%;) is the product of the wave 


ay of the target nucleus ¥;() and of the plane wave of the incident deuteron 
SIL (9%, +9) [2 - 
e ' a $a(\Pa—Vpl)- 


Therefore, we have 


In=9 (Pu) %e)> (55) 


y ; 
Jn this case Eq. (15) can not hold exactly, b i i 
y, because the outgoing wave in g,,“H i 
same boundary condition as (J/,°|. "oe Serpe 
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and 


n(r. A= = os ) a2 dr,e—*p'"p ; AK nt rp) . Pa (r, —r,|) (56) 


where K is the wave number vector of the centre of mass of the incident deuteron and 


%a(\r,—r,|) the wave function of its internal motion. 


Taking (7) to be of Hulthen type, ice., 
alr) =Nu ee (1 —e"’) /y, (57) 
the integration in (56) is carried through, resulting in 


(Ta) =4 (20). Nz >) i” Yin (@,,) Yin (2) -G(|k,—3§K}) «jn (arn), (58) 


MN,MIn 


Z=K—k,, (59) 


md 1 1 
a(P) =| ote me): (60) 


In order to take account of the spin states of all particles concerned, the spin-angle 


function of our system is taken to be, except for proton, 


Loss =p Ba (L,sm,,m {lnsJM) nee (2,) Usms 3? 


Myr Ms 


where J and M are the total angular momentum and its z-component, s and m, the 


channel spin wave function, which is given by 


Asmsi — ae yD (js,mn, ” 


Me; LE 


Le ) Lim; *Xsyms,,° 


Here Yim, and Asymg,, ate spin wave functions of the target nucleus and the neutron, 


respectively. 


Then, Eq. (58) is modified as 
7) (r,,) 4 (27) SND Kiipeityoatgmg. 3 'p i 8y)"Sy) Ds S49 mn (2, ) 
x G(|k,—3K) at (zr) ’ (58b) 


where the summation is extended with respect to J, M, ms,, l,, mip and the geometrical 


factor Kj! is given by 


m™1,, Sa Epis 


Kir, 


=>) (5,,5,m 8 RE ots |5,.5p5aim ‘i (js,mjm.,, |j5,5ms) 
™ i 


‘Sy 
Ms 


1 Sas psy 


[sm,,m,|l,5]M) . (61) 


Hence, 


wr, =4 (27) en Ni ds 7° 1 igi Sp™s, SG (ky 2K)) ‘ pee (2.) 


x (—H/2M) | SL) Ph A8"| 2 ja a) L109 BE ats) f(r) )| 


T”2=To 


(62) 
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by use of the boundary condition imposed on |II{), 


(0/dr,—f) |IIg)=0, (tn=%o) (63a) 


fH[ Sow ti tore) | - (63b) 


and 


ik, /2M=E,, for the energy of the captured neutron. 
The (amplitude of) neutron width is defined as 


em a Wk, /M,)- Ci) - Xi (§) ) Yi oj jz (kit) —fy: h (k,n) Tn yt a 
which, having a dimension of (energy)’”, is the u, in Kapur and Peierls’ theory in a 
generalized sense” in which the composition of angular momenta is performed in accord- 
ance with the concept of channel spin. Therefore, wi, can be written in terms of the 


neutron width as follows: 


oft =2 (2a) Nur) K2-#™ Yoymy,* (lbp — BK) - Vite (Q.) 


x (b/M)™ thea] jer) «BP Cats) jun AP rw) | (64) 
(ii) Integration with respect to k,. 

Since the boundary condition of Kapur ann Peierls are apparently Hermitian in the 
closed channel, W/’ will become real quatity Ej’ and N/’=1 in the closed channels. 
Then, there appear poles of integral in the upper domain on the k,-plane because of the 
small positive number €. Then it is sufficient only to calculate their residues and to 
take a limit €—0. 

(iii) Next we shall calculate the first factor in each of the sum of (52). 


Since WY, is the product of the wave fuctions of the residual nucleus and of the 
plane wave of the emitted proton |k/), we have 


Tt ao’ D L,J1+ LA : L, [lat 
7 ¢ | 7 E+ie—H,,—T,—L, » {IR »? 


= (hf 


i! 
L,|1+— +- él fie = eT" ‘By 1 L » [lsd (%/\ Th )> (65) 
with &=h°k?/2M.,,. 


Therefore, it has a finite value only if the state |T1,) is identical with the residual nucleus 
%, and k,=k{. Otherwise it becomes zero. Then, it follows, from (65), 


T= (ib gee - L, ||), 
1 


which represents evidently T-matrix of proton scattering by the potential L,, and can be 
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written in terms of the phase shift 0, as follows. 
p 


ere 2rohiviiknt( 2 )ae ; pa sin 0,,-€°%p- Yi" (2) Yty* (Qi), (66) 
ioe p 
where 2, ae 2, of denote the angles of k, and k/ with respect to the direction of K. 
By substituting (61) and (66) in (52) and, further, performing the integration 
over k,, we get finally 


Gi) 2, 2 (#2 t/a er 
fies =167 ‘Nat (b k,/ Mn) f ree 


2 


Sa Riven i6 
s K’-sin 01, slp. ae (2,2) 


P, ™1,, 


X | diay: Yipte (Qty)  Yin® 2.) G (Fey — BK) | ji, etn) “BED Eat) 


n 


; fe) 
— Jin (rn) reds (kntn) ee (67) 


where [, is fixed to a certain value. 

If T{° is written in the form of pole expansion as (50), the potential L, should 
be taken to be a hard sphere in which the effect of compound nucleus formation by the 
proton is entirely neglected. For the analysis of experimental results, it seems more 
teasonable for L, to be taken as a complex potential which is determined by scattering 
experiments of a proton by the residual nucleus. In this case the process may be inter- 
preted as follows; first the neutron is captured by the target nucleus to form residual 
nucleus and then the proton suffers the so-called shape elastic scattering” by the residual 
nucleus. 

Corresponding to the direct interaction in nucleon (inelastic) scattering”, the indirect 
stripping process may be considered, that is, the intermediate states of the nucleus which 
is formed by the neutron capture are transformed to the residual nucleus by the direct 
excitation or by the direct de-excitation caused by the proton. The T-matrix element of 
this process can be evaluated through replacing the factor Tp in (52) by the T-matrix of 
the direct interaction. This means to pick up the appropriate terms, responsible for the 
mentioned process, in the T-matrix of the compound nucleus formation by deuteron 


derived in section 4. 


§6. Final comments 


In the preceding sections, it has been shown that the T-matrix of (d, p) reaction 
can be written as 
sf 7 


pd 


The cross section of this process, therefore, is obtained through 
do (d, p) /d2= (1/27°h') MM. (k/K) |T pal? 


and by taking the average with respect to the initial states and performing summation 


over the final states. If the cormpound nucleus excitation is so high that many levels 
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overlap, the interference term between the stripping and compound nucleus process will 
vanish provided signs of various 7 are uncorrelated. This may be the 8 why the 
observed angular distributions of (d, p) reaction actually show the behavior of Butlet’s 
characteristic curve superimposed by the characteristic curve of the statistical theory. At 
low excitation, however, the interference term will not vanish but play an important role 
in the (d, p) reaction. 

So far, the ordinary deuteron channel has been neglected in our calculation. To 
take it into account exactly may hardly be possible in our formulation, because it does 
not use the orthogonality of channels explicitly. We shall discuss on its effect briefly. 
As is discussed in the beginning of Section 3, it is necessary to distinguish the deuteron 
channel wave function ¢, from that of reaction product 4). Then, the solution of the 


Schrédinger equation in the deuteron channel (in the external region) is given by 
(i[cF(KR)+¢G(KR)], fa="a te 


where ¢ is orthogonal to 9/7 on the surface S. In the preceding calculation we have 
assumed ¢%=0. If $40, ¢ becomes smaller, in magnitude, than in the case of ¢/,=0 
because of the normalization of flux. Thus the process T\? may be slightly reduced. 
Since the separation (4+ depends, of course, on the internal coordinate of deuteron, it 
may be supposed that its angular distribution is also modified. However, it seems plausible 
to assume that ¢/% is small compared with ¢ by taking account of rather small region of 
deuteron channel in configuration space. 

The extension of this theory to the (d, np) reaction and the (elastic and inelastic) 
scattering of deuteron can easily be performed, which results will appear soon in this 
journal. 


The author wishes to express his sincere thanks to Professor T. Muto for his 
encouragement and valuable comments and for the careful reading of the manuscript 


before publication. His thanks are also due to M. Kawai and M. Nagasaki for their 
stimulating discussions. 
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The connection between the surface rigidity of the nuclear core, which has been accounted for in 
terms of the surface tension of liquid drop nuclei, and its proper shell structure is discussed by using 
the method of the quantum mechanical description of the collective motion, which has been proposed 
by one of the present authors and others (§ 2). On the basis of such a consideration the surface 
rigidity of the core can be calculated, provided that the shell model is valid for the behaviour of 
particles forming the core (§3 and § 4). The noticeable features of our results obtained are that the 
calculated values of rigidity of cores are, in general, considerably larger than those due to the hydro- 
dynamical estimation, and are closely related to the proper shell structures of cores (§4). Such a 
characteristic variation of the rigidity of cores is discussed in detail by comparing with the quadrupole 
moments of the “core-tone extra-particle type” nuclei. Theoretical quadrupole moments thus 
obtained finely explain the observed values which have been noticed to depend on the shell structure 
(§ 5). Some discussions are devoted to the rigidity of a core with large deformation (§ 6). 


$1. Introduction 


The striking success of the nuclear collective model”? in accounting for many fea- 
tures of the nuclear structure has stimulated one’s interest in some of underlying problems. 
One of these is the study of the relation between the surface rigidity of cores and the 
proper shell structures of them. 

A simple hydrodynamical model?) which replaces the core by a phenomenological 
liquid drop gives deformations considerably larger, sometimes by one order of magnitude, 
than empirical values deduced from nuclear quadrupole moments. Still more critical for 
this model is that it can not explain the rapid variation of the rigidity of cores, which 
must be accepted as an empirical fact. In particular, it should be noted” that this model 
is completely helpless in explaining the great variation of the surface rigidity in different 
isotopes of the same element, which can be seen from the quadrupole moment ratios of 
isotopes with the same nuclear spin. 

Such circumstances make clear the phenomenological aspect of the collective model 
based on the simple hydrodynamical assumption. In fact, although we know that the 
strong coupling scheme of the collective model is successful for mass numbers between 155 


and 185 and above 225, and that the weak coupling scheme applies best to the nuclei 
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in the proximity of major closed shells, we can not explain in the model itself why such 
treatments can be successful for those nuclei. This is due to the fact that in the collec- 
tive model such treatments are determined by the strength of interaction between the 
core and extra-particles, which depends essentially on the rigidity of the core. 

On the other hand, estimates based on the simple model**”™ in which particles are 
regarded as moving independently in a deformed potential have given much smaller deforma- 
tions. However, such a deformed potential model has not been discussed in connection 
with Bohr-Mottelson’s (B—M) formulation” on the collective model. 

Recently, the method of the quantum mechanical description of the collective motion 
which gives the foundation of the nuclear collective model has been proposed’? and 
it has been made clear’ that the difference between B—M’s and Hill-Wheeler’s descrip- 
tions of the nuclear collective model is nothing but that of the representation in the 


description of the nuclear states except for several trivial points. 


By using this method, therefore, we can faithfully follow B—M’s formulation of the 
collective model and can make clear the connection between the surface rigidity of a core 
and the proper shell structure of the corresponding core (§ 3). Then, we can find that 
in B—M’s model the adiabatic approximation is used for the particles forming a core, and 
that the surface rigidity of a core is given by the second order coefficient of expansion 
of the energy eigen-value of particles forming the core, with respect to the deformation 
parameters of the core. 

Provided that the shell model assumption is valid for the behaviour of such particles, 
therefore, the method of the deformed potential model can be applied to the calculation 
of surface rigidity of the corresponding core. Using Moszkowski’s technique”, the calcula- 
tion of the rigidity is made in §3 and § 4. 

The striking features of our results obtained are that the calculated values of rigidity 
of cores are, in general, considerably larger than those of the hydrodynamical estimation, 
and that there is a characteristic dependence of the rigidity upon the proper shell struc- 
tures of cores (Fig. III). And this feature of rigidity can explain qualitatively why the 


strong coupling or weak coupling scheme of the collective model is successful with specific 


nuclei (§ 4). 

More detailed discussions on such a characteristic variation of the rigidity of cores 
are done in §5 by comparing with the quadrupole moments of “core -: one extra- 
particle type ” nuclei. Thus we can find that such a variation plays an essential part in 
the variation of the quadrupole moments, as shown in Table II. In particular, it should 
be emphasized that it can explain the great variations of the surface rigidity in the iso- 
topes; S® (neutrons : 16-shell+1) and S® (neutrons: 20-shell—1), and Ga® (neutrons : 
38-shell) and Ga” (neutrons : 40-shell). The differences between the quadrupole moments 


of pairs of these isotopes have never been explained in terms of the hydrodynamical model 


: ws Nb) 
or of the method of configuration mixing. 


Some discussions are devoted in § 6 to the rigidity of core in the case of the large 


deformation. 
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§2. Formulation of the collective model 


In order to clarify the connection between the surface rigidity of cores and the proper 
shell structures of them, it is necessary first of all to establish the formulation of the 
collective model. On this point, the method of the quantum mechanical description of 
the collective motion which has been formulated by one of the present authors”)? and 
others!” is of use. Keeping close contact with B-M’s description of the collective model, 
we shall develop this method in this section. 


The Schrédinger equation which describes a nuclear system is 
A 
HO=|>, pe/2M+V (x,---%4) |P (x%1°°*% 4) =E@ (x,:++%4) > (2-1) 


where M is the nucleon mass and V the interaction potential between nucleons. Now we 


introduce the collective coordinates @,,,*’ and start from the following equation, 
[S3 pe/2M4V Gy) 10! Cy ay @) SEO (yy), (2-2) 
which is equivalent to (2:1) under the condition, 
Bin O! (Hi; °**; By, @) =0: (2 +2") 


We transform (2:2) and {2-2’) into the “ collective representation” by the unitary 
transformation, 


U=exp|i(M/b) jp (x) 6 (x) dx] 


=exp[i(M/b) j Sy (x—x;) 6 (x) dx] 


=exp[i (M/S) Sy (x,)}. (2-3) *® 


Here $(x) is the velocity potential of an irrotational and incompressible carrier fluid and 
is represented by 


§ (x) = >1Pmt! Yim (9, 9). 


As is well known in the liquid drop model of the nucleus, /7;,, are related to the canonical 


conjugate quantities 7,,, of the coordinates @,,, through the relation, 


1 B, oh Ree ; B, \e 


m?> 


B,=(7. (3/42) -AMR2. 


*) aim are the expansion parameters of the nuclear surface defined by 
R(O, ¢) =R [1+ Sarm MOAR ¢) | 
m 
where Ro is the equilibrium radius. 


™) According to Eden an is!) thi i 
ding d Francis! this corresponds to the “ model operator ” into the collective model. 


Here note that > ,=1P (x is a s i i x 

— XxX; 1S i ivi i i 
= 1p (%;) eae function of 3 ‘;, so that the “ individual particles ” in the “ collec- 
ive representation obey the Fermi statistics in the same manner as nucleons. 
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In this “collective representation”, (2-2) and (2-2’) are expressed as 


[Sip?/2M+ (M/2) : \p (x) (grad @ (x) )° dx +V (%4,°++,%4, a) 


+Mjv (x) ‘grad 0 (x) dx |V (Hi, % 4, a) =EVP Ceo 2 a) > (2 -4) il 


A 
[Qn pot es (x;) |¢ (4, pat M45 a) = 0, (2 4 4’) 
where 
A A 
2 1F im (x;) — (47/3) a Crp Ra) ae CG ;) Ee 
and 


v(x) = (0/2M) SI p. 8x) +9 (@—x) ph 


which is the velocity operator of the individual particles. 
Eq. (2:4) with (2-4’) is equivalent to B—M’s except for several trivial points as 
discussed in the following. We can easily ascertain that this representation is used in 


B-—M’s description, by calculating any physical operator in this representation.*** 


1) Collective oscillations of particles forming a shell structure 
The relationship of the motion of individual particles and the collective motion, which 
is described by eq. (2-4) with (2-4), is especially simple if the frequencies for particle 
excitation are large compared with the frequencies of the collective type of motion. In 
this case, the adiabatic approximation can be used and the wave function of (2-4) is re- 
presented approximately by 
D (x4,+++,04, &) =P (%,---, ¥45 @)Y (A), (2:5) 


where 7(a@) describes the oscillation of a nucleus as a whole. Here ¢/(x,,--:, ¥4; @) is the 


solution of 
2 yy 
a pi /2M-+V (x,,° 7") M45 a) ly (x1, M4 5 @) ayo (a) pb (Xr, Sere Wns a) 
Z—1 
and must satisfy approximately 


IP* Hye, Has XL) P(K)P (iy, Ka5 a) day --de,4 


i Seve 47R,). 3 inside the deformed nucleus (2-6) 


0 ; outside the deformed nucleus 


*) Strictly speaking, the a-dependence of V is not uniquely defined by this transformation, but this 
dependence can be approximately given by Tomonaga’s procedure’ or Miyazima’s transformation. |") 
**) This function is just the expression for the collective parameters in terms of the individual particles. 
(ESD) 5 os AD) . 
***) It is clear that Tolhoek’s!) and Coester’s!8) analyses of B-M’s model are equivalent to solving (2-4) 
with (2-4) by use of some assumptions ; if we assume that Y(2,---x4, a) has a form, d(a—2F(xs))¢ (xy. 
x4)g(a) and calculate an equation which g(a) satisfies, we obtain the same results as Tolhoek’s and 


Coester’s. 
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because of the condition (2-4’). (2-6) ensures 
A 
(o* (X41, °8%, B45 a) pal ig (x;) ib (te), M45 a) dX, +*+d¥4=Atyy, 
so that the subsidiary condition for 7(@) : 
A 
[ im — jg* (%,,° ay 45 a) Da (x;) ff (x, ae "5X45 @) dx, = -dx4|7 (@) = 0 
becomes an identical equation. Therefore the collective motion is described by only one 
equation, 
[(M/2) {((x)) (grad 6(x))2dx-+E™ (a) Yk (a) =EX(a). (2-7) ® 


If the particle structure prefers spherical symmetry, E(a@) may be expanded around 
the equilibrium state (@;,,=0): 
E" (a) — Fin) FNS. ee 


m 
im 


Then (2-7) is reduced to 
‘py (1/2B,) | Tim |? ae DEim” | Qin 


im 


*|7(@) = (E—E™) 7 (a). (2:7 
This equation is nothing but that for the surface motion given by B-M. (cf. 1), II. 5) 
2) Coupling to particle motion 


If the particles possess modes of excitation with frequencies smaller than or compara- 
ble with the collective frequencies, the simple separation of collective and particle motion 
such as (2-5) is no longer possible. Since the particle structure can be non-adiabatically 
excited in this case, the nucleus must be described in terms of a coupled system of collec- 
tive and particle degrees of freedom. 

In the treatment of this case, B-M have adopted the picture’ of “ core -+extra-particles.” 
Namely, the degrees of freedom of the extra-particles represent the low frequency modes 
of excitation of the particle structure, associated with the particles in the last unfilled levels. 
And the particles forming a closed shell (core) manifest themselves only through the 
collective motion of the core. 

Conforming to this picture, our desctiption is reformulated as follows. We perform 
the unitary transformation (2-3) only for the quantities which are concerned with the 


particles constituting the closed shell, so that the Schrédinger equation in the “ collective 
representation’ is given by 


[33 pi/2M + (M/2) §p°* (x) (grad 6 (x) %dev +V (x,,-++a0y, 4) 


A 
FM Jor" (x) -gradé(x) de +>} pz/2M4+V (yess 5 84) 
j=N+1 


) The term including v(x) in (2-4) vanishes, when we take its expectation value in @. 
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4V® (X1,°°°, Nyy Myyi, Xs, a) |v (X1,°°*, Wy, Kyi, @) (2-8) 


=EP (%1,°°+,Xy, Xyzig?**> Ka, a), 
N 

[m— i Fon (x;) |¥ (Xi5 3-5 Xn, Myty °°, M4, a) =0, (2 i 8’) 
= 


where %,,°*+, Xy denote the coordinates of the particles which constitute the closed shell (core) 
and %y,1,°:', ¥4 denote those of the particles in the last unfilled levels (extra-particles). 
Prior to the unitary transformation, we divided the interaction potential between the 
particles into three parts. The first part is the interaction potential between the particles 
forming the core, and the second is that between the extra-particles. The third is the 
interaction potential between the particles forming the core and the extra-particles. These 
in the “collective representation” are denoted by V, V®, and V respectively.” 

In the present case, the adiabatic approximation is possible only for the core part. 
Therefore, the approximate wave function which satisfies eq. (2-8) with (2-8’) may be 
of the form : 


fa (%1°°'5 Xy, Nyity °°» Ma, @) =r (X41, tty Mar A) (Kyv Mats a). (2 -9) 
ff" (%1, °°, X%y3 @) is the solution of the equation, 


N 
i>. pr /2M+ ae (x, “ty Uy, a) ere (x, sae NNT a) ahr (@) Gis (X45 ney M3 a) ’ 


(2-10) 
and must satisfy approximately in the same manner as (2-6) 
fh" (x1,5++, By 3 @) 0 (K) f°? (K1,°+*, Hy; @) dx,---dxy 
(> (=3N/4tR,*) ; inside the deformed core 
= PREANAL 


0 ; outside the deformed core 


because of the condition (2-8’). In this case ¥(%y+1, ***,%43°@) is no longer subject 


to the subsidiary condition and satisfies the equation ; 
[Fen (@) +H, (%p) + Fine (ps ©) |p Genes’ Xa, &) 
= (EER) (Kran @), (2-12) 
where 
Hyp (@) = (M/2) §(p (%) Y°" (grad 9 (x) )°dx + (E°" (a) — Ev), 
Fix) <3) pi/2M+v® (oi Aaet Ay Nay Mar 2) leet (2-13) 
+V© (Syst, 119 Xa) > 


Va (X4y°°*5 Nyy Nyyiy'**> May a) pre | nos 
a 


0 
Fins (Xp a) =F BY 


*) The a-dependences of V\) and VY can also be given approximately in the same way as that of V 
in (2-4), but we shall not touch this point here. 
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(2-13) is nothing but the Hamiltonian which was edopted by BM as the starting point 
of the collective model, and eq. (2-12) is just the Schrédinger equatiop lescribing the 


collective model. 


3) Surface rigidity of the core and its proper shell structure 


From the above formulation of the collective model, we can easily find the relationship 
between the surface rigidity of the core and the proper shell structure of it. The eq. 
(2-10) describes the particle structure of the core, provided that the wave function 
Gf" (x,,°+, Hy; &) satisfies (2-11) approximately. And the surface rigidity of the core 
is given by the second order coefficient of expansion of E“’’(a@) with respect to a. The 
problem to obtain the surface rigidity of the core is thus focussed to calculate E°”*(@). 

In the calculation of E’’*(@), the specific type and form of the interaction potential, 
V® (x,,:++, Xy, @), come at first into question. As a tule, a concrete form of V™ (x, 


++, Xx, @) can be obtained approximately by Tomonaga’s procedure” 


ot Miyazima’s 
transformation’? when the interaction potential between nucleons is given. In the present 
stage of the study of nuclear forces in a many nucleon system, however, it may not be 
so much significant to introduce the concrete form of V" (x,, +++, %,;, @). It seems ra- 
ther natural to assume the properties of V") (x,,---, Xy, @) through the model which gives 
an important guide in the interpretation of nuclear phenomena. The striking success of 
the nuclear shell model suggests that the particles may be considered as occupying states 
of binding characteristic to the independent particle motion in an averaged potential. 
Therefore, we assume here that V (x,,---, ¥), @) has the following properties : 

i) In the zero order approximation, V (x,,---, %y, @) can be replaced by an averaged 
potential with the deformation described by a.* 

ii) The form of this averaged potential is assumed to be of the square well, because 
the wave function (’?(x,,:-+,%y3 @) must satisfy the condition (2-11) approximately. 

iii) Moreover, if necessary, we can add the amendments such as the l-s-coupling 


term and others to it. These amendments to the deformed averaged potential may be 
considered as a residual part of V“. 


§ 3. Method of calculations 


Since we are calling the low energy states in the vicinity of the ground state into 
question, we shall adopt only a, of /=2 for the deformation of a core. Moreover, since 


the observed rotational spectra indicate that the many nuclei prefer the cylindrical symmetry, 


*) The result calculated by use of such a deformed averaged potential indicates that the first order 


expansion coefficient of E°-re(a) becomes zero. This means that the magnitude of the deformation of the 
core without extra-particles : 


(yoore (ew) , a ycore (a)) = — E(\co ¢/2E() core 
( 2)cor 
(EMeere and E™core are the first and second order expansion coefficients of Eee (a) respectively.) 


is zero. ‘Therefore, B-M’s assumption that the core prefers the spherical symmetry is very natural. 
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we shall perform the calculation by using a spheroidally deformed, averaged potential. 

In this case, the wave function in (2-10) is represented by the Slater determinant 
of single particle wave functions in the spheroidal square well potential, and the energy 
eigen-value, E°”* (a), in (2-10) is expressed by the sum of energy eigen-values, E’(a), 
with respect to the single particle wave functions : 


B® (a) =S3E"(a). Ge) 


Therefore, our problem to obtain E°”’(@) is reduced in calculating the energy eigen-values 
of the Schrodinger equation with respect to the single particle in the spheroidal square 
well potential. 


1)  Moszkowski’s transformation” 


The good quantum numbers of particle states in a spheroidal well are the parity and 
the component of angular momentum about the axis of deformation. Hereafter we shall 
denote this symmetry axis of deformation as z and the component of angular momentum 
about it as m. 
to Moszkowski’s method, we shall calculate the energy eigen-values of = 


single particle in the spheroidal square well. First, the coordinate transformation : 
Rea DH 2108 yD Pit! and ~2=3Dz7 CS) 


is carried out. Here D is defined for the small deformation by 


D=1+4, d=~5/4x B, (3-3) 


where 


erate A , 
™m 


In this new coordinate system, the spheroidal square well potential becomes 


0 for oe Ks 
Vey iss 
—V, for ea a 
which means the square well potential. And the Schrodinger equation of a single particle 


in this coordinate system becomes 
(1/2M) (DP, + DP, +D~ P.°) b (x) +V 0!) f(x!) SEG (x’). (3-4) 


Because we ate concerned with the surface rigidity of the core (closed shell) which pre- 
fers the spherical symmetry, it is sufficient to obtain E’(a@) to the second order th 
respect to d by using, as the zero order functions, the functions ¢f,’(x’) for ae eee 
tonian (3-4) when D=1. To avoid confusion, we shall hereafter drop the “ prime 


2 i 
of the newly transformed coordinates x’. 


a 


* This method has the same meaning as Miyazima’s transformation in a sense. 
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2) Determinations of the level scheme and the property of potential 


In our problem, the ordering and the distances of the single particle energy levels 
in the zero order approximation are of decisive importance. Therefore, we shall add the 
L-s-coupling*) and F** terms to V(r) so that the level scheme for the zero order aproxi- 
mation reproduces approximately Klinkenberg’s one’ which is based on the shell model. 


Thus (3-4) is rewritten as follows : 


(H° + H’) f(x) =E*¢ (x), (3-5) 
jer =p) 2M V(r) — (b°/2MR, ) kl-s+ (b°>/2MR,) gl’, 
H! = (p’/2M) d?—2 (d—d’) T»(p), (3-6) 


T»(p) = (1/2M) - Gp2—p’)/2, H'=dH' +d0°H™, 
dH!) =—2d Ty (p), @H! =d"(p'/2M+2T »(P)). 


The P-term may mean a correction to the square well potential V(r). Namely, this 
pushes up the states of higher angular momenta, so that it may be considered to play 
a role of interpolation to the oscillator potential. In this sense it seems natural to set 
up this term in the transformed system. The constant g of E-term and the constant k 
of I-s-coupling term are treated as parameters which are adjusted suitably so as to repro- 
duce Klinkenberg’s level scheme. The values of g and & are, therefore, chosen as depen- 
dent on energy levels, as shown in Fig. I.***) 

For the sake of simplifying calculations, we shall hereafter replace V(r) with an in- 
finite square well and the effects of the finite wall height will be taken into account 
later. 


3) Expression of E* 


The eigen-functions for H°, which are used as the zero order functions, are 


Prag ae Cin (Ons r/ Ry) [ 4% G+m) /2j a b gn + Vv G — m) /2j 8 owe for j= l -{- Tr2 


WYattm=Clin (Onn T/ Ro) [~ (j—m 1) / (2) +2) a YR — we (jt+m-+1) /(2j+2) BYSae | 
for j=[—1/2, 
in which c¢ is a normalization constant, @ and f are Pauli spin functions, and j/, (@,, 


r/R,) is the usual spherical Bessel function. And the eigen-values of H" are given by 


*) Whether or not the adoption of the I-s-coupling term in such a transformed coordinate system is 
legitimate may depend on its origin. Since the 1-s-coupling term used in the shell model is set up under 
the assumption of the “spherically symmetric” averaged potential, the adoption of 1-s-coupling term in such 
a transformed coordinate system would not always be nonsense. 

**) After the work was finished, it has come to our notice that S. G. Nilsson [Kgl. Danske Viedenskab 
Selskab, Mat.-fys. Medd 29, No. 16 (1955)] used this I? term for the same purpose as ours. The authors 
are indepted to Dr. T. Tamura for his kind information of this point. 


kK : F 
) According to the physical meaning of I? term, we adopted here the same values of g for the de- 
generated states in an oscillator potential. 
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(in 62/2MRo?) 
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ld Bee | tre EL a Ata 
30 ee de 
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20 lp ———— nr ee aie wale 
1 1 , “ 
10 Is Ey ios 1s% —— 1s 
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Square well 


Fig. I Level scheme. 


(AMR) obyt O/AMR IIIT) + PAMRIKUY) for j=l 1/2 


Wr, fe 9 9 . 
"| B/2MR2) 02 + B/2MR gl (+1) — F/2MR)K for j=l+1/2 


where «,) denotes the n-th root of the spherical Bessel function of order [. Therefore, 
nN 


; 5 : 
E:,,, which is calculated to the second order with respect to d by using H’ as a perturba 
jm 
tion is given as follows : 


f 2 2 
> — W i; t Ein d+EDn d 5) 


nl jm 


E®.,,, = (nl j m|H’|nljm) = —2(nljm|T.(p)|nljm) 


nl jm —_ 


= —2(8/2MR,) ona (Lj m|P2 (A) |! jm); (3-8) 
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= (nj m| HH! |n Lj m) +33] (Lj m| HU |ne be jem) F/ Waa 0) 


Em 
= (6/2MR,) o8[1 +2 (Lj m|Po(O) |Lj m)] 
+31] (lj m| Im bi Jr m,) |?/ Wrg— ee (353) 
The second term in the right hand side of (3-9) can be evaluated in reference to the 
well-known properties of spherical Bessel functions : 
da Lj m|H’® |n, LJ. m,,) P/ Wiy— Wi 
- 
4 (21+-3)?@r, Orr 240 | (Lj m|P, (7) |f+2, j+2, m) | 
(Wa — Onr+2)” (ha Wr +2942) / (° /2MR,’) 
4 A2l+3)"obisen 1CjmiPO +2, jt mF 
(Onz— Ons 242)” (W, wae Wry ‘142 > jeu) | °/2MR, ¢: 
| (Lj m|P,() |Lj—1 m) |? 
(Wrus—W ay-1) / (6°/2MR,’) 
4A Gli Maryaly ay > C5 iON 2 gas | | (3-10) 
(Qh Ont 1-2)” (Wt —Wr'r2,5-2) | (P/2MR2) 
for j=[+-1/2, 


=4()/2MR\) >| 


4 9 
+ On Onn 


D3| (2 Lj m| A’ |n, ly jr my) |? / (Was — W 
=4(h?/2MR =(+ Bis-2)4 "One Onn aes bs | (2 j m|P.() |[-+2, j+2, m) |° 
Gar (On — Onr+9)” (Wrijy— W ariessge2) | (b°/2MR,) 


| (Lj m|P.(9) leper ls m) |° 
(Wrujg— Wan y+) / (6 /2MR,) 


4 9 
+On Onnt 


4 (2/— 1)" Wanas | (Lj m [Po (9) |l—2, j-—-1, m) > 
(Wy — Onn») OF teal) Ms (6°/2.MR,’) 

4(21—1)%e%onit0 | Uj m|P.(@) |l—2, j—2, m) [2 
(On ae Wnii-9) (Wray nhta2,j—-2) ‘ (b°/2MR,) 


for j=/—1/2. (3811) 
4) Approximations in numerical calculations 


From (3-8), (3-9), (3-10) and (3-11), the following facts are easily understood : 

i) The coupling between ¢,,’,,, and {nti by a spheroidal distortion can arise only 
when m—m'=0 and /—//=0 or +2. 

ii) The matrix elements of H’) between the states having the different values of 
n vanish if the orbital angular momenta are the same. 

iti) The matrix elements | (n/jm|H’|n'U' j'm)|, in which [—’= +2 and |n—n’| 
2, are very small because of the large energy denominator |w,,—,|.. Therefore, the 


main contributions to E{,, result from the coupling of ¢/),,, with states Pnritjms in which 
l’=1 or 142 and n’=n or n+1. 
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iv) Of these main contributions to Exim, the contributions resulting from the coup- 
ling with the states in the proximity of the n, l, j-level are especially large. And the 
values are strongly dependent on the level spacing Jiyj_arry 

According to the above considerations, we shall adopt the following approximation and 
treatment in calculating the surface rigidity of a neutron or proton core (closed shell) 
under consideration, 


C < eke 


gap = (5/25) Eo (3-12) 


ma 


C= o Fecore 


(a) The sums over n’ in (3-10) and (3-11) are performed only for n’=n and 
Daag 10 

(b) According to the consideration iv), we separate the surface rigidity of the 
neutron or proton core into two parts: 

CaCY Co (3-13) 
where C® depends strongly on the level spacing (the strongly shell dependent part), and 
C” depends rather weakly on it: 

a giosed shell (yr & closed shell a 
Cc — (5/27) 2 2 Exijm p) Cc I= (5/27) a (DEE (@ ; 14) 


Here Ef}, is the term which does not depend on the near-lying levels, as given by 
EO, = (6 /2MR,) wo [1 +2 (Lj m|P. (A) |lj m) | 


459 | lj m| A apatey 


nl=n—1,l!,j! 


nd) — Wry) s 3 : 15) 


where the “prime” of >)’ means the exclusions of coupled terms with the near-lying 


levels. E({?/, is the part which depends strongly on the near-lying levels, as given by 
ENQim = a | (a Lj m| A |n'V i'm) |?/ (Anag—nntg) + (0?/2MR,’) 


Anig—ntargt = Wray Wry) A (°/2MR,) ’ (3 16) 


where >’ means the sum of only the coupled terms with the near-lying levels. 


§ 4. Results of calculation and discussions 


As discussed above, C does not depend on the spacing between the near-lying levels. 
In its numerical calculation, therefore, we used for W'),, the expression (3-7) and for g 
and k in it the values adopted in Fig. I. The result thus obtained is given in Fig. Ha 
and IIb. 

The level ordering of 3s 1/2, 1h 11/2, and 2d 3/2 states and of 2f 2/ 2,.3p 3/25 
3p 1/2 and li 13/2 states are not definite because of the pairing effect, so that, in these 
regions, the neutron or proton numbers which constitute the closed subshells are uncertain. 
However, the values of C\ do not so much depend on the level order of these states. 


Therefore, we adopted here, according to Mayer and Jensen”, the level orderings ; 3s 1/2, 
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N ‘neutron number Z : proton number 


50 100 50 100 
Fig. Ila. Cy for neutron cores. Fig. IIb. C'p for proton cores. 
In this figure the Coulomb correction is not included. In this figure the Coulomb correction is not included. 


th 11/2, 2d 3/2 and 2f 5/2, 3p 3/2, 3p 1/2, 1113/2 for neutrons, and 1h 11/2, 2d 
3/2, 3s 1/2 for protons. 

As is shown in Fig II, the values of C™ of the closed shells lie on a fairly smooth 
curve. 

Contrary to C”, C™ is just the term which results from the coupling between the 
finally filled levels of the closed shell under consideration and their near-lying levels, so 
that it depends very strongly on the spacing between these levels.*) The fairly smooth 
curve plotted by the values of C” for the closed shells is considerably transfigured by 
adding C™ to it. 

Now we can give the qualitative discussions on the surface rigidity of the closed shells. 
As to the more detailed discussions, however, some considerations are still more necessary, 
because of the following two reasons : | 


a) Up to here, our calculations have been performed under the condition of the 
infinite well potential. 


*) Cl depends also very sensitively on the level ordering. Therefore, in the regions of 3s 1/2, lh 
. > 
11/2, 2d 3/2 and of 2f 5/2, 3p 3/2, 3p 1/2, 1i 13/2, where the order of these levels is not definite because 


of the pairing effect, we must check up general tendency of the variation of C by making up the various 
possible choices of the order of these levels. 


/ 
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_ b)_ The values of C depend considerably on the values of level spacing between 
the finally filled levels of the closed shell under consideration and their near-lying levels. 
For these two problems, we took the following steps : 


> 


a’) For the “ spherical” square well potential, the effects of the “ finite” wall height 


can be given approximately by : 
Egleng— Esch, (1 +A)/ Ro) =? (4 ‘ 1) 
Ay=(0?/ (2MV’,) 1 
as obtained by Feenberg-Hammack. Namely, in this case, we can take into account the 
effect of the “ finite”? wall height by replacing only the nuclear radius R, by 
R/ = Ro +4). (4-2) 


In the case of the spheroidal potential, this procedure might also be possible®. As a matter of 
convenience, we adopt here this procedure as the first approximation, since our calculations have 
been performed in particular under the condition that the deformation of the potential is small. 


Table 1.** The values of level spacings in #2/2MR,/? unit used for our calculation of C®. 


2s1/2 | 1d3/2| 2p3/2,| 1£5/2 2p1/2| 2d5/2| 1g7/2| 3s1/2 | 2d3/2 | 2£7/2 | 1h9/2| 2f5/2 | 3p3/2 | 3p1/2 | 2¢9/2 
P g g 


1d5/2\| 5.21 


2s1/2 5.03 


1f7/2 6.59 


2p3/2 5.26 


1£5/2 5.03 


1g7/2 10.4 
2d5/2 2.66 | 7.58 


1g7/2 6.73 


3s1/2 1.99 


th11/2 15.8 


2£7/2 1.63 7.26 


1h9/2 6.99 


2£5/2 27 Aon 


1i13/2 13.0 


y to investigate to what extent this approximation is possible in the 


*) Strictly speeking, it is necessar 
deformed potential. 

**) In this table, the val 
we used the values which are deduced from the separation e 
d state of the corresponding closed 


ue of Aos1/2-1d5/2 is larger than that used ordinarily. In our calculation, 


nergy, because in our case dA means the 


however 
shell and the state of the single par- 


energy difference between the groun 


ticle excitation. 
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b’) The values of level spacing between the finally filled levels of the closed shell 
under consideration and their near-lying levels, 4); ny, ate very important in evaluat- 
ing C”. So we should take those as close as possible to real values rather than those 
obtained from the level scheme given in Fig. I. Hence, we adopt those (in unit of 
#°?/2MR,”) which are deduced from the separation energy in the vicinity of nuclei having 
the corresponding neutron or proton core. And in the case where this deduction is not 
possible, we adopt those (in unit of i°/2MR,") used by Horie-Arima.” The values of 
level spacing thus obtained are listed in Table 1. Here we used as the nuclear radius, 
R,=1.4 X 107" A'"cm, and as the depth of potential, V,=36Mev. And for the values of mass 
number A we adopted those of the nuclei having the corresponding (neutron or proton) cores. 

The surface rigidity of the closed shell thus calculated, C=C” +C™, is shown in 
Fig. Illa and ILIb. 


comrmam== 356, IN, 2494326 92, 3p9% .3p4s 1%. 
———— Ih¥ 2034, 3545 3p94, 265% ,3p/4 11% | 
3000 —-—-— 1hY 35) 2436 2654 3p 32.11% phe 


at 


3000 


—~ 
R 
N 
=e 
ww 
x 
gS 
> 
= 
ae 
a 
4 
~~ 
Q, 
1S) 


2000 


‘1000 
1000 


664, 80 
Ne \! 
neutron number “¥ 78 


Fig. Ia The surface rigidity of neutron cores. Fig. Ib The surface rigidity of proton cores. 


In this figure the Coulomb correction is not included. Here Ro/=Ry+2o, a= (b2/MV)1/2, where Ry is the 
nuclear radius and VY) is the depth of the potential. The dotted lines are used for the bere in sites 
the assignment of subshells is uncertain because of the pairing eect. The lines joining the points for the 
closed shells have no meaning. In these regions, the rigidity may be reduced very much because of the 
crossing of the particle levels due to the large deformation of the core which is caused by the coupling of 
the core and extra-particles. The line indicated by “ hydr.” is calculated by using the formula Pc 


Cyh¥4r,= (4Ro*S) X N/A, 
where S is the hydrodynamical surface tension, 


4nRo’S=15.4- A?!3 Mev. 
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Here the dotted lines are used for the region in which the assignment of subshells is 
uncertain because of the pairing effect. In this region, we calculated C by making up 
the three possible choices of level ordering. 

From Fig. III one can observe a rapid variation of C from nucleus to nucleus, which 
has never been obtained with the hydrodynamical model. Its qualitative feature are sum- 
marized as follows : 

i) The values of the surface rigidity of the closed shells corresponding to the magic 
numbers are very large except for 28 shell. 

ii) The values of the surface rigidity of the subshells between the neutron or pro- 
ton numbers 50 and 82 become very small, irrespective of the various possible choices of 
the level ordering. 

iii) The values of the surface rigidity of the subshells between the neutron or proton 
numbers 82 and 126 are relatively small except for a particular choice of the level 
ordering. 

The conclusion i), which has been asserted intuitively in connection with the shell 
model, means that the weak coupling scheme of the collective model applies best to the 
nuclei in the vicinity of the major closed shells. The conclusions ii) and iii) mean that 
the strong coupling scheme of the collective model is successful in these regions. 

In addition to this general tendency, there is a relatively irregular variation of the 
rigidity of each closed shell. In comparison with the electric quadrupole moments of the 
“ core-tone extra-particle type” nuclei, we shall discuss this variation in the next section 


in detail. 


§5. Nuclear quadrupole moments and variations of 


surface rigidity of cores 


The magnitudes of the electric quadrupole moments directly reveal their collective 
origin and the empirical values of quadrupole moments give the direct information about 
the rigidity of nuclear cores. Therefore, the characteristic variation of the rigidity of 
cores, which is shown in Fig. III, should be reflected in the quadrupole moments of the 
“ core --one extra-particle type” nuclei. 


‘ 


According to the collective model, the quadrupole moments of the “ core one extra- 


particle type” nuclei are given by 


Q=Q3.n + Qs, Gal) 


of which the first part is due to the extra particle outside the core. The second part is 


due to the deformed core and is given by: 


Q,=Po (x) Qo 
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whi 8 x 
([+1) (2I1+3) V¥x'+4/9 


Po (x) =1—3 (for [=j>1), 

where Q, is the intrinsic quadrupole moment of the core relative to the axes fixed in the 
core. Here K is the expectation value of the interaction term H,.(xp, %) of (2-13) 
with respect to the radial part of particle coordinates. Correctly, its value depends on 
the shell structure, but here we adopt 40 Mev according to B-M’s*. P,(x) is referred 
to as the projection factor. x is a dimensionless parameter** which is related to the 


strength of the particle-surface coupling and is given explicitly by 


‘<—— / 5 ie ee 
N 6a Vj Vio 


where w= Vv C/B 


B=+ 2 AMR. 
2 47 
By using the values of the surface rigidity C given by Fig. III, we can calculate the 
quadrupole moments of the “ core - one extra-particle type’ nuclei from (5-1) and (5-2). 
Table II shows the comparison of the calculated values of such quadrupole moments with 
observed ones and hydrodynamical ones. Here the Coulomb correction for C is assumed 
to be 


It is very interesting to see whether or not the variation of the rigidity of neutron 
ot proton cores in Fig. III can explain the qualitative tendency of quadrupole moments 


> 


of the “ core-++one extra-particle type ’’ nuclei. 


a) Rigidity of neutron or proton cores between 8 and 50 


In this region, the major closed shells are given at the proton or neutron numbers 
8, 20, 28 and 50. As is shown in Fig. III, the values of the rigidity of these cores 
are remarkably large except for 28-shell. Therefore, the weak surface-particle coupling 
scheme may be valid for ,O,'7, jKo)” and Zr)", and the values of the quadrupole mo- 
ments of these nuclei may be much smaller than those of the hydrodynamical estimation. 
There are no experimental values of the quadrupole moments of jsK..°*** and ,Zr.;", 


but the facts that the observed value of that of ,O,", Q.,,(O"), is —0.005 and the hydro- 


*) If an extra-particle is exchanged with a hole having the same single particle state, the sign of K 
is reversed. 


**) For xV j <1, the weak coupling scheme is valid, but for x1, the strong coupling scheme is valid. 


Recently, the quadrupole moment of j9Ko9%” was measured by Ritter and Series (Proc. Phys. Soc 
68A, 450). Its value is 0.14X10-%cm? -+25% which is much smaller than Qnyar- and is very close to 
j o + . ‘ a 
Qeat- The authors are indebted to Profs. Townes and Murakawa for bringing this work to their attention 


#4) 
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Table II. 
The values of surface rigidity C and of quadrupole moments for the “core -+ one extra-particle 
type ” nuclei. 
<i Configuration ! ; | C(Mev) Q(x 10724 cm?) 
proton neutron Cal. Hydr. Obs. Cal. Hydr. S.P. 
sBel (1ps/2) 7} = 3/2 uals 22esI 0.036 0.044 0.093 0.025 
33A1, 427 (1d5/2) ~2 _ 5/2 26 38.8 0.16 0.37 0.24 0.062 
os dg 1dg/o — 3/2 || 348 45.6 =0062 —0.087 0.25 —O.051 
19Ke20% (1dy/2) 72 is 3/2 || 505 45.6 0.14 0.089 0.33 0.055 
97Co30°9 (1f;/.) 4 _ 7/2 299 54.8 0.5 0.30 0.90 0.12 
giGaze® || (2psye) 72 an 3/2 || 323 58.6 0.23 0.20 0.52 0.08 
Gaile) (2pajn) = = 3/2 || 691 60.2 0.14 0.14 0.52 0.08 
g7Rbso8 || (2ps/2) 72 = 3/2 || 736 64.5 “0.14 0.17 0.68 0.09 
sgPrgo14t 2d5/2 — 5/2 973 67.0 —0.05 —0.35 —1.7. —0.18 
g3Bi19g2°9 lLhg/s — 9/2 || 1580 58.0 —0.4 —0.55 —5.2 —0.30 
Oo! nt 1d5/o 5/2 || 174 28.6 || —0.005 —0.031 —0.14 —0.0013 
16517 — 1ds/2 3/2 || 188 41.2 || —0.055 —0.059 -0.20 0 
1Sis°® = (1d5/2) 71 3/2 || 350 45.6 0.038 0.036 0.2 0 
wpGeq"? — 1go/2 9/2 |, 677. 60:2. | .—0.2 C1) Sey! 0 
ggSt 4g" a (1gp/2) 7! 9/2 || 733 64.5 ss 0.14 1.4 0 
goZtsr9! = 2ds/0 5/2 || 1030 62.2 = —0.083 —0.90 0 


pe ——_—_——________________ or 
dynamical estimation Qhyv». (O'7) is —0.14 support the above argument. The hydrodyna- 
tical estimation, Qjyar. (O") =—0.14, differs from the empirical value by one order of 
magnitude. Our calculated value Qua. (O") =—0.031 is better than Qhryar. (O"), but is 
too large in its absolute value. 

Fig. III indicates that the values of rigidity of 14-shell in both protons and neutrons 
are smaller than those of closed shells in this region. This suggests that the empirical 
~alue of the quadrupole moment of Al” may be fairly different from OFe CAL rain. 
fact, we can easily understand that the deformation of Al” is fairly large, by the facts 
that Q,,. (AP?) =0.16, Qs.p. (AP*) =0.062 and Qhyar. (AI) =0.24. Our calculated value, 
Qeat. = 0.37 is worse than the hydrodynamical value. The examples for O"" and Al’ seem 
to indicate that the collective treatment of light nuclei is not legitimate. 

Fig. III shows that there is a rapid variation of the surface rigidity between 16-shell 
and 20-shell. This must be reflected in the quadrupole moment ratio of 11; (neutrons : 
16-shell+1) and ,S;)” (neutrons : 20-shell—1) which have same nuclear spin. It is 


obvious that we obtain 

| Quyar. (S*) 1/1 Quyar. (S”) |= 1 
Quan. S*) =Qi.p. (S*) =0. 

Contrary to this, the observed values give a ratio 


|Qus. (S®) |/| Quo (S*) | = 1.45. 


and 
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We may suppose that this value different from unity 1s due to the rapid variation of the 


surface rigidity. The ratio given by our calculation is 
|Qear. (S*) |/|Qeat. (S™) |= 1.64. 


This is the major success of our theory. 

The fact Q,». (Cl”) /Q.» (Ci) =1.23 may also imply that the rigidity of the core of 
Cl’ is larger than that of Cl” because of the 20-neutron shell, though the framework of 
our method forbids to calculate Q(CI”). 

Fig. III shows that between 38-shell and 40-shell there is a large variation of the 
rigidity. This should also be reflected in the quedrupole moment ratio of nGag” and Gay» 


The single particle model and the hydrodynamical one give 


|Qs (Ga) Cele. (Ga”) | = Onder (G aD |/|Qryar. (Ga") | =1. 


According to our calculation, 1Quar, (Ga) |/|Qeat. (Ga) |=1.4 because of the variation of 
the rigidity in these two isotopes. This is compared with the observed one; |Q,». (GHP ly 
|Q.», (Ga) |=1.6. This again shows the success of our theory. Moreover, the absolute 
values of Q,,. (Ga) =0.23 and Qw,, (Ga"') =0.14 are explainable by our theory, whereas 
both the single particle and the hydrodynamical models fail to explain them. This fact 
supports that the rigidity of 40-shell is very large as indicated in Fig. III. 

The 28-shell is assigned to a major closed shell. Fig. III indicates, however, that 
the rigidity of the 28-shell is relatively smaller than that of other major closed shells. 
Therefore we may suppose that the quadrupole moments of the nuclei having this core 
may fairly deviate from the single particle moments. Namely, the deformations of such 
nuclei may be larger than those of the nuclei lying near other major closed shells. In 
fact, Q,,,(Co”) is 0.5+0.2, which is significantly larger than Q,,,, (Co) (=0.12), while 


our calculation gives Q,.,, (Co) =0.3 in agreement with Q,,, within the experimental error. 


6) The rigidity of neutron or proton cores between 50 and 82 and between 82 and 126 


In these regions, the numbers of the neutrons or protons which compose the closed 
subshells are not clear because of the pairing effect. In Fig. III, therefore, we took the 
several possible cases of the level ordering. 

The following tendency is maintained in these regions, irrespective of the choice of 
level ordering. The rigidity of the 50, 82 and 126 (neutron or proton) shells is ex- 
tremely large and the rigidity of the subshells between the 50 and 82 major closed shells 
is very small. And the values of the surface rigidity of the subshells between the 82 and 126 
major closed shells are relatively small as compared with that of the major closed shells. 

This explains why the strong coupling scheme of the collective model is successful 
for nuclei of mass numbers between 155 and 185. On this point it should be noted 
that the rigidity of nuclei with “core +several extra-particles”” may be considerably reduced 
compared with the rigidity of the ‘“ spherically symmetric core” because of the crossing 


of the particle levels due to the deformation of the core which is caused by the extra- 
particles. 
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The fact that the rigidity of the 82- and 126-shell is very large can be inferred, as 
is well known, from Q,,, (Bi) which is very close to Oee(BP’y. 

Fig. IIIb indicates that there is an abrupt change between the values of the rigidity 
of 80- and 82-proton shell. The fact that the quadrupole moment of ,,Au"” (=0.56), 
is much larger than Q,.,,.(Au"”) might reflect this situation. 


$6. Discussions 


We have tried to make clear the relation between the rigidity of the core and the 
proper shell structure of it, and have calculated the rigidity concretely by using a 
simplified picture, and further have discussed the qualitative tendency in the variation of 
the rigidity of cores, in comparison with the quadrupole moments of the “ core + one 
extra-particle type” nuclei. Then, we have found the results obtained can qualitatively 
explain the characteristic variation of the rigidity of cores, which must be accepted as an 
empirical fact. A similar feature is also obtained by Horie and Arima” in their method 
of configuration mixing. Its relation to ours will be discussed in a forthcoming paper. 

Of course, the numerical values of our calculation are not quantitative enough, be- 
cause of the use of the simplified picture where the effects of the direct inter-particle 
interactions are neglected, and of the adoption of various approximations in the course of 
calculations. As the general tendency, however, the calculated values of surface rigidity 
are much larger than those obtained from the hydrodynamical surface tension. On this 
point it should be emphasized that our calculation is performed only for the closed shells 
which are of spherical symmetry. 

When the core has a large deformation owing to extra-particles, there may occur 
the crossing of particle levels, which causes the rearrangement of the level filling of par- 
ticles.” Therefore, the surface rigidity of such a deformed core may be very much di- 
ferent from that of the spherically symmetric core. Preliminary discussion on this problem 
was given by Gallone and Salvetti.”” They showed, by using an extremely simplified model, 
that the surface rigidity is much reduced by the large deformation and on the average it 
approaches to the hydrodynamical one. 

This can easily be inferred from the fact that the rigidity of the hydrodynamical 
model is due to a statistical feature of the level distributions. The increment of the crossing 
of particle levels as the deformation increases may mean that the level distribution chara- 
cterized by the shell model becomes more and more the statistical one. 

In the regions where the strong particle-surface coupling scheme is successful, there- 
fore, the hydrodynamical rigidity may be better in the case of several extra-particles, be- 
cause in these regions the deformations of cores are considerably large. 

More detaild discussions on this point is being prepared together with the analyses 
of the quadrupole moments of the “ core-+several extra-particles type ” nuclei. 

To conclude, we should like express our thanks to Professor S. Hayakawa for his kind 
discussions and continuous encouragement in the course of our work. This work was perform- 
ed under the financial aid of “Iwanami Fujukai”, and their good will is highly appreciated. 
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Note added in proof Recently, J. M. Aratjo has calculated the nuclear deformability by using the ge- 
neralized independent particle model (time dependent well potential) [Nuclear Physics, Vol. 1, No. 4 (1956)]. 
The relation between Aratjo’s description and ours will be discussed in later occasion. 
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The Mayer-Born-Kahn-Uhlenbeck theory of imperfect gases and condensation phenomena has 
treated the ideal systems, for which the volume dependence of the cluster integrals is completely 
neglected, but the present paper treats the real systems, for which the volume dependence of the 
cluster integrals is rigorously taken into consideration. 

We prove a sequence of lemmas and theorems, which may be useful for the treatment of the 
real systems, and which may therefore contribute to the theory of imperfect gases and condensation 
phenomena. (Part I.) 

Then, from the analytical viewpoint, we discuss the condensation phenomena of the real systems, 
and discuss whether Mayer’s theory about the connection between the phase transitions and the 
singularities is correct or not. (Parts II and IIL.) 


Introduction 


§ 0.1. Consider a system composed of N identical molecules (particles) of mass m 
in a volume V and at a temperature T. Then, if we follow classical statistical mechanics, 


the partition function Qy of the system is given by 
Qy= (2amkT /h°) 2x, (1) 


where k and fh are Boltzmann’s and Planck’s constants respectively and 2, is the con- 
figuration integral given by 
Qy= (1/N}) \| AN { exp(—Us/KT) deidrs.-.dey, (2) 
JJ P 
Uy being the total potential energy of the system. The Helmboltz free energy 4 of the 
system is given by 


A=—KT In Qy= NAT In (h/¥ 22mkT )°—kT In 2y, (3) 


from which all the other thermodynamic properties of the system can be derived; in 


particular, the equation of state can be obtained : 


* Translated from the papers») which appeared in Japanese in 1952 and 1953. 
+ This paper was presented at the International Conference of Theoretical Physics, Kyéto, September 


22, 1953.—Cf. the proceedings of the conference.” 
** The original manuscript of this paper was first received about two years ago, but unfortunately was 


misplaced in our office. At our request, the author kindly undertook to resubmit his manuscript. We wish 


to express our deep regret for the long delay in the publication of this paper. 


342 K. Ikeda 


p=— (04/V) =kT (0/AV ) In 2, (4) 
p being the pressure. Now we have for 2, the expression 
2,= (s Im=N IT [hog” : (5) 
1 mp=) \t=1 /i=1 m,! 


which is called the Ursell-Mayer development.” Here the b7s are the so-called 
“ cluster integrals”, each of which depends on the volume V and the temperature T as 
well as on the intermolecular forces. 

Using the expression (5), Mayer and others?” developed a very elegant theory 
of imperfect gases and condensation phenomena. But in the Mayer theory the volume 
dependence of the cluster integrals was completely neglected. That is to say, by Born 
and Fuchs» and Kahn and Uhlenbeck® (who improved Mayer’s original theory mathe- 
matically) as well as by Mayer”, the “(0)-system ” a sort of an ideal system, was treated, 


where the configuration integral of the “ (0)-system ” is defined to be 


NV (0) "ie. \m 
deta d = (6) 


OV, T)= SS lm=N) ITS 
i=1 


my) 7=1 ™m;. 


the 6(T)’s being the volume-independent cluster integrals (which we shall cali the non- 

boundary cluster integrals), 6/ (T’) =lim b,(V,T). Then the limit N->co, V=Nv- oo 
T>oa 

with v (volume per molecule) fixed, was taken, and the limiting function 


wo (v, T) = lim (1/N) In 2Y (No, T) Ue 
N-> co 


was used to derive the thermodynamic properties (per molecule), and the singularity of 
the function w” of v, farthest from the origin of v, was considered to give the point of 
condensation. 

However, in reality, we should treat not the “ (0)-system” but the “ real system ee 
ie., the system for which the volume dependence of the cluster integrals is rigorously 


taken into consideration ; the configuration integral of the “ real system” is 


/ oN N yp Ym 

VU, T)= D(S Im,=N)II ACAD) Yeah (8) 
mye) \t=1 / l=! m,! 

Here we have used the superscript | to emphasize that this system is “real”. The 

b1(V, T)’s are the real—rigorously volume-dependent—cluster integrals. Taking the limit 

N->0oo, V=Nv—-o with v fixed, we should use the limiting function 


o'(v, T) = lim (1/N)In 24(Nv, T) (9) 
No 


to derive the thermodynamic properties and to determine the point of condensation. 


§ 0.2. The purposes of the present paper are as follow : 


; - ; ; 
(i) We treat the “real system”; that is, we discuss the thermodynamic properties 
and the condensation phenomenon of the “ real system.” 


(ii) With a view to doing this, we seek theorems which give conditions for the 
truth of the equality 
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lim (1/N)In 2 (Nv, T) = lim (1/N) In 2© (Nv, T) 
N+ 


N> 


: (10) 
1.e. w (v, T) — wy (v, Te) ¢ 


For, as long as this equality is true, the thermodynamic properties of the “real system” 
ate equal to those of the “‘ (0)-system”’, that is, the “real system” behaves thermo- 
dynamically in exactly the same way as the ‘“(0)-system”. (Part I.) 

Git) Using some of the theorems obtained, we argue about the condensation 
phenomenon of the “real system” and about the analytical properties of the singular 
point with which the condensation is connected; we thus discuss whether Mayet’s theory 
about the connection between the phase transitions and the singularities is correct. (Parts 
II and III.) 

§ 0.3. The arguments in the present paper have the following features : 

(i) We argue from the analytical viewpoint. A macroscopic system (for which 
N10” in the physical sense) is regarded as an infinite system (for which N—>oco in 
the mathematical sense), and so the concept of “limit” in analysis may be used here ; 
thus the phase transitions are connected with the singularities (in the mathematical sense) 
of the functions representing the thermodynamic properties. 

(ii) We argue by a rigorous mathematical method. All of the equalities and 
inequalities appearing in Part I of the present paper are to be read in the pure mathe- 
matical sense*. We believe that such a method will be essential for the analytical discus- 


sion of phase transitions. 


Part I 


Theory of Imperfect Gases with Volume-Dependent 


Cluster Integrals 


§ 1.0. In this article we shall prove a sequence of lemmas and theorems, which 
may give a theory of imperfect gases with volume-dependent cluster integrals, and which 
may also be utilized for the theory of condensation of such gases. 

In Definition 1, we define the real cluster integrals bj V,T), of which the volume 
dependence is rigorously taken into consideration, and the non-boundary cluster integrals 
6 (T), of which the volume dependence is completely neglected ; in addition we define 
three sorts of integrals, which describes the behaviour of cluster integrals near the boundary 
of the vessel (assumed to be cubic). Then, in Lemmas 1, 2 and 3 (with Definition 2), 
we discuss to what extent the 6/(V,T)’s deviate from the 6{(T)’s by the boundary 


effect or volume effect. (§ 1.1.) 


* In our arguments we of course distinguish, as we should in mathematics, between the wahrhaft 


Nee : Pi pene gar cect 
infinity and the uneigentlich infinity ; the former appears in case of “an infinite number of...” or “an infinite 


; Hae oe 5 Sig ae 
set (or sequence)” and the latter appears in case of “an infinite limit-value” or “infinity” (which is an 


ideal number). (cf. the theory of sets.) 


344 K. Ikeda 


In Lemma 4, we prove the existence of a function [*(N) which satisfies certain 
conditions (1°—5°). In general there exist many such [*(N)’s for any given T and 
v; but in Definition 3 we take any one of these. We use this /*(N) to discriminate 
between large and small clusters [large 1>1*(N), small (/* (N) |. In a word, /*(N) 
is the border-line between “large”? and “small”, and it plays an important role in the 
present theory. In fact, we can choose, and have chosen, /*(N) suitable (i.e., increasing 
neither too rapidly nor too slowly with N) so that Lemmas 5 and 6 hold. In Definition 4, for 
any given T and v we define the infinite sequences of “ real systems ” and ‘“ (0)-systems ” 
(N=1, 2,...to 00) and express the partition function of each system (for almost every 
N) as the sum of two parts, viz. the small cluster part, each term of which contains no 
large cluster, and the /arge cluster part, each term of which contains at least one /arge 
cluster. (§ 1.2.) 

Then, using Lemmas 3 and 4, we prove Lemma 5, which states equality (in the 
iimit of infinite system) between the small cluster part of the partition functio. for the 
“real system” and that for the “ (0)-system AICS 1434) 

Then, using Lemma 4 and the known properties of the “ (0)-system”, we prove 
Lemma 6, which states that for the “ (0)-system” and for v >v,(T’) (gaseous phase) 
the small cluster part alone accounts for the whole partition function. (§ 1.4.) 

Then, using Lemmas 5 and 6, we prove Theorem @ and Corollaries 1,2 which give 
conditions that the limit (9) exist and the equality (10) be true, and from which one 
knows conditions for equality between the thermodynamic properties of the “ real system ie 
and of the “ (0)-system”. (§ 1.5.) 

Also we obtain the similar theorem for inequality (Theorem (7). (§ 1.6.) 


§ 1.1. Volume dependence of the cluster integrals 


DEFINITION lL. Let the potential energy of a pair of particles be given by a function 
u(r) of the distance r(—20) between the pair of particles, and let the distance between 
the i-th and the j-th particle in a set of particles be indicated by the variable r;, Using 
the function 


fo=f (ry, T) =exp {—u (rg) /RT} —1 (1) 


(where k is Boltzmann’s constant and T is the absolute temperature), we define five 
kinds of integrals as below. Here the symbol S} // (X55; means the sum over all the 
products consistent with a single cluster consisting of / particles, where the definition of 
a “cluster”? has been given by Mayer and others.” These integrals are given as func- 
tions of T(>0), V (20) and x,(0), etc., for every positive integer J, that is to say, 
as infinite sequences of functions (/=1, 2, 3,...to 00). 


(i) The real cluster integrals ; + 


$ The value of the cluster integral b,(V, 7) depends not only on the variables 1, V and T but also 


on the shape of the domain over which the integral extends, that is, the shape of the vessel in which the 
particles composing the cluster are confined. But here we have specified the shape to be cubic. Then we 
denote this specification by the superscript f. On the contrary, 6;(T) never concerns any finite domain 
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cluster 

eal yee ee : 

aa, fae ee eae 
(Here the symbol {,d{/} means |)...))-§,¢¢,dt,...dt.) The integration, with respect 
to each of the / particles, is extended over a cubic domain of volume V. 


(ii) The non-boundary cluster integrals : 


LO (T | STL, a fe 
5 ele) I! J po aH se ees 
(Here the symbol } yd {/—1} means Jpo--Spo§ pmdtidts...dt,-.) The [-th particle 
being fixed at a point, the integration, with respect to each of the other /—1 particles, 
is extended over the whole space (with no boundary). 
(iii) The one-boundary cluster integrals : 


cluster 
6 (x, T =o | IE fl} - 
PG T) L! JD® (x;) 2 HT jako 
The /-th particle being fixed at a point distant %, from a plane, the integration, with 
respect to each of the other /—1 particles, is extended over the half space D'? (x;) (con- 
taining the position of the /-th particle) bounded by the plane. 

(iv) The two-boundary cluster integrals : 


if cluster 
aaa SOT fxd l-1}. 


bY? (x, Vio te) == | 
I! Jp (x1, yj) (=t> Jz 


The /-th particle being fixed at a point distant x, and y, from two planes which are perpendi- 
cular to each other, the integration, with respect to each of the other /—1 particles, is 
extended over the one-fourth space D™ (x, y,) (containing the position of the /-th particle) 
bounded by those two planes. 

(v) The three-boundary cluster integrals : 


cluster 


ST fydt—1. 


6°, ne» T= | . 
L! JD® (x, 9,2) '=8 se! 


The /-th particle being fixed at a point x, 9 and z distant from three planes which are 
perpendicular to each other, the integration, with respect to each of the other /—1 
particles, is extended over the one-eighth space D” (x, ¥, %) (containing the position of 
the [-th particle) bounded by those three planes. 

Especially for /=1 we define 


BV, T) Sb (T) =5® (x, TI HOP (Hy yy T) HOP Gv Jv %» TI. (2) 


Postulate 1. (concerning the function u(r)—the pair potential.) 

(i) There exists a finite number 1,(>0) such that u(r) =0 ifireer, 

(ii) u(r) is lower bounded for r == 0. 

(iii) = f(r) =exp{—u(r) /kT} —1 (T>0) is continuous for r2=2 0 except for at 


most a finite number of points. 
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Lemma a. For any given value of 1, let K, be a spherical domain of radius lr, 
whose center is the point at which the l-th particle is fixed. Then we have for any domain D 


cluster cluster 
Ss) fdii=ay =| ET fats 
ie Se fos A |! DAK, SDs fis \ } 
where DK, means the intersection of D and K,. 
[For, by (i) of Postulate 1, in order that at least one term of the sum 5}//f,, 
may be non-zero, it is necessary that all of the /—1 particles should lie inside K,.| 


Corollary 1. For any regions D,, D,,...such that D, K,=D,K,=..., we have 


i cluster 
x=| c=. pie Site dos 
\p, = : 1 fie (* Zaell fid ll 1} ) 
Corollary 2. For the whole space D and any regions D’, D",...containing K, (that is, 
IBY SVK 12s Ke) we have 


cluster 


(pot=|pt= |p t= [gOS BL fli. 


i>i> jel 


Corollary 3. 

(i) 6 (xm, T) = (T) if x > try. 

i) bP (x, yy T) =6P & T) if n= lo 

(iii) BO (xy yn T) =O (T) if x, > br, and y, > lry. 


(iv) bY? (x, Vio £5 LS by” (x, Vis T) if £1 ws fr, 
(v) BP Gy Ys % T) =O %, T) if y= ley and z= Ir, 


(vi) bf” (x, Vir Xs 58) =5)° CP) if x; = lr, yi = pen and z Ba fe 


[Hence, it is in fact sufficient to define b{ (x, T) in the interval 0 < x, < In, 
bf (x,y, T) in the square interval OS x%,S ln, OD y, Sly, and bf (x, », z%, T) in 


the cubic interval OS xpi, OS y4 Sh, OS Zz Sly] 


Lemma 8B. (i) The integral b{?(T) is definite and finite for any value of T(>0) 
and for any value of l. 

(ii) The functions bP (x, T), bP (x, %, T) and bf (x, 9; z, T) are uniquely 
defined and bounded in the regions (x, 0), (x, = 0, y, = 0) and (x; 0, hp 0rig ea 
respectively, for any value of T(>0) and for any value of I. a at 

[For, by (ii) of Postuate 1, for any T(>0) there exists a constant 4 (independent 
of r) such that | f(r)|< A for r= 0, and so the integrands S‘// f,; are bounded for 
the coordinates of the particles, while by Lemma a@ the integration regions DP Yp® 
D” and D® may be replaced by the finite regions K,, DK, D® K, and D® K, 
respectively with the values of the integrals 6{, bf, b© and 6 unchanged ; hehgtote 


(iii) i Postulate 1 the integrals are definite and finite, since the conditions for integrability 
are satisfied. Now we have 


~e 
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La) \ xc, SAAB 1S /) ((42/3) SIA, AERA), 


which proves 6{”, bf and 6{ to be bounded for x, Yy % = 0 if we replace D by D”, 
Dp and D®.| 

Postulate 2. (concerning the cluster integrals.) 

(i) For any value of T(>0), there exists a constant G(>0), independent of 
EP, such) that. |b (T) |** = G™ for all 0. 

(ii) For any value of T(>0), there exist constants G”(>0), G?(>0) and 
G” (>0), independent of J, x, y, and z, such that 


(aalbi (xs TS G® efor all {and"x, 

ib) > [bP Ge, 9, 1)? SG? forall’ lj. x; and Ve 

Cisne. nies DiS G® for all lpagoy, andes) 

[This represents the fact that the contribution per particle to any cluster integral _ 
remains finite even if the number of the particles composing the cluster integral becomes 
indefinitely large. In particular, (i) is necessary and sufficient in order that the radius 


of convergence of the power series S12, 6{?(T) 2 should not be zero, since by Cauchy- 


Hadamard’s theorem the radius of convergence, R(T), is given by 
1/R(T) =lim. sup|6 (1) |”. (1) 
lZ>o 
According to the theory of condensation, this is a necessary condition that the condensa- 


tion of a gas should not occur at the density zero, i.e., the theory itself should not be 


meaningless. | 


LEMMA 1. If Dag Nahe Oi Ne (1) 
then we have 
lV, T) —69 (FT) | SOG Tr shy’, (2) 
where 
OG eiyemacie (ne iE) eS ry} G3) 
6% (, T) = Lub. [bf (x, T) —6 (T)| (3a) * 
0S27Slry 
62 (L, T) = Lub. |b? (x, x, T) —6 (T) | (3b) 
(s27Sl ry 
0SYjSI ry 
COU y= Luby (o, (,.94 a 1) 6, (1) |, (3c) 
0S27Sl ry 
OSY7St ry 
0Sz75/ ry 


* Throughout this paper, the least upper bound (lu.b.), as well as the greatest limit (lim sup), and 
the greatest lower bound (g.l.b.), as well as the least limit (lim inf), are allowed to take not only real values 
but also ideal values --oo and —oo. Hence lim sup, lim inf, lu.b. and g.l-b. are all existent in any infinite 


set of real numbers. 
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and we have 


03606 DT) a+ 0 (4) 


for every finite value of | and for every finite value of T(>0). 
(Proof)—By Lemma 8, for any given / and T, [6 (x, T) —b (T)]| etc. are 


bounded in the intervals specified here. Hence 
0 6°(,T)<+m G=1, 233). (5) 


Hence (4). Now assume (1), and then, for each of the six planes forming the cubic 
~ domain of volume V, set a plane parallel to it at a distance of [r, from it inside the cubic 
domain. Then by the new six planes the cubic domain is divided into twenty-seven 
(or twenty-six) rectangular domains, viz. six domains Ir,X (V*/°—2lr,) X V?"°—2ln), 
whose union is denoted by 4,, and twelve domains /r,X lr, x (V"*—2lr,), whose union 
is denoted by 4,, and eight (cubic) domains [r, l/r, x/r,, whose union is denoted by 4,, 
and one (cubic) domain 4, ie. (V"/*—2lr,) X (V""—2lr) X (V"°—2lr,) surrounded by 
all other domains ; especially when equality in (1) holds, the last one vanishes. Then 
the integral (1/I!) | pSJ// fd {/—1}, which extends over the cubic domain of volume V 
with respect to each of the /—1 particles with the l-th particle fixed at a point of the 
cubic domain, is equal to b{(T) if the /-th particle is at a point of 4, (by Corol. 2 
of Lemma @), and is equal to 6{” (x, T) if the /-th particle is at a point of 4, distant 
x, from the nearest wall, and is equal to 6 (x, y,, T) if the /-th particle is at a point of 
A, distant x, and y, from the nearest two walls, and is equal to bY Ca, Vis, Zt). af the 
l-th particle is at a point of 4, distant x, y, and z, from the nearest three walls, (by 
Corol. 1 of Lemma a@). Therefore we have 


V6} V, T) =VO (T) + \ {6 (x, T) 8 (L)} de 


+] 8P Gn a T) 6 (T)} ae] 6 Gis Yo a —TIBM(T)} der. (6) 
Hence 
la, T)—b (T)|S C/K) {4,09 G T) +4,6° (i, T) 4+-4,0% 1, T)} 
<(1/V) (4,+4,+4,) 6(1, T), (7) 
where 4,, 4, and 4, mean the volumes of 4,, 4, and 4, respectively. And we have 
05.4,4-4,+4,=6lrV 7? —12172V 13 + 8l*73 

S 6lr V7? + 8173 < 8lrV 2%, (8) 

by (1). By (7) and (8) we prove (2). 


Corollary. lim b6,V, T) =6)(T) for any fixed | and T(> 0). 


LEMMA 2. Let b\(T) 40. (1) 


(2) 


Then, if CHOW ad =e 1 
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and Ol Ty Sirf) Ss, at, (3) 
where Chloe Od, 1) |b CT), (4) 


and a is a constant such that O< a@<1, then we have 


@) 0f1—a <HV, T) /6 (T)<14+a<2, 


(ii) bela Dl <0 rT). 8% 


5 (T) [alae gi —a) ‘ 
(Proofy—Put (1, V, T) = V, T) fo CT) Al. (5) 
Then by Lemma 1 we have from (2) 
lath He LO, TT) air /V**. (6) 
Hence by (3) 
In V, T)|Se<, (7) 


which proves (i) ; and, since In (Teen) = en =) 7 o/h <n <1), we have by 
(7) and (6) 


InityGY, DHS UWE, DP 
= ab) slr /V ie 1) BAe © (8) 


which proves (ii), by (3) 
DEFINITION 2. We define a function PET) ote] C= 13)23.3,.+,) as 


G(R yr inan  (P ): 
i<U<L 


Lemma 7. (i) (1, T) is 4 monotone increasing function of 1; hence lim 6(l, T) 
l>o 


exists and is finite or ©. 
Ga Qn Nae, 7) fr PS 1, 
(bd) OG T)Z2OLT) fer Teal 


(iii) (a) lim 0, T) =lub. GULP); 


l>oo 


bh) Leby dnd /e Et = 
ilo 
(wher 1, is the least L for which O(l, T) >0). That is to say :— 
1° Jf max O¢, T) exists, then 


721 


(a’) lim O(L, T) =max Unis Oi 
i>o l21 


(b’) max {0(/, T) /é(, T)} =1. 


l=lo 


Zo if max O(l, T) does not exist, then 
i=l 
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(a) lim O(/, T) =lim sup ADS 
/>o 


l>o 


(b’) lim sup {0(, T) JO, T)}=1. 
lo 


[For the proof see Appendix 1] 


LEMMA 3. Let 6{°(T) 40 for all I. (1) 
Then, if we take a positive integer [* such that 

as Rae | (2) 

and CU Leo ty heal (3) 


then we have for every |<I* 
(Gj) o<1—a <b, T)/b? (T)S1+e@<2, 
Gi) | (A/D In 1 (V, T) /6? (T)} |S, T) -8r,/ViPA—a). 
<Proof»—By (2) we have 
thf V rea for every | </*. (4) 
By (ii) of Lemma 7 we have 
A(l, T)<G(*, T) for every [</*. (5) 


Hence by (3) 
O(L, T) -8lr,/Vi8<Sa<1_ for every (SI*. (5) 


Applying Lemma 2 in view of (4) and (6), we obtain (i) and then (ii), by (5). 


§ 1.2. Discrimination between large and small clusters 


(in the real and the ideal system) 
LEMMA 4. For any value of T such that 


gl.b.|6/ (T) |"">0, (1) 


and for any assigned value of v(>0), we can find a function [*(N) of N(=1, 2, 3,..-) 
which satisfies the following five conditions simultaneously. 

1° [*(N) assumes a positive integral value for every value of N. 

2° (2r,/v'!)1* (N) /N*° <1 for all values of N except at most a finite number of values 
of N. 

3° There exists a constant @(0<a<1) such that (8r,/v'!*)1*(N)O(L*(N), TRjyYNY 
Sa for all values of N except at most a finite number of values of N. 

4° There exists a number K(>0), independent of N, such that (In N) /I*(N)<K 
for all values of N. 


5° lim {7(0*(N), T)/N*} =o. 
N>8 
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«Proof)—Case 1: The case in which the sequence {((/, T)}j2, is bounded. In 
this case the sequence {¢(l, T)}@, is bounded, by (iii) of Lemma 7. Hence 5° holds 


spontaneously, and we can make 1°, 2°, 3° and 4° hold by choosing a suitable function 


[*(N); for example, take 
SCN) = [NEI (2) + 
where ( is a constant independent of N such that 0<<1/3. (2a) 


Case 2: The case in which the sequence {/(/, T)} 2, is unbounded. In this case 


the sequence {/(/, T)}, is unbounded, by (iii) of Lemma 7. Let us prove the lemma 
for this case. 


[[1]] By (it) of Lemma / we have 


A®(L, T) = Lub. [bf , T)|< +, (3a) 


(Sal “an 


WORT Vw lai.b, Abe? (ey LY | 4-0} (3b) 
0Sa7Slr 
isvystre 


MS (iF day Lub. |b (ip 5 ZL) |< +00. (3c) 
eee 
(SzpSlry 


Hence by (ii) of Postulate 2 


(A® é T))@= lie.b: bf? (x, T) [= 6®, (4a) 
(Sa jpSl r% 
similarly 
(A® (L, T)) eGuse (Aer eGo). (4b, c) 


where GY, G® and G® are positive constants independent of 1. Now from (3) o! 


Lemma 1 we have 
0 60, T) = max (A907), ACT), AP L))+ be 2)! 
<2max (A, T), AL, T), A T), (oP (7) It, (5) 
since by (3a, b, c) of Lemma 1 
0< 6 (1, T) SA, T) +b (T)| G1, 2, 3). (6) 
From (5) and (4a, b,c) we have by (i) of Postulate 2 
o< (OU, T)) M52" max {CAPO T))™, APG Lye, 
(A? CAT) ME) PY 
<2 max (@%, 6%, G%, EP HE (7) 


i c i ceeding x, for any real number x. 
+ Throughout this paper, [x] means the greatest integer not ex eding x, y 


352 K. Ikeda 


say ; where G is a positive constant independent of /. That is, the sequence {(@(/, Ti) a eg 
is bounded. Now by (1) we have 


OCR) tag” 20; (8) 
where g is a positive constant independent of 1. From (4) of Lemma 2 we have by 
(7) and (8) 

0< WU, T))"@SG/g=G, (9) 


say; where G, is a positive , constant independent of J. That is, the sequence 


{(A(L, T))*"} 2; is bounded. And here 
Ges 1. (10) 
For, if we suppose that G,<1, we have by (9) 
0<7G T)SGS), (11) 


contrary to the assumption that the sequence {#(/, T)}/2, is unbounded. 
[[2]] By Definition 2, for every / we can find at least one positive integer /’ such 


that //</ and O(l', T)=0(U, T). Hence, for every / such that 0(, T) >1, we can 


find at least one positive integer /’ such that 
GOT) SCC 1D) Saat). (12) 
And, for every / such that ((/, T)<1, we have (4(l, T))“X1. (13) 
From (12), (13), (9) and (10) we have for all / 
0o< ((l, T))™ < max {G,, 1} =G,(>1). (14) 
That is, the sequence {(4(/, T))“4 2, is bounded. 
[[3]] If o and m are positive constants (independent of N) and 


0<o<m/(InG,), (15) 


then we have 


lim {4([o In N]+1, T)/N”} =0. (16) 


N>o 


For by (14), (10) and (15) we have 


0<d((o In N|+ a fi /N"5.G; One NS GN tO Say (N-> 00) ; (17) 
[[4|] Now put 
[*(N) =|o In N]+1, (18) 
where o is a constant (independent of N) such that 
0<0 = 1/76 tae), (19) 


Then the condition 2°, as well as 1°, is satisfied. For we can find an integer n)(>0) 
such that 
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([o In N]41) /N"8 <v"/2y, (Nn), (20) 


since the left-hand side tends to zero as N—> ©. The condition 3° is satisfied. For, 
for o« so chosen that (19) holds, taking a real number /“ such that 


Oo = Us (In Gi) ieeh/ (3 In'G,), @1) 
and then, putting m=/ in (15) and (16), we have 

lim {6 ([o In N]+1, T)/N*} =0, (22) 
and we have lim {([o In N]+1) /N*°-*} =0. (23) 

N>co 


Hence we can find an integer n,(>0) such that 
([o In N]+1)9((o In NJ+1, T)/N*?<av'?/8r, (Nn), (24) 


since the left-hand side tends to zero as N->0o, by (22) and (23). The condition 4° 
is satisfied. For 
(InN) /(joln N]+1)<1/o (for all N). (25) 
Finally the condition 5° is satisfied. For, putting m=1/3 in (15) and (16), we have 
from (19) 
lim {4({o In N]+1, T) /N*} =0. (26) 


N30 

DEFINITION 3. For any value of T for which (1) of Lemma 4 holds and for any 
value of v(>0), we take any one of those functions which satisfy the five conditions 
stated in Lemma 4, and we denote it by /*(N). 

Remark.—In Lemma 4 we have seen that, given T and v, there exist one or more 
(in general, many) /*(N)’s which satisfy the five conditions. Then we specify arbitrarily 
one [*(N) out of the set of all such /*(N) ’s for given T and v, and denote this 
arbitrarily specified /*(N) by [*(N) (the same symbol as before). In all the following 
arguments we shall use this arbitrarily specified /*(N) for each T and v. 

DEFINITION 4, By the “real system” we mean the system which consists of N 
particles confined within a cubic vessel of volume V, and whose temperature is conserved at 
T°K by contact with a thermostat, and which therefore follows the canonical distribution 


law, and whose total potential energy Uy is expressed as the sum of pair potentials u(r;;): 


Uy= S| >5 u (ri). (1) 


Nei> gal 
We put V=Ni, so that v is the volume per particle or the specific volume. Now, for 
any given T'(> 0) and v(>0), we define the “real system ” for every positive integer 
N, that is to say, we define an infinite sequence of “ real systems we ( Neal. 27.34 koto) 
According to statistical mechanics the configuration integral (i.e., the configurational part 


of the partition function) of the “real system” is given by + 


+ The value of the configuration integral 2 (Nv, T) depends not only on the variables N, v and T 


but also on the shape of the vessel in which all tte N particles are confined. But here we have specified 


the shape to be cubic. Then we denote this specification by the superscript +. On. the contrary, the (0)- 


system never concerns any domain or vessel. ° 
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Q'(Nv, Wa ay J ,e0( 44. (2) 


Then according to the Ursell development this is expressed as 


GLi(Ni.T) =) (Sym =N). ie {Nvbi (No, T)} (3) 
mye) =! m,! 
where the sum extends over all the sets {m}71; of non-negative integers m, which satisfy 
the condition stated in the brackets, and the bi(Nv, T)’s are the real cluster integrals 
given in Definition 1. We may also say that we have defined the “ real system ”’ as the 
system whose configuration integral is given by (3); this definition seems more convenient 
to us. 

On the other hand, for any given T(>0) and v(> 0), we define the ‘“ (0) -system ” — 
for every positive integer N—as the system whose configuration integral QY is given by 
the following expression, that is to say, we define an infinite sequence of “‘(0)-systems ” 
(CNS ly Py Brocdive 00). 


N N f ay AD) m 
28 (No, T) = ttm =N) Ht ANE | 


m=) l=1 é=] m,! 


(4) 


where the b{?(T)’s are the non-boundary cluster integrals given in Definition 1. 


Now from 2° of Lemma 4 we have 
lim {(* (N) /N} =0. (5) 
Hence we can find an integer »)(>0) such that 
[*(N) <N (N=»,). (6) 


Hence, for all N=», we may express (3) and (4) as follows. 
First, by 
ee {Nvb} (No, IT )} my 


= m,! 


Ti.(i|Nv, T) = 


(7) 


we denote any one of those terms of the sum on the right-hand side of (3) in which 
m,=0 for every ! such that /*(N)+1</—N; where the index i on the left-hand 


side represents the set {m,}j,= {2, mg,..., Mav), 0, 0,.-., O} given on the right-hand side. 
Second, by 


TEG|Nv, T) = dF LNUbiNo, THY" pg Noel Nv, T)Y™ 


- m,! l=2k(N) +1 m,! 


(8) 


we denote any one of those terms of the sum on the right-hand side of (3) in which 
m,—1 for at least one value of / such that /*(N)+1</<.N; where the index j 
on the left-hand side represents the set {m,}/., given on the right-hand side. Then (3) 
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may be written? 


(Nv, T) =$y(No, T) +8 (No, T) (9) 
where 
$iy(Nv, T) =SIT }i|No, T) (9a) 
W',(Nv, T) =IT}(j| No, T). (9b) 
i) 


Similarly, for the “‘(0)-system”, we write | 


a LR(N ) (0) mm 
T©(i|Nv, T) = aT Nee: 2) - (10) 
Z=1 


m,! 


where the index i represents the same set of m, that the same index i in (7) represents. 


And we write 


= LEW) (0) m N (0) m 
T® (j|Nv, T) = IT {Nvb}? (T) }™ II {Nv b? (T)}™ ; 
te 


(11) 


m,! t= TKN) +1 m,! 


where the index j represents the same set of m, that the same index j in (8) repre 
sents. Then (4) may be written 


29 (No, T) = (No, T) +82 (No, T) Oe 
where 
$® (Nv, T) Saye? (i|Nv, T) (12a) 
YY (Nv, T) =DiTY (j|No, T). mete) 


j 
§ 1.3. Relation between the small cluster parts 
of the real and the ideal system 
LEMMA 5. For any value of T such that (1) of Lemma 4 holds and 
6 (T) >0 for every I, (1) 
and for any assigned value of v(>0), 


(i) Tii\No, T) >0 for each i, and hence $i(Nv, T) >0, for every value of N 
except at most a finite number of values of N, 


(i) lim(1/N) {ln $i (Nv, T) —In $Y (Nv, T)} =0. 
N>o 
(Proof y—[[1]] From (1) we have for every N 
T © (i|Nv, T) >0, TY (j|Nv, T) >0 for each i and each }. (2) 


a 


+ A similar technique is used in a theory of condensing systems’), in which we attempt to derive the 
liquid phase by overcoming a difficulty of the Mayer theory of condensation. 


356 K. Ikeda 


\ 


Now, in view of the conditions 2° and 3° (of Lemma 4) satisfied by I*(N), we can 
apply Lemma 3, putting V = Nov. Then, for almost? every N, we have 


0<1—a<bt (Nv, T)/6O(T)Sit+a<2 (SMW)), (3) 
whence by (1) b} (Nv, T) >0 (IX<I*(N)). (4) 
Hence we have for almost every N 
TL(i|Nv, T) >0 for each i. (5) 
Hence (i). And then we have for almost every N 


1 1 b(Nv, T)| —90*(N), T) 8% 
l BO CT): Names a (1 — a) 


(I<I*(N)). (6) 


Hence for almost every N we have for each i 
b(Ne, T) 
b(T) 


J(IK(N),T)  8r 
<< : 0 
= NUS v'3(1—a) : (7) 


1 a : 1 ~ ; | lk(N) | 
ra Ty(i|No, T) — ln TY (i|No, T) Ss > ml 


since 
aK(N) 


22 lm=N for each i. (8) 
[[2]] Now by i=m' we mean the set of m, for the greatest term of the sum 
MITHi|No, T)[=¢y(Nv, T)], and by i=m\ we mean the set of m, for the greatest 
term of the sum TY G|Nv, T)[ = (No, T)], and we let Py be the total ‘number 
phneensnorethc mean DTH G|No, T)—and, therefore, of the sum S}TY (i|Nv, T). 
Then by (5) we have for almost every N , 


Th (m'|Nov, T) Spy (Nv, T)<PyTh(m'|Nv, T), (9a) 
and by (2) we have for every N 

TY (m|Nv, T) SPY (No, T) <PyTY (m|No, T), (9b) 
and we have 

T¥(m'|Nv, T) >T}(m|No, T) (10a) 

TY (m'|Nv, T)<T® (m|Nv, T). (10b) 


Now let Py be the total number of terms of the sum DCm, =N)... in (3) and (4) 
of Definition 4. Then 


Py<Py. (11) 


“ ” 
$ “Almost every N” means “every N except at most a finite number of N” 
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And Py is the partitio nvmerorum of N; we have asymptotically 


In Py~ 7 (2N/3)"? (as N->0o). (12) 

Hence, putting E(N) = (1/N) In Py, (13) 

we have lim €(N) =0. (14) 
N> oo 


From. (9a) and (13) we have for almost every N 

0S In (No, T) = soln T(m'|Nv, T) <€(N). (15a) 
From (9b) and (13) we have for every N 

0S Ing (No, T) ls T® (m|Nv, T)<€(N). (15b) 


Now, applying (7) to the terms for which i=m', m, we have for almost every N 


1, = t 1 1 FO (ont d(I*(N), T) 8r 
yin tien \No, T) — LAn TY (m'|Ne, T)< O27). Se (16s) 


Lon it Boa G([*(N), T) 8r 
Raa Th(m|No, 7) igeea TY (m| Nov, 1s NuS . aaa} S (16b) 


From (10a, b) and (16a, b) we have+ for almost every N. 


= Coa Bee G(I*(N), T) 8r 

a Tocn'lNe 1b) agin (m | Nv, 1s NIB : Oa) sae OA 
From (15a,b) and (17) we havet; for almost every N 

1 Ly gt lez GUFN), T) _. 8r 

Fiat, 7) — Flas OMe, T) SFO) +E ee) 


which proves (ii), by (14) and by the condition 5° (of Lemma 4) satisfied by /* (N). 


§ 1.4. Some properties of the ideal system 


Argument 1. (On the “ (0)-system.”) Here we argue about the “(0)-system ”’, 
j.e., the system for which the volume dependence of the cluster integrals is completely 
neglected. We may say that such a system is a sort of an ideal system.++ - 

[[1]] For any given T, let 7p (C) be the analytic function (of ©) defined by the 
following power series, whose radius of convergence is R(T’) [(O<R(T)<+00], and by 


jts analytical continuation. 


erag a\2a2, bySbs, |a;—b |<, |a2—bo| Sy, then = Sao — bo ay — boa — by Sp. 
it If 0<A-—ayXé, 0XB—by<6, then |(A—ai) —(B—4:)|S6. Hence |A—B|S| (A-a1) — (B—4) | 
+-|ay—bo|SE+7y if lar —bo|Sy. 
ttt And here we admit the use of the ideal numbers +00 and —oo. 
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ir(C) = S16 (T)C (1) 
l=1 


And, for any given T and v, let z(v, T) be the least of those real positive values of € 
which satisfy 
either (a) Ype(€)=1/v or (b) Yr(C) is singular. (2) 
Then it has been proved by Kahn and Uhlenbeck”’ and by Born and Fuchs” that, for 
every value of v(0<v< +00), we have 
jim (1/N) In 29 (v, T) =>] vb! (T) (z(v, T))'—In z(v, T). (3) 


[[2]] For any given T, let z,(T) be the singularity of Y%r(C) nearest to the origin 
on the real positive axis of €; 0<z,(T)X+. 


Then we have RUST): (4) 
We put tr (z(T)) =1/0,(T), (5) 


where we admit even the cases that + co=1/0 and that O=1/(+). 

Assume that the analytic function 7,(¢) has a positive differential coefficient every- 
where in the real interval OX €<z,(T). This assumption is necessary and sufficient in 
order that the function z(v, T) of 1/v, in which we agree z(v, T)=0 for 1/v=0, 
should have neither an infinite differential coefficient nor a discontinuity anywhere in the 
interval O<1/v<-+oo. On this assumption, we first get 


Xr () > 0 (0<€Sz,(T)) (6) 
+-0>%7r(z.(T)) >0 ie. Ov, (T)< +o, (7) 
and then get the following results (i) and (ii). 

(i) Through the interval (of v) v,(T) <v< +o, z(v, T) is determined by (a) 
of (2), and throughout this interval of v the function z(v, T) of v is regular and 
positive and has a negative differential coefficient, and lim |v—v,(T) ]z(v, T) =z,(T), 
lim [v-—> + co |z(v, T) =0; hence, throughout this interval of v, the function w” (v, T) 


of v, ie., (3) is, regular and has a positive differential coefficient, and the function of v 
© (v, T) = 0/2v) 0 (v, T) =36 (T) (z(v, T))! (8) 
é=] 


is regular and positive and has a negative differential coefficient, and lim [v—> + 0 Jo (v, T) 
=0. For, putting z=z(v, T), so v=u(z, T), and regarding z as an argument, then we 
have 


wo (o(z, T), T) =D>36 (T) 2, lim wo (v (z,.Z) Seo) (9) 
l=1 20) 
(0/0z) wo (v(z, i Ty =>? Ibs (The =¥n (z) [z >0 O<z< ZAT ).)5 1 CQ 


and hence throughout the interval 0<z<z,(T) the function &” (u'(zeT ), WE) soft, zits 
regular and positive and has a positive differential coefficient. 
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(ii) Through the interval (of v) 0< vv, (T), z(v, T) is determined by (b) ot 
(2) and is independent of v, and 


z(v, T) =z,(T) (O<vS0,(T)), (11) 
and hence w(v, T), (3), is a linear function of v, and so w” (v, T) is independent 


of v. 


In order that the statement of (ii) should not be meaningless, it is necessary and 
sufficient that 


Ore yoo, OT) + 6. (12) 
In this case the function w" (v, T) of v—as also w(v, T) and z(v, T)—consists of 
two parts which are analytically independent of each other, and each of which is regular 
over its own interval— (0, v,(T)), (v,(T), +00)—, the boundary point v=v,(T) being 
irregular. 
[[3]] It is considered that, for all sufficiently low temperatures, that is, for all the 
temperatures lower than some temperature which may be a little lower than the critical 


temperature, we have 
b (LZ) >0 for every /. (1) 


For every value of T such that (I) holds, 
(i) the radius of convergence, R(T), of the power series (1) is given by 


RD) =z.(7), (13) 
(ii) the derivative of the power series (1) is positive everywhere in the interval 
Bese R(T) =z, (1 )y and hence, (6), (7) and- (Gi). Gi) of, [{2]] are all true. 
[[4]] Mayer and others’ arguments show that, whenever we are at a temperature 


T for which (I) holds, 
lim (6 (T))?”=6(T) exists and 0<6{(T)< +0. (II) 
l>o 


If this holds, we have by Cauchy-Hadamard’s theorem 
b$° (T) =1/R(T) | =lim sup|69° (T) [" (4) 
l>o 


From this and (13) we have 
1/6)” (T) =z,(T). (15) 


[{[5]] Now see Lemma 6, which concerns the ‘‘(0)-system ” only. In this lemma 
we first assume (I) [there denoted by (1)] for T and then assume (IL) [denoted by (2) | 
as an accepted property of 6; (7) and bear in mind a proved fact [denoted by (5)— 
(6) > (8) | which was discussed in {|1]| and [[2]]. And what we have to prove is the 
truth of (9). 

[[6]] Also in Theorems a and & we assume—though not explicitly stated there— 
(I) [ie., (1) of Lemma 6] for 6{9(T) (together with (II) lie. (2) of Lemma 6)) 
and bear in mind the proved fact (5) (6) (8) (of Lemma 6). That both (1) and 
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(II) are true is sufficient in order that both (i) of Postulate 2 and (1) of Lemma 4 
may be true. For, if a sequence OD aod Ce AN 8 all n) converges to A(O<4A< +0), 
then, taking «€(0< €<4), we can find an integer m(>0) such that 

0<A—€<a,<At+E (n=m). (16) 
Hence we have for all n 


Do thin (alter -ag gays Aan <a, max {ay, dgy.-+y 4m—1s A+e}. (17) 


Thus, in proving Theorems @ and , we can use the so far given lemmas as well as 


Lemma 6. 
Lemma 0. For any value of T such that (1) of Lemma 4 holds and for any assigned 


value of v (>0), we can find a_ function VV (N) of N(=1, 2, 3,:--) which satisfies the 
following four conditions simultaneously. 
1° I’ (N) assumes a positive integral value for every N. 
2° U' (N)SI*(N) for every N. 
3° There exists an integer N’(€) (>0), corresponding to any € >0, such that 
UV (N)/N?<€ for all N=N’'(e). 
4° There exists a number K'(>0), independent of N, such that 
(In N) /l’(N) SK’ for all N. 


|For, by the condition 4° (of Lemma 4) satisfied by /*(N), it is proved that we 
can find a function //(N) which satisfies the conditions 2° and 4° of Lemma 0. Hence 
itis obvious that we can find //(N) which satisfies 1°, 2°, 3° and 4°.] 


LEMMA 6. Let us be at a temperature T such that 


6 (T) >0 for every l, (1) 
let 
lim (BO (7) 2b (T) ease and 0< bj" (T) < +00; (2) 
and put 
z,(T) =1/6,."(T), (3) 
v6(T) = {236 (T) (7) (4) 
Then, if v>v,(T) (5) 
and hence z(v, T) <z,(T),; (6) 


where z(v, T) is the least positive real root of the equation 


3 Wb (T) Z=1, (7) 


i.e., if we have 


y i eo 
l 12 = ) —— Y ( 
a ING i= Oo) pial ) =D) 0b) (7 ) (zQv, T))'—In z(v, T). (8) 


N>o 
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(9) 


then we have 
are |! wae 1 

a PO (No, T) aaas eNO TL) | = aly, T) ), 
«Proof »—Now, assuming T to be fixed, we shall omit the parameter T, so that we 
for b{?(T), z.(T), v,(T) respectively ; and moreover we shall 


shall write 6, z,, v, 
write z for z(v, T). 
For any value of v(>v,) and for any value of N(==%) we choose a term 


[[1]] 
TY G@|Nv) out of TY (i|Nv) in the following way. Take 


be x 1&(N) 0)\ m 
Fy No) = 1 Bee)™ (10) 
t=1 m,! 
where m,=[m|+/, for Ill’ (NS (11a) 
m,=0 for (WN) +1N/</* (N). (11b) 
Here I/(N) is a function given by Lemma 0; and (11b) is omitted if l/(N) =/*(N). 
And here 
(12) 


m,= Nvbz for all /, 


where z is the least positive real root (which exists if v>v.) of (7). And 
M#=(e4(N) |+%, for IW<'(N), (13) 


where 
2 Hie 
Ni - (N— l|m, 4 
LO) sap aay Om Be (14) 
and »,(I=1, 2,..., //(N)) are such that: 
(15) 
(16) 


T° each »v, is either 0 or 1, 
29'S? y= (1/2)UN) WON) +1) (HCN) [HN I 


[Here obviously the right-hand side of (16) is non-negative ard Jess than (1/2)l/(N) - 
-((N) +1), and is proved to be an integer, by (14). Hence by Appendix 2 we can 


find such a set of »,.| 
Now from (1) and (12) we have 
m0 tforvall-h (17) 
And from (7) and (12) we have 
Shiv =N. (18) 
(19) 


From this and (17) we have 


uN) 
N—>}/[m,|>0 pCN) > 0, 
t=1 


fees 
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by (14). Hence by (13) and (15) 
[y—0 for isla iN): (20) 


Hence by (11a, b) and (17) 
i, = 0 for 1 IN (21) 


Now from (lla, b), (13), (14) and (16) we have 

BN) 

pa Ns (22) 
i= 


We have thus proved that the term given by (10) is really a term of the sum 5},. 
[[2]] Hereafter, S’ means summation from 11,46 JPN), and SV (Cy Co. Co 
means summation over those [ for which 1</<</’(N) and the conditions C,, C,,..., C,, 
are satisfied. And SY’ means >)’ (m,221), and 31 (C,, Cy... C,) means SY (m—1, 
CnC ECy: 
Now, according to Stirling’s formula, we have 


In m,! =m, (In m,—1) + (1/2) In m, +7 (mm) (23) 


for every positive integer m), where (7) is bounded, that is, there is an absolute 
constant K,(>0) such that 


ly (a) | SK, for every m,—1. (24) 
From (10) we have by (11b) and (23) 


(1/N) In T? (Nv) = (1/N) SY” ng In (N06!) rin, In tt, 9%, — (1/2) In, 7 (tn) } 


(25) 
From this and (8) we have 
(1/N)InT® (i|Nv) —o® (v) = A(N) +B(N) +C(N) + DN), (26) 
where 
A(N) = (1/N) S¥'m, {In (Nvb{?) —Inm,} +1nz, (26a) 
B(N) = (1/N) SY, —S) 06!2, (26b) 
C(N) = (1/N) SY" (= 1/2) In ty (26) 
D(N) = (1/N) 31" (—7 (m,)). (26d) 
With the use of (1la) and (12), (26a) becomes 
A(N) =A,(N) +4,(N) +4,(N) +A,(N) +4,(N), (27) 
where 
A.(N)= (1/N)SY'l(m,—m)) |nz, (27a) 


A,(N) = (1/N) 31" (ra, —m,) ln { (Lit, + 4) [5 (27b) 
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A,(N) =— (1/N) >" In. { (Lm | +4) [mit , (27c) 
A,(N) =Ing— (1/N) SY im lnz, (27d) 
ANY =(1/N) >) Gn, =0) la, Inz. (27e) 
Then we have (cf. Appendix 3) 
|4,(N) |S G/N) SyE|m, = mi| [In z| << A/N) S91 (4, +1) |Inz], (28)° 
and 
|4,(N) |S G/N) 31" | —m| |In { (Lt, + 4) /} |< PWN) +Q(), (29) 
where 


O<P(N) = (1/N) SY" (mV) (4 +1) In (4, +2) 
SN) EN) GO 2 la Nera TSN) ON) ) CE WN) 42)" 


(296 aoe 
(where K’’ is a positive constant inependent of N)*, and 
05Q WN) = (1/N) 1" Gt, < 1) Hel (4/1) 
= (1/N) 31" (mi <1) 4|1n (Nof ) (@/25) ‘/t4 | (29b)*" 
where** lim (1/1) In f(L) =0. (29b,) 
Then Q(N) =Q,(N) +Q,(N) +O,(N) +204), (30) 


where 0<Q,(N) = (1/N) 31 Gm <1) In (N/) 
<(1/N)U(N) (HW) +1) InN G/N) UN) )P (WN) +) KR 
(30a) 7 
(where K’ is a positive constant independent of N) (see 4° of Lemma 0), and 


0<Q,(N) = /N) 31" <1) M4|lnv| S/N) D/4|In9}, (30b) 


0X<Q,(N) = A/N) 3" Gin < D Allo f © I<a/y)s Py|In FQ) | + A/N) Sle, 


G0) ees 
* By 4° of Lemma 6 we can find K’’(>0) such that In(N+2)//(N)<K” for all N. 
** By (2) we have 
6, (T) =f (l, T) (60 (T))? (2/) 
where lim (1/))In f(l, T) =0. (2a) 
i> 
In (29b) we employ this f(/, 7), written as f(D, and use (3) and (12). 
rat Ai i! (N) Z 
0<Q;(N)<(1/N) SD zz|In f(D | + G/N) p> Ip, (if VN) 2A), (30c;) 
aa Z— =h 


0<Qx(N) SAIN) S nalin fO1 GE UO) <A). (30cs) 
l= 
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(where 4 is a positive integer independent of N and v, such that |Inf(/)|</ whenever 
[>h; such fh exists by (29b,)), and 


0<Q,(N) = (1/N) 31” (iy < 1) Ya|n (z/z) |S G/N) Sl4|In @/z) | G04) 
Next 


|, (N) |S /N) SY" |m In. { (Lt | + 4) [tus |< X(N) + YC), (31) 
where 
O<X(N) = (1/N) 31" (= 0) KoSK' (N) /N, Giaye= 
OXSY(N) = (1/N) 0" (421) HS /N) DP (31b)° 
(where K, is a positive absolute constant). Next 
|A\(N) |= 9 tvb{e'In cl, (32) 
t= (N) +1 
|4;(N) | S/N) SY Gi = 0) bn |Inz| < (1/N) D7/U|Inz]. (33)" 
Now (26b) becomes 
B(N) =B,(N) +B,(N), (34) 
where 
BN) =—_S} 0b)?z, BN) = (1/N)SY (fin). (34a,b) 
Then 
|B, (N) |S /N) S| —m,| << /N) SY +0 (WN) /N. (35)° 
From (26c, d) 
|C(N) |= (1/N) 51” (1/2) In mS (1/2N) U WN) InN, (36)° 
[D(N) |= G/N) 31'l7 Gm) | SKU (N) /N (37) 


(where K, is a positive absolute constant) (see (24)). 
[[3]] By 3° of Lemma 0, there are integers N’’(€)(>0) and N’’(€)(>0), 
corresponding to any € >0, such that 
|O0<U(N) /NS(/N) >= ](/2N) UN) (UN) +1) <€ for NN’ (€), (38) 
[0< ](1/N)I'(N)InN< € for N= N’’ (€).(39) 


By 4° of Lemma 0, there is an integer N,(M)(>0), corresponding to any M> 0, such 
that 


'(N)=M for =WN,(M). (40) » 


Now if v>v,(z<z,), the series >i vb! and Dy lvb{?z(=1) are convergent, that is, 


there are integers M,(€) (>0) ae M, (€) (>0), corresponding to any €>0, such that 


oo 


[O< | >) wbfPece for l/>M,(é), (41) 


=l/ +1 
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[o<] S yb? ze <€ for |! >M,(€). 
Hence, putting M=M,(€), M,(«), in (40), we have, for any €>0, 

[o<]_ 2 vbPd <é for N= N,(M,(«)), 

[o<] St Wbhz<e for N= N,(M,(«))- 


1=U(N)+1 
Now from \23), (16) and (14) we have 

Oe a L472) 1’ (IN) Wd’ CN) +1)¥(N) =N—SYl[m,] - 
Hence by (18) and (12) 


0 AIN) SYe= (1/N) ald (m,—|m,]) gr Ey 


rw) + 
Hence by (38) and (44) we have for any €>0 

[(o< (/N) Ves \G/N) Dl <€ . for N=N,(€), 
where N, (€) =max{N’(€/2), INN Sy 2) 
Now from (45), (46) and (47), we have, for any €>0, 


[o<]Q/N) WN)? (HW) +1) < (4/N) S¥lm]<€ for N= N,(€/4), 
lo<]Q/N) W(N))? HW) +2) < (6/N) SVitu]<€ for NZN,(¢/6)- 


[[4]] From [[2]] and [[3]], we have, for any €>0, 
1) |4,(N)|<€ for N>N® (€) =max {N, (€/2|Inz\), N’ (€/2|Inz|)}, 
2) 0<P(N) <€ for N>N® (€) =N, (€/6K"), 
ay, 022 0,AN) ax <ofor NN (6) =N,(€/4K’), 
4) 0<Q.(N) <€ for N>N (€) =N,(€/|Inv]), 


5) 0<Q,(N) <€ for NEN (6) =max {2/9 33 tulln fO, Ni(E/2)¥, 


6) 0XQ,(N) <€ for NEN (6) =N,(¢/Iln @/2) |), 

7) O<X(N) <€ for N= N® (€) =N"(E/K,), 

8) 0<Y(N) <€ for NZN(€)=N,(¢), 

9) |A,(N)|<€ for N>N® (6) =N, (Mh (</|ln2l)), 

10) |4,(N)|<€ for N>N®® (€-) =N"(€/|Inz\), 

11) |B,(N)|<€ for N> N° (6) =N,(M(¢)), 

12) |B(N)|<€ for NN (€) =mex {N, (</2), N"(«/2)}. 
13) |C(N)|<€ for NN (€<)=N" (26), 

14) |D(N)|<€ for N>N® (€-) =N’(€/Ki)- 


tm < A/N) V+ 3 
1 


l= (N)+1 


365 


(42) 


(43) 
(44) 


(45) 


yb z. 


(46) 
(47) 


(47a) 


(48a) 
(48b) 


; (49) 
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Therefore, putting 
N,(€) =max{N® (€), N®(€), N® (€),..., N° (©)}, (50) 


we can, for any given €>0, choose such a term T® (i| Nv) out of 3 Tx (i|Nv) for 
every N= max {y,, N,(€/28)}, that 


|(1/N) In T9 (| Nv) —o (v) |[<14,(N) | +P(N) +Q,(N) +... + |DIN) |< €/2. 


(51) 
Now by (8) there is an integer N.,(€) (>0), corresponding to €(>0), such that 


|(1/N) In QY (Nv) —w (v)|<€/2 for NEN,(€). (52) 


By (51) and (52), we can, for any €>0, choose such a term T® (i|Nv) out of 
3} T® (i|Nv) for every N= N,(€) =max {y,, N,(€/28), N,(€)}, that 


| (1/N) In T® (i|Nv) — (1/N) In 2 (Nv) | <e. (53) 
Now from (1) we have (2) of Lemma 5 and hence we have for every N 
(1/N) In TY (i|Nv) <(1/N) IngY (Nv) < (1/N) In 29 (No). (54) 


From (53) and (54) we have for any €>0 


| (1/N) Ing’? (Nv) — (1/N) In 29 (Nv) |<€ for N= N,(e). (55) 

This proves (9). 

Argument 2 (On the function [*(N).) The conditions 2°, 3° and 5° of Lemma 
4 makes the increase of the function /*(N) (with N) slow enough to make Lemma 5 
hold. And the condition 4° of Lemma 4 makes the increase of the function /* (N) 
(with N) rapid enough to make Lemma 6 hold. In fact, in the proof of Lemma 5 
wer havecused 1°, 2°, 3°. and 5°.of Lemmas4, bat not 4° of Lemma 4. And inuthe 
proof of Lemma 6 (essentially, of Lemma 0) we have used 1° and 4° of Lemma 4, 
but neither 2° nor 3° nor 5° of Lemma 4. Therefore, if we regard Lemma 5 as in- 
dependent of any other lemma, then, in place of /*(N) in Lemma 5, we should use 
[X(N), for which 1°, 2°, 3° and 5° of Lemma 4 hold. And, if we regard Lemma 6 
as independent of any other lemma, then, in place of /*(N) in Lemma 6 (and con- 


sequently in Lemma 0), we should use [*(N), for which 1° and 4° of Lemma 4 hold 
and 


[*(N)<N for almost every N. (1) 


[In Lemmas 0 and 6 with /*(N) replaced by [*(N), we write [/(N) in place of l’(N).] 
Then the most trivial of /*(N) is [*(N) =constant, and the most trivial of /*(N) is 
[X™(N) =N. Now if we denote by {f(N)} the set of the values (for any given N) 


of all those functions f(N) which satisfy the specified conditions, then we have for almost 
every N 
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AEF (CN) } 0 {EF CN) } = )} DAU) (2) 
(UF (N)} 3 {6-CN)} 3 UF CN)} Cc {ND}. (3) 


Argument 3 (On the physical meaning of Lemma 6.) As is stated in Argument 
2, we now regard Lemma 6 as independent of any other Jemma or theorem. Then 


Lemma 6 has by itself a meaning, which is as follows. In the proof of Lemma 6 we 


have picked out a term (denoted by i) by which the whole configuration integral of 
the “(0)-system”’ in gaseous state for sufficiently large N is expressed with as small error 
as we please, and by which therefore the whole configuration integral for infinitely large 
N is rigorously expressed; in a word, this is a predominant term. And we have found 
that the distribution of sizes* of clusters for such a term is given by m, of (11a, b) 
and the largest size of clusters that exists in such a term should be of the order of at least 
In N [by 4° of Lemma 0] and at most N*°~° (where 0(>0) may be as small as we 
please) [by 3° of Lemma 0|. Hence, for a macroscopic “(0)-system ” (N~10”) in 
gaseous state, it is practically sufficient to take the first In N (~10 to 100) terms in 
the cluster series and it is practically impossible to find any cluster of the size of the 
order of or greater than N‘°(~10" to 10° y8 


§ 1.5. Theorem on equality between the thermodynamic functions 


of the real and the ideal system 


THEOREM a. For any value of T such that b(T) >0 for every l, and for any 
value of v such that v>v,(T );— 

[I] The necessary and suffictent condition that 
lim In 2y(Ne, T) =w' (Nv, T) should exist 


N>o 


(a) 
and od, yaa, fT) 
is that: 
lim sup win wt, (Nv, T) —Ing¢i,(Nv, T)} <0 (A) ** 


7 7 
NEE (Nr © 


when the set E,,)=E{N (positive integers); Uy (Nv, T) >0} is an infinite set, and 


U'(Nv, T)\ _ 
1 BEN SD) = o(N) for Ne. (B) 
In ( ns di ap AP cn 


when the set E,_)=E\N (positive integers); Vy(Nv, T)<0} is an infinite set. 
(Note) If E,,,Lor E,_)| is a finite or empty set, then the condition (A) [or (B) | 
should be omitted. Of course, always E.,, +E. =F (1, 2, 3,...}: an enumerable in- 


finite set. 


* The size of a cluster means the number of molecules composing the cluster, that is, /- 


** lim sup ay means the greatest limit of the sequence, {ay}° FB; formed by the terms for NeE of 


the ee Gn (N=1---00). And E{x;C} means the set of all x that satisfy the condition C. 
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[I] The theorem [I] is still true if the condition (A) is replaced by 


lim sup - {In 7(Nv, T) —Ind) (Nv, T)} SO. (A’) 


NeH : N>w 


(+) 


[II] When the set E,,, is an infinite set, we have 


lim sup y {In Uy ¢Nv, T) —In fy (Nv, T)} 


NE€ Eu) ,V>0 


= lim sup yin P.(Nv, T) —In¢Y (No, T)} 


< lim «sup ap lin F(Ne, T) —In¥ (Nv, TY}. 


Ne ,N>o 
+) 


T 


Remark 1.—Here, from the purely oS 


mathematical viewpoint, we have not assumed 
even the existence of the limit w'(v, T) 
and so we should obtain the cordition for 


existence and equality, the invelidity of which 


implies either inequality or nonexistence ; but, ends 
; : : : r 

from the physical viewpoint, we require the 

existence of this limit, from which the Fig. 1.1. 


thermodynamic quantities (free energy, pressure, etc.) should be derived. 

Remark 2.—In the theorem [I], the domains of validity of the conditions (@), (A), 
(B), (P)={E,,) is an infinite set}, end (N)={E,_, is an infinite set} are illustrated 
by Fig. 1.1, in which (P)=PTP’T’|which means that (P) is true inside the closed 
curve PTP’T’ and untrue outside it], (N)=NTN’T’, (A) =AXA’X’, (B) =BYB’Y’, 
then (a) =AXN’X’+BYP’Y’+A’ZB’Z’. (1) 

«Proof of {1])—Hereafter, for brevity’s sake we write #y, Vy for ¢y(Nv, T), 
PY yCNv, T) regarded as functions of N. 


Case 1: The case in which E\_) is at most a finite set, that is, 


T>0 for almost every N. (2) 


[[1]] Proof of the sufficiency of (A). First let inequality in (A) hold, that is, 
let 


lim sup (1 /N)\n(U4/¢s) =4, where —co <d<0. (3) 
“hen [by (i) and (iii) of I of Appendix 4] we have for almost every N 

(1/N)In(P/Ph) <0 ie. Pi/Py<1. (4) 
Hence [by (2) and Lemma 5 (i)| we have for almost every N 


0< (1/N)In(1 + Ph /h) < Q/N)In 2. (5) 
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Hence 
lim (1/N) In(i+24/¢)) =0. (6) 
Next let equality in (A) hold, that is, let 
lim sup(1/N)In( h/ Px) =0. (7) 
Then [by (i) of I of Appendix 4] for any €>0 we have for almost every N 
(1/N) In(¥h/¢y) <€. (8) 


Hence, for every N (except at most a finite number of N) such that Pt /Pe 1, we 
have 


0< (1/N)In(1 +P h/Hh) S/N) In2+ (1/N) In (Vh/Ph) < A/N)In2 +e. (9) 


And, for every N (except at most a finite number of N) such that Yh/¢y<1, we have 
[by (2) and Lemma 5 (i) | 


0< (1/N)InQi+ ¥y/¢y) < (A/N) In 2. (10) 


By (9) and (10), for any €>0 we have 0< (1/N)In(1+ L/h) <2€ for almost every 
N. Hence 


lim (1/N) In(1+ 0 \/¢y) =0. (11) 
Now by (2) of Definition 4 we have 
Q(Nv, T)>0 for every N. (12) 
By this and Lemma 5(i), Eq. (9) of Definition 4 may be written 
(1/N)In.2i, (No, T) = (1/N) Ingo t+ (1/N) In +P x/hy) (13) 
for almost every N. By Lemma 5 (ii) and Lemma 6, we have for v>v,(T) 
lim (1/N) Ingiy=lim (1/N) Ing? =o (v, T). (14) 


From. (6), (11), (13) and((14) [by Corol. 3 of III of Appendix 4] we obtain (a). 
[[2]] Proof of the necessity of (A). Let (A) be untrue, that is, let 


lim sup (1/N) In(Wh/dy) =A, where 0<AL+0. (15) 
Then, since [by (2) and Lemma 5 (i)] we have for almost every N 
(1/N)In(1+¥5/¢h) > A/N) InP n/ bx) » (16) 
we have [by II of Appendix 4] 
4 cox lim sup(/N)In (1+ h/Ps) 24 where 0<AX +00. (17) 


Hence the sequence {(/N)InQi+¥% \/¢y) } wer has at least one limit-value* (finite or 


« A “|imit-value” means an accumulating value or Haufungspunkt. 
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infinite) greater than zero. Hence lim (1/N)In(1+ V/s) either exists as a positive 
N>o 
value (finite or +00) or is nonexistent. Hence, by (13) and (14), lim (1/N) In 24, 


(Nv, T) either exists as a value (finite or +00) greater than w\(v, T) or is non- 
existent, [by Corol. 2 and 3 of III of Appendix 4]. 

This completes the proof of [I| for Case 1. 

Case 2: The case in which E,,, is at most a finite set, that is, 


pt.<o0 for almost every N. (18) 
[[1]] Proof of the sufficiency of (B). Let (B) be true, that is, let 

lim (—1/N)In(1+%h/¢y) =0. (19) 

N-> oo 


Then by (13) and (14) [by Corol. 3 of III of Appendix 4] we obtain (a). 
[|2]] Proof of the necessity of (B). Let (B) be untrue. Then lim(1/N)In(1 


Vso 
+W\/$\) is either nonexistent or exists as a negative value (finite or —co) [by (18) 
and Lemma 5 (i) |. Hence by (13) and (14) [by Corol. 2 and 3 of III of Appendix 
4| lim (1/N )In 2\(Nv, T) is either nonexistent or exists as a value (finite or — co) 
fecechas ov, T). 

This completes the proof of [I] for Case 2. 

Case 3: The case in which both E,,, and E,_, are infinite sets, that is, there are 
an infinite number of N such that ¥\)>0 and there are an infinite number of N such 
that YL<0. 

Using the increasing sequence {N,}$-, of all NeK,,, and the increasing sequence 
{Ny}$_, of all NeE._, we divide the sequence {(1/N)In@)(Nv, T)}$~y...(5) into 
two partial sequences, viz. {(1/N,)In Ly (No, T)} yer---(5) and {(1/N,)In 24, 
MOT) Far--- () ; 

[[1]] Let both (A) and (B) be true. Then, first, from the truth of (A), by 
the same reasoning for the partial sequence (s,) as that for the sequence (s) in [|1]] 
of Case 1, we obtain 


lim (1/N,)In @y (N,v, T)=0 (v, T). (20) 
v0 ¥ 


Next, from the truth of (B), by the same reasoning for the partial sequence (5) as 
that for the sequence (s) in [[1]] of Case 2, we obtain 


lim (1/.N,) ln £2%p 1 (Na TD) ea (py, 7), (21) 
From (20) and (21) we obtain (a). 
[[2]] Let at least one of (A) and (B) be untrue. Then, by applying the reasoning 
for the sequence (s) in [[2]] of Cases 1 and 2 to the partial sequences (s,) and (s,), 
we find that at least one of lim (1/N,) In iy. (N,v, T) and lim(1/N})In 2h (Nv, 1h) 
is either nonexistent or exists as a value (finite or infinite) iene from ® (U2). 


Especially, if both exist, they cannot have the same value. Hence lim (1/N )In2),(Nv, T) 
does not exist in any case. “ei 
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: By [[1]] and [[2]] it is proved thet for Case 3 the truth of both (A) and (B) 
is necessary and sufficient for the truth of (a). Thus the proof of [I] is completed. 
(Proof of |1'|>)—For almost all N that belong to the infinite set E,,,, we have 


[by (i) and (2) of Lemma 5] 
(1/N) (In Yy—In fy) = (1/N) (In Fp—In $M) + (1/N) (In dy —In fy). (22) 
Now by (ii) of Lemma 5 
lim (1/N) (In fY —In ¢\,) =0. (23) 
From (22) and (23) we obtain [by Corol. 1 of III of Appendix 4] 


lim sup (1/N) (Un #—In gy) = lien sup (1/N) (In ¥j,—In¢?). (24) 
y N>o Net N>o 


BEE aye piano HU) 


Hence the conditions (A) and (A’) are equivalent. This proves [I’]. 

«Proof of |II1]»—The first equality in [II] is Eg. (24), just proved. We shall then 
prove the rest. For all N that belong to the infinite set E(,), we have [by (2) of 
Lemma 5| 


(1/N) (In ¥y—In gf?) = (1/N) (InP y—In YY) + 1/N) (in YY —In oY) 
< (1/N) (in 4,—In FY) + A/N)ini+¥Y/¢). (25) 
Now [by (2) of Lemma 5] Eq. (12) of Definition 4 may be written 
(1/N) In 2Y (No, T) = (1/N) Ing? + (1/N) Ini t+- FP/ PY) (26) 
for every N. But by Lemma 6 we have for v>v,(T) 


lim { (1/N) In2® (Nv, T) — (1/N) Ing} =0. (27) 


N>o 


Hence by (26) we have 
lim(1/N)In(1+¥9/¢9) =0. (28) 
N> ow 
Finally from (25) [by II of Appendix 4| and from (28) |by Corol. 1 of III of Appendix 
4| we obtain 


lim sup (1/N) (In¥Yy—Inf?)< lim sup (1/N) (In? y—In? 9). (29) 


NED, ,NV> 0 Nek (+) ,V>0 


Corollary 1. If, in the theorem |1], we replace (A) by 
lim sup (1/N) (In ¥y—In YS) SO (A,) 
NeH (4) »V> 0 
and leave (B) as it is, then we have a sufficient condition for the truth of (@). 
(Proof »—Use [I] and [I] of the theorem. 
Corollary 2. For any value of T such that bi (L) >0 for every |, and for any value 
of v such that v>v,(T), 4 sufficient condition that 
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No 


ifn n2\,(Nv, T)=o'(v, T) should exist 
Sorte: 


and oO, 1 =o eT) 
is that, for every N except at most a finite number of N, 
0<b} (Nv, T) Sb! (T) provided that [Ni (C) 


<Proof')—Let (C) be true. Then by (8) and (11) of Definition 4 we have for 
each j 


0<TH(j|No, T) XT (j|Ne, T) (1) 


for every N except at most a finite number of N. Now if the set E,,) is an infinite 
set, then, for the sequence {(1/N) (In( (F.—In PD)} xm,» the following condition 


is satisfied except for at most a finite number of terms, because of (i. 
(1/N) (In¥’y—In? Y) <0. (2) 


Hence this sequence cannot have any limit-values (finite or infinite) greater than zero. 
That is, the greatest limit does not exceed zero. Therefore the condition (A,) of 
Corollary 1 is satisfied. 


Now by (1) we have for each j 


T,(j|No, T)=0 (3) 


for every NeK,_, except for at most a finite number of N. Hence, if the set E\_) is 
an infinite set, we have 


In(1 +P h/Py) "=0 (4) 


for every NeK,_ except for at most a finite number of N. |Note that there are only 
at most finite number of N such that ¢/)=0, by Lemma 5 (i).| 
condition (B) of the theorem |I] is satisfied. 


Thus by the theorem |I] and Corollary 1, (@) holds. Hence the corollary. 


Theretore the 


> yy . . td e 
§ 1.6. Theorem on inequality between the thermodynamic functions 


of the real and the ideal system 


THEOREM 7. For any value of T such that bf (T) >0 for every l, and for any value 
of v such that v>v,(T) ;— 

[IIL] The necessary and sufficient condition that 
F 1) 
lim a In2\(Nv, T)=o'(v,T) should exist 


N>o 


and ow! (v, ‘ie ao (v, Ta (A) 
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is that we should have 
U'.(Nv, T) > (Nv, T)[>0] (D,) 


for every N except at most a finite number o N and 


lim {In 7 4,(Nv, T) —Ing,(Nv, T)} =4,(v, T) should exist 


N>o 
(D,) 
and Aalith ca L )ieat O. 


And, in case the condition is satisfied, we have 
wo (v, T) =o (v, T) +4,(0, T)- (f:) 


[II] The theorem [IIL] is still true if the condition (Dy) is replaced by the following : 


lim 2 {In ¥',(Nv, T) —Ing® (Nv, T)} =A,(v, T) should exist 


N>o N 
(D,") 
and (oer ys 0: 


[IV] The necessary and sufficient condition that 


N>o 


lim <In.23.(No, T)=w'(v, T) should exist 


(7) 
and w(v, T) <0 (v, T) 
is that we should have ; 
—b(Nv, T) <¥4(No, T) <0 (E,) 
for every N except at most a finite number of N and 
tim 1 In {1+% (No, T) /by(Nv, T)} =Ay(v, T) should exast 
Noo N 
isa 
and Antu, £) =; 
And, in case the condition is satisfied, we have 
wo! (v, ‘i = (v, ) +A, (v, lpg) (71) 


(Proof of [111}>—[[1]] Sufficiency. Let (D,) and (D,) be true. [Here by Lemma 
5 (i) we have #y>0 for almost every N.] Then by (D,) we have for almost every 


N 
U./py>1. (1) 


Hence we have for almost every N 


(1/N)In(Px/Px) < (1/N) In (1+ Pi / py) < A/N) In 2+ G/N) In(Ph/Py)- (2) 
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Hence by (D,) 
lim (1/N)In(1 + h/¢%) = A.(ts ‘Ti e209 (3) 


N>o 


Hence by (13) and (14) of Theorem @ we have 
lim (1/N) In 2\,(No, T) =o (v, T) +4,(v, T). (4) 


N>©o 


Hence () and ((,). 
[[2]] Necessity. By (12) of Theorem @, we have 


Vt+hy>0 or 1+%x/Py>0 (for almost every N). (5) 
So (1°) if —¢y< P\;<0 for an infinite number of N, then 
(1/N)In(1 +0%/Py) [0 (for an infinite number of N). (6) 


Hence the sequence {(1/N)In(1 + \./¢\)}%=. has one or more non-positive limit-values. 
Hence by (13) and (14) of Theorem a, lim (1/N)In2\(Nov, T) is either nonexistent 
ofielse =a (U,0T))- (2) EOYs ar shes: an infinite number of N, then 
0< (1/N)In(1t Ph /¢y) S/N) In2 (for an infinite number of N). (7) 

Hence zero is a limit-value of {(1/N)In(1t+¥h/¢))}e Hence by (13) and (14) 
of Theorem a, lim (1/.N ) In 2\,(Nv, T) is either nonexistent or else=a(@, T). (3°) 
If (D,) holds ie (D,) does not hold, then by (2), lim(1/N)InQ. +? x/¢x)_ is either 
nonexistent or else <0. Hence by (13) and (14) of Theorem a, lim (1/N) Ine; v (No, 
T) is either nonexistent or else Sw (v, T). 


(Proof of {III’})—By (24) of Theorem a, if and only if (D,’) holds, (Ds) holds. 


(Proof of [IV])—[[1]] Sufficiency. Let (E,) and (E,) be true. Then from (E,) 
and by (13) and (14) of Theorem a, we have 


lim (1/N) In On (No, T) =o" (v, T) +4,(v, T)  [A,(v, T) <0}. (8) 


Hence (7) and (7;). 
[[2]] Necessity. Let us note (5). (1°) If Y\.=0 for an infinite number of 
N, then [by Lemma 5(i) | 
(1/N) In(1+24/¢h) = 0 (for an infinite number of N). (9) 
Hence the sequence {(1/N)In(1 + 


Pi jet hed hee 
P\./hy)\<-, has one or more non-negative limit-values. 


Hence by (13) and (14) of Theorem a, lim (1/.N) In Q'\.(Nv, T) is either nonexistent 
OfLelsene ww (vt). (2°) Tr (a) hards i bie (E,) does not hold, then lim (1/N). 


In(1+¥\/¢y) is either nonexistent or else = 0. Hence by (13) and (14) bs wT beacer 
a, lim 1 /N) Inyo, T) is either non-existent or else =w (v, T). 
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Part Il 
General Discussion of Phase Transitions 


§ 2.0. In this article, from the analytical viewpoint we shall give a general discussion 
(analytical but not quantitative) on the phase transitions (of first order) of real gases, 
lattice gases, and other systems. And we shall make clear what essential problems we 
have to solve about the phase transitions. 

§ 2.1. For the analytical (or function-theoretical) researches of the phase transitions, 
we may utilize the following methods of statistical mechanics, which may give the rigorous 
(though not so concrete) analytical expressions in the limit of infinite system. 

Method a. ((Handling of the Ursell development for a canonical ensemble.) ) Using 
the cluster integrals 6,(V, IT), we obtain the Ursell development [ (5) of § 0.1] of the 
configuration integral @y(V,T) [(2) of § 0.1] for a real gas. Then the pressure p is 
given by 


p/kT =¢..xV, T)=(8/AV) In2y(V, T). (1) 


In the limit when N->co, V=Nv—co with v fixed, we have methods’ for 
handling the Ursell development and calculating 


o=o(v, T)=lim (1/N) In 2,(CNv, T) (2) 
N>© 


and 


Y= ¢.(v, T)=lim ¢,,y(Nv, T), (3) 
N-> co 


etc., which are directly related to the thermodynamic properties for an infinitely large 
system. In the argument of the phase transitions, we examine the limiting functions w 
and @,, etc. 

Method 8. ((Power-series development for a grand canonical ensemble.) ) The grand 
partition function Ey (z, T) fora real gas is expressed by a power-series of the “ fugacity 3 
z of the gas as follows: 


Ey(z, T) = Der V, Tx". (4) 
>) 


S 


Then the pressure p is given by” 
p/kT =$,,y (% T)= C/V) nSv(@% T) =e, T)z', (5) 


using (5) of § 0.1. [But here the first equality of (5) is only asymptotically valid (by 
assuming In&y,ocV) when V becomes large for real systems. Strictly speaking, we have 

p/kT = (0/V) VG q,0 (%, T)) = (9/8V) In= + (% T) (5’) 
for any finite V.] In the argument of the phase transitions, we examine the limiting 
function 


0,=9,(% T) Slime,» (% T). (6) 
Vo0 
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If one admits that, for real systems, the physical results from the canonical ensemble 
and from the grand canonical ensemble are the same, then the two functions ¢, and ¥, 
should be identical. Strictly speaking, we have yet to discuss mathematically the question 
as to the identity of vy, and ¢, But here we will simply denote ¢, and ¢, by 9%, 
unifying them. 

Methods @ and ff are applied not only to real gases but also to lattice gases and 
ctys.als."” 

Method 7. ((Solution of the eigenvalue problem in crystal statistics.)) This method” *» 
is applied to nearest neighbour systems in crystal statistics—a lattice gas, a binary alloy, 
and an Ising ferromagnet, etc. (for a grand canonical ensemble or a canonical ensemble). 
Leta’, (351 Ho peng berthe eigenvalues of the matrix ||M.j| (i, j= 1, 2, «°° 2”") |where 
M,,=M,;(z, T)] defined in the method,” that is, the roots of the secular equation 


det|M,,—20,,|=0, (7) 


where the system consists of / lattice-planes, each consisting of m Xn lattice-points, and 
follows the Born-von Karman boundary condition. Then the [grand] partition function* 
is given by 


2mn 
Py mn (z i) ee (mn > & aah . (8) 
i=] 


Let Amax be the largest of the /,’s. Then we have (for [1 co) 
Con (z, Ly) = lim (1//mn) Dy mn ge oe a (1/mn) In Amax (mn 5 zy as (9) 
l>o 


In the argument of the phase transitions, we examine the function @,,,, and its limit when 
mXn— oo, 


P= (xz sla) =lim inn (z, T). (10) 


MXn> 
§ 2.2. Infinite systems and phase transitions. 


(Method a)—If N< o, ¢,.y(Nv, T) as well as 2y(Nv, T) may be considered as 
a regular function of v. Only if N—0o, we may expect singularities, which represent 
phase transitions. 

(Method )—Assuming the rigid core (or repulsive force) of the molecules, if 
V<oo, =)(z, T) is a polynomial in z, so it is regular (and positive since all 2, >0) 
for all positive z; hence ¢,,»(z, I) is regular for all z>0. Only if V-oo, we may 
have singularities.” 

(Method 7) —If mXn< co, ||M,j| is a finite matrix and all M,,>0, and hence by 
Frobenius’ theorem the largest /; is positive and simple everywhere. 


Only if mXn—>0o, 


‘ For a lattice gas, (8)=grand partition function, z=fugacity; and, for a regular solution (assumed 
to have no vacant sites), (8) =g.p.f., z=ratio of the fugacities; and, for an Ising ferromagnet, (8) = partition 


function, z=exp(—2nH/kT) (u=di a 
fie xp(—2nH/kT) (u=dipole moment, H=exterral field) ; excluding the unimportant additional 
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the largest 2; may become degenerate scmewhere, where a phase transition (coexistence 
of states) occurs.” 

Thus, in any case, if we want to discuss the phase transitions analytically (function- 
theoretically) in connection with mathematical singularities, we must treat infinite systems 
(a, B: V0; 7: 10 and m or n or both—>co) and investigate the analytical 
behaviour of the rigorous limiting thermodynamic functions. We may consider any one 
of these limiting functions, since, if any one is singular, so also are all the others and 
a phase transition occurs. Thus, for example, we investigate the function ¢ (or @) of 
z (with T fixed). 

§ 2.3. We shall make a classification of all possible types of analytical behaviours 
of the functions describing the condensing systems. We now propose the following 
questions about the function @(z) describing rigorously a condensing system of infinite 
size and about its singularity (P) representing the condensation. 

Question 1: “Is the singularity analytical?” |Here by an analytical singularity we 
mean a singularity defined in the theory of functions of a complex variable, i.e., a 


‘ 


singularity which an “analytic” function has, e.g., 2 pole, a branch-point, an essential 
singularity, etc. And any other kind of singularity should be called non-analytical, e.g., 
a point of intersection of two different analytic functions, and a point of intersection of 
two different branches of one analytic function ;—see (b) and (d) of Fig. 2. iJ 

Question 2: “Are the gaseous and the liquid phase described by one and the same 
analytic function?”, ie., “Is the function for the liquid phase given by the analytical 
continuation of the function for the gaseous phase ?” 

|Subsequently to the question 1, we propose Question 1a: “If the singularity is 
analytical, then is it algebraic or transcendental ?”’, inquiring into the function-theoretical 
qualities of the singularity.*] 

Answering both “ Yes” and “No” to the questions 1 and 2 independently (see 
Table 2.1), we obtain the four types (a), (b), (c), and (d), all of which are mathematically 
realizable (see Fig. 2. 1). [Metaphorically, if we mean by a free one analytic function 
and by a bamboo another,** then (a) =the tree having a joint at P; (b) =the tree grafted 
on the tree at P; (c) =the bamboo grafted on the tree at a joint (P),. of the) tree ; 
(d) =the bamboo grafted on the tree at P which is not a joint of the tree.] | Conse- 
quently the questions 1 and 2 are independent of each other. |For example, define 9(z). 
for z>0, as the largest of the roots » of the irreducible algebraic equation 


w(w+a—b)?— (z—c)*=0 (6>a>0, c>0) (11) 


(see Fig. 2.2) ; then this is a case of the type (b). The point (c, b—a) is not : 
branch-point but a point of intersection of two different branches of the analytic (algebraic) 
function w(z), and is therefore a non-analytical singularity of the function ¢ (z) —GPL 


* Only the type (a) necessitates transcendency, by the discontinuity of the derivative at P. Any other 


type may be algebraic or transcendental. 


+* This metaphor is an extension of Katsura and Fujita’s phraseology. 
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Fig. 2-2. Fig. 2.1 Ordinate=y. Coordinate=z [=real]. 
Function g(z)=GPL [=real], where GP=gaseous phase, PL=liquid 
phase, and P=condensation point. 


A solid curve represents an analytic function, and a broken curve repre- 
sents an analytic function different from that which a solid curve represents. 

Some branches of the curves—e.g. the branch PG’ in (c)—may be real or 
complex. The same is true in Fig. 2.3. 


-which is not an analytic function; thus it is the condensation point P. The points G’ 
and L’ are analytical singularities (algebraic branch-points) of w(z).] 

The classification into the four types (a), (b), (c), and (d) is essential because the 
question as to the analytical properties of the condensation point and the question as to 
the analytical relation between the functions for the gaseous phase and those for the liquid 
phase are both important from the analytical viewpoint; the latter question is also con- 
nected with the problem how to derive the rigorous functions for the liquid phase, since, 
if (a) or (b) is true, we can derive the liquid functions by prolonging (analytically) the 
gas functions. 

The types (a), (b), (c), and (d), given in Fig. 2:1, are basic and standard ; we may 
have many types by further classification and each type may be of various forms, as shown 
inokig, 2.3. 

The classification into the basic types (a), (b), (c), and (d) has been made by taking 
the gaseous phase as the starting-point and considering whether the singularity of the 
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function for the gaseous phase, that is, the point of “condensation”, is an analytical 


or a xon-analytical singularity. On the other hand, if we take the liquid phase as the 
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startingpoint, then “ condensation” is replacd by “ gasification” (although the point of conden- 
sation and the point of gasification are identical in position) and the basic types (a), (b), 
(c), and (d) are replaced by the basic types (a), (b), (d,), and (d) as shown in Fig. 2.3. 
We usually take the gaseous phzse as the starting-point, becouse the functions for the 
gaseous phase are comparatively easy to derive or discuss from the mathematical viewpoint. 

§ 2.4. On the basis of the above stated conceptions and discussions, we shall now 
examine several authors’ erguments on phase transitions. 

§ 2.41. Mayer and others’ theory?” by the methed @ and also Mayet’s theory” 
by the mzthod # make answer “Yes” to the question 1, but give no answer to the 
question 2, since no functions for the liquid phase are derived or discussed. Thus we 


may say that Mayer and others?”®” assert the truth of either the type (a) or (c) for real 


systems. 
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But here Mayer and others?” use (for the gaseous phase and the transition range) 


che fanctions LO@itopT) Pa, T)"and OW, T) 1. 


g=9 (v, T)=lim gy(No, T) (12) 
N>o 


|where the superscript (0) means that every b,(V, T) in the functions without the su 
perscript —Eqs. (1) and (2) — is replaced by 6,"(T), (it) of Definition 1 (of Part I) | 
and show that the condensation occurs at the first singularity z, (analytical) of go (and 
wo) on the positive real axis* of z; and Mayer” uses (for the gaseous phase) the function 
g(z, T) [where the superscript (0) has the same meaning as above —see Eqs. (5) and 
(6) —] and considers the first singularity <, (analytical) of ¢% on the positive real axis 
of z to be the condensation point. 

The functions ¢® and ¢! should be distinguished from the functions ¢, and @,. 
Here ¢{ and ¢ are shown to be identical (at least up to z.), and will be denoted by 
go, We have yet to discuss the question whether or ont Mayer and others’ assertion, 
based on 9 (g, ), is correct for 9(¢., ¢,)—for real systems. 

§ 2.42. Katsura and Fujita”? remark that g, and ¢{—in the method —should 
be distinguished from each other, although they are equal for sufficiently small z, and 
conjecture that the first singularity (on the positive real axis of z)—the condensation 
point—of @, and that of og are different, and hence the former is a non-analytical sin- 
gularity, which makes answer “No” to the question 1 and means the truth of either 
the type (b) or (d) for real systems, contrary to Mayer’s assertion. We have yet to 
discuss the question whether or not Katsura and Fujita’s conjecture is correct for real 
systems. 

§ 2.43. S. Ono" attempts to discuss Katsura and Fujita’s conjecture, from the 
direction of the method 7—crystal statistics. He has argued on the analytical behaviour 
of the roots of the secular equation (7). Now from our viewpoint, we shall analyze Ono’s 
argument** and show that it cannot lead us to any conclusions about Katsura and Fujita’s 
conjecture or Mayer’s assertion. 

When mXn is finite, the roots of (7) form one or more algebraic functions of z, 
and the function ¢,,,(z) given by (9) is regular on the positive real axis of z, since the 
largest root of (7) is simple anywhere on the axis. On making mXn-—> co, the roots 


of (7) may, in general, form not only algebraic functions but transcendental functions, 


* Here the variable z=z(v, T) is defined by (7) of Lemma 6 (of Part I), and is proved to be the 
“fugacity” of the system. 

** The opinion of Ono’s first paper, that if the secular equation (7) for mXn=oo is irreducible (i.e. 
its roots form one analytic function) then the point of condensation is an analytical singularity (i.e. Mayer's 
assertion is correct), has been shown to be erroneous (and revised in ref. 16)) by the present author’s 
remark!) that even if (7) for mXn=oo is irreducible, the realization of the type (b), as well as the type 
(a), is possible and so the point of condensation is not necessarily an analytical singularity, that is to say, 
the reducibility or irreducibility of (7) is of no importance to the analy.ical properties of the singularity 
representing the condensation. [See p. 85 of ref. 15) and p. 8 of ref. 16).] 
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and the limit @(z) of the function @,,,,(z) may 


AN ieee fo ee e have a singularity (analytical or non-analytical) 
A DD oGi we on the real axis in such ways as are shown in 
tN FN : Fig. 2.4 for the types (a), (b), (c), and (d). 
That (7) for mXn= 00 should be irredu- 
cible, i.e., that the roots of (7) for mXn= 00 


SeawA a should form one analytic function, is a sufficient 
Gl) (but not necessary) condition that one should 
(b) make answer “ Yes” to the question 2, ie., 

em the type (a) or (b) should be true. 
me wale On the other hand if (7) for mXn=co 
oir” ea) is reducible, i.e., the roots of (7) for mXn= 


co form two or more analytic functions, 1.e., 


/ the infinite determinant is divided into a 


| 


ww 7, finite or infinite number of irreducible factors, 
bx t0) ¢ then each of these factors is a finite deter- 
is) minant or else an infinite determinant (the 
ee yoo oe former gives an algebraic function as a patt of 
TOON the set of roots of (7) while the latter may 
give a transcendental function). Then, if the 
function G(z) (z>0) is given by only one of 
the factors (a finite or infinite determinant), 
one makes answer “‘ Yes” to the question 2, 


ie., the type (a) or (b) is true. But if the 


function @(z) (z> 0) is given by two (or more) 
of the factors, one makes answer “ No” to the question 2, ie., the type (c) or (d) is 
true. 

Thus further discussions on the reducibility or irreducibility* of (7) might, in some 
way ot other, be related to the question 2. But we have no way of answering the ques- 
tion 1 from this direction. 

§ 2.44. Yang and Lee’s theory (part I)*® of phase transitions utilizes the method 
8 and seems to argue that answer “ Yes ” is given to the question 1; but this argument 
will be shown to be incorrect, according to the discussion in § 3.4 of the present paper. 

§ 2.5. Thus we assert that any discussion on phase transitions from the analytical 
viewpoint should first give an answer to the questions 1 and 2, that is to say, it should 
determine which type of (a), (b), (c) and (d), is realized. In the following we shall 


go on along these lines, applying our lemmas and theorems. 


* In fact, even if (7) is irreducible for mXn<0o, it is somewhat possible that it may be reducible for 


mXn=0©o, since some elements of the matrix vanish in this limit. 
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Part III 


Theory of Condensation 


§ 3.0. In this article, using some of the results of Parts I and II, we shall attempt 
to discuss the condensation phenomena of real systems. Here we shall see an example 
in which a theorem of Part I is applied to a physical problem. 

$3.1. The irregular points of the limiting function w'|Eq. (9) of § 0.1] represent 
the points of phase transition of the “real system”, while the irregular points of the 
limiting function w\[Eq. (7) of § 0.1] represent the points of phase transition of the 
“ (0)-system ”; in particular, the irregular point of the function w' of v (or z), furthest 
from the origin of v(or nearest to the origin of z), represents the point of condensation 
of the “real system”’, while the irregular point of the function w" of v (or 2), furthest 
from the origin of v(or nearest to the origin of z), represents the point of condensation 
of the “ (0)-system ”.* 

In Part I, we have discussed under what conditions the equality {Eq. (10) of § 0.2] 


a=a” (1) 


is true. Now we regard T as a parameter, which is fixed at a value; then w' and w"? 
ate considered as functions of v. Then, since we have z=z(v, T) by the definition of 
z [Eg. (7) of Lemma 6 of § 1.4 |, w' and ow are considered as functions of z. Thus 
o=e'(v, T) or w'=a(z T), and a@=a(v, T) of a =a, TT); > Oe 


* By (3) of §0.1, w! and w are the configurational parts of the Helmholtz free energies per 
molecule for infinite systems. 


Strictly speaking, we have yet to prove 


tion, vo, v(Nv, T) = (0/0v) w(v, T) (i) 

where [cf. (1) of § 2.1] 
(p/kT=) Ge, nV, T) = (0/0V) In Qu V, T) (ia) 
w(v, T) = Jim (1/N)In 2y (No, T). (ib) 


This may be easily proved if one extends the lemmas and theorems of Part I—stated for any fixed value 
of v(or z)—to the case of a region of values of v (or z) and employs the well-known ‘‘ Weierstrass theorem 
on double-series” in a modified form, since it may be proved that the infinite sequences which appear in 


our lemmas and theorems and in their proofs are uniformly convergent in any region interior to the region 
(of v or z) in question. 


Then, if ot = for a region, we have for this region 


Pot =Ppo (0) 4 
where i 

polt=kT (0/dv) ot (iia) 

po =kT (0/dv) w (iib) 


where, by(i), pot and po are the pressures for infinite systems. 


; If and only if is irregular, po is 
irregular. The same is true for any other thermodynamic function, 
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and T>0. From the definition of z it is proved that z is the fugacity (or activity) of the 
“(0)-system”’. If the equality (1) is true, then the fugacity of the “real system ” 
is equal to the fugacity z of the “ (0)-system”’, that is to say, z means the fugacity of 
both the “ (0)-system” and the “real system ”. 

§ 3.11. From Argument 1 of § 1.4 it follows that the function w of z is regular 
for all z less than z, and has a singularity at z, |see Fig. 3.1 (i) |, and that this singularity 


‘ 


is an “analytical” singularity [where the word “analytical” is defined in § 2.3]. Thus 
the condensation for the “ (0)-system”’ occurs at z,, an “analytical” singularity. 
§ 3.12. If the equality (1) is true for all z less than z, [see Fig. 3.1 (it) |, then 


the function w' of z is regular for all z less than z, and has a singularity at z, (since 


w” and w! are the same analytic function for z less than z,), and so the condensation 


@) (ii) 


Sy 
C2) 


N 


‘ 
‘ 
‘ 
a 1 
+ 
' 
' 
4 


(iii) 


Fig. 3.1. [Analytical behaviour of the thermodynamic 
functions of condensing systems] (i): the (0)-system. 
(ii): the real system (case 1). (iii): the real system 
(case 2). P represents the singularity of wf! that is the 
condensation point of the real system. Q_ represents 
the singularity of w that is the condensation point 


of the (0)-system. 


occuts at z,; that is, Zong (i.e., the condensation point of the 


29 
for the ‘‘ real system ion : 
' is “ analytical”. Hence, in 


real system) =; ; and this singularity z, of the function w 
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this case, the condensation for the “real system ” occurs at = “ analytical ” singulatinng 
and Mayer’s theory about the connection between the singularity and the condensa Qe is 
correct even if we rigorously consider the volume dependence of the cluster integralal 
That is, we make answer “ Yes ” to the question 1 of § 2.3 :—the type (a) or (c) is 
true. 

§ 3.13. On the contrary if the equality (1) is true for all Zz ee than asvalue of 
Z (Zwna say) less than z, but is not true beyond the point Zona [see Ee 3.1 (iii) |, then 
the function w' of z is regular for all z less than Zcona and has a singularity at Zona, and so 
the condensation for the “ real system” occurs at Zeona (<<z,), and this singularity Zeon of 
the function w! is “non-analytical”. Hence, in this case, we make answer “No” to 
the question 1 of § 2.3 :—the type (b) or (d) is true; and Mayer’s theory does not 
hold. . 

§ 3.14. Similar statements are true with V, Vs, Veone in place of 2% Z3 Zeona and 
with “greater” in place of “less” in S§ 3.11, 3.12 and 3.13, since [by Argument 1 of 
§ 1.4] the function z(v, T) of v is regular (and decreasing) for v >v, (i.e., for 2g 


‘ 


and has an “analytical” singularity at v,. Here z,=z(v,) and hei & (Ocal 

§ 3.2. Conditions for the truth of the equality (1) are given in Part I by Theorem 
a and its Corollaries 1 and 2 (of § 1.5). 

The Corollary 2 states a sufficient condition for the truth of the equality (1). It 
should be remarked that the condition for the equality has been expressed by inequalities. 
It is much easier to examine the truth of an inequality than that of an equality. In 
this meaning the corollary, as well as the theorem, may be very useful. 

Using the corollary, we attempt a discussion, as follows, of the problem as to con- 
densation and singularity.* 

To confirm that the inequalities are satisfied, we need only make a rough estima- 
tion of the behaviour of the “ real” cluster integrals 6;(V, T) as functions of the volume 
V. This purpose may be effected, for example, by examining the behaviour of 6/(V, T) 
for a lattice gas of small size, that is, a system consisting of L lattice points and N parti- 
cles [where L and N(<L) are small and V=LC (C being a suitable constant) |, since 
such a system may be considered to describe roughly the behaviour of 6)(V,T) of a 
real large system. Such an examination has been given, for example, by the work" of 
Fujita and Katsura. For all sufficiently low temperatures it is shown that the function 
b\.(Nv, T) of v is positive and increasing with v for all values of v greater than a value 
(v, say) of v. This is due to the predominance of the positive part (attractive part) of 
the function f(r;;) in the integrand of the cluster integral for low temperatures and to 
the increase of the integration region of the cluster integral with increasing v. For v< vp, 
(Nv, T) may be negative or positive and its behaviour is, in general, very irregular. 
This is due to the irregular contribution of the negative part (repulsive part) of the 


functionf(y;,) in the integrand of the cluster integral for small volumes. It is seen 


* It may be noted that the discussion in this section (§ 3.2) is not so rigorous as the proofs in 


Part I and so there is some difference in character between the argument in Part I and that in this section. 
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that v, is small as compared with v, (i.e., the specific volume for the saturated vapour) , 
and that 6! (T') >6] (Nv, T) =b\ (No, T) for [<N and for v>v,. Thus we may consider 
that the condition (C) of Corollary 2 (of § 1.5) is satisfied for all z<z, (i.e., for all 
v>v,) at all temperatures so low that the usual condensation occurs, and hence, at all 
such temperatures, Mayer’s theory of condensation is true and the condensation point of the 
“real system ” is an “ analytical” singularity. 

In the present theory we are restricted to the range of temperatures for which every 
bi) (T) is positive, that is, the range of temperatures lower than some temperature which 
may be a little lower than the critical temperature (see [[3]| of Argument 1 of § 1.4). 
[Condensation phenomena of usual character, as treated by Mayer’s original theory” (about 
the condensation of the “(0)-system”?) in terms of usual “liquid drop clusters”, are 
considered to occur in this range of temperatures.]| But some 6{”(T) may be negative 
for not so low temperatures, that is, for temperatures sufficiently near the critical tempera- 
ture. Moreover, for temperatures for which every b{?(T) is positive but which is  suf- 
ficiently near the critical temperature, the condition of Corollary 2 (of § 1.5) and even 
the condition of Theorem [I] (of § 1.5) may be invalid for some values of v such that 
v>v,;. Consequently, in any case, near the critical temperature, the condensation point 
of the “real system” may be a “non-analytical” singularity. Thus, for this range of 


temperatures, the condensation phenomenon of the ‘ 


‘real system”? may have a sort of 
unusual or irregular character. Perhaps this might be connected with the observed singular 
phenomena of a gas in the critical region, i.e., the region near the critical point. 

§ 3.3. In Part I we have obtained also Theorem (of § 1.6), which states condi. 
tions for inequality and may be useful in the theory of condensation. 

In case Veo >V; (ie., in case Mayet’s theory be invalid), either the condition o! 
Theorem [III] (of $1.6) or the condition of Theorem [IV] (of § 1.6) should be satis- 
fied for all v such that v,.,2>v>v., to ensure the existence of the limiting function from 


‘ 


which the thermodynamic functions (per molecule) of the “real system” should be 


derived. 
§ 3.4. Here we shall compare the present theory with Yang and Lee’s theory” of 


phase transition. While the present theory concerns the case of canonical ensemble, 
Yang and Lee consider the case of grand canonical ensemble and attempt to prove the 
truth of the equality [Eq. (16) of reference18) | 

tan : BV, noose (T) 2. (2) 

T>o /=1 = 
The left-hand side of Eq. (2) describes the “real system”, and so it corresponds to the 
function w' for our case. The right-hand side of Eq. (2) describes the “ (0)-system”’, 
and so it corresponds to the function w for our case. [Of course, each side of Eq. (1) 
(for our case) is related directly to the Helmholtz free energy per molecule, but each 
side of Eq. (2) (for Yang-Lee’s case) to the pressure. However, in the theory of con- 
densation, one may discuss the analytical behaviour of any thermodynamic function. | 
Hence the equality (2) for Yang-Lee’s case corresponds to the equality (1) for our case. 
Yang and Lee have proved the truth of the equality (2) for all z less than t,; [this ¢, 
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is seen to be Z,»,. for our case]. But in Yang-Lee’s argument the following two different 
concepts have been confused by using the same symbol ¢, for them. 

(I): The first singularity along the positive real axis, of the series 2 bO(T)z' of 

l= 

its analytical continuation. 

(II): The point at which the roots of =,(z)=0 close in onto the real axis as 
V—>co, (where =,(z) is the grand partition function). 
Both (I) and (II) have been written as t, by Yang and Lee. However, (1), which 
means the condensation point of the “ (0)-system”, should be written as ¢{” (i.e. %), 
and (II), which means the condensation point 


of the “real system”, should be written as re 


bat (i.e. Zon2). In Yang-Lee’s argument, ¢{ and 
eA t; have not been proved to be equal. 
A Now see Fig. 3.2. We may say that Yang 
and Lee have proved the truth of the equality 
(2) for the part OP, that is, up to Zona (ie. 
t,'); this does not mean the proof of the truth 
‘0 of Mayer's theory of condensation, because it 
0 Se epee is possible that P, the condensation point of the 
‘ 33 
Fig. 3.2 [Comparison between the arguments seal x i pepe and Rowehat nf the nae a 
of Yang-Lee and of ours] The ordinate re- tem: , may be different, that IS, Zcona S Xs (i.e. 
presents both the Helmholtz free energy (per t,<t{?). On the other hand, in the present 
molecule) and the pressure, for the real system theory (S 3.2); o(foreall temperatures such that 


or for the (0)-system. : 
BONES the usual condensation occurs) we have attempt- 


ed to confirm the truth of the equality (1) for the part OQ (i.e., up to z), which 


means the coincidence* between P and Q (i-€., Zeme=%) and consequently the truth of 
Mayer’s theory of condensation. 
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Appendices (to Part D 


Appendix 1. <Proof of Lemma y> 
(i) and (ii) of Lemma y are obvious. Let us prove (iii). 
TO nhs max 0(l, T) exists, there is the least value (say [,) of I’ such that 04 T) =max lee says 
Then 0(J, T) max 0(1,T) for all /=t. Hence (a7). Now 06(I, T)/60(l, T)<1 for ali l=, and 


Note that, since z, (ie. 4) is an “ analytical” singularity, it is of course impossible that Zs <Zcond 
(i.e. Oey), 
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6(4, T)/0(4, T)=1 and =. Hence (b’). 

Dees Tt ee 0(l, T) does not exist, then 0(/, T)=6(l, T) for an infinite number of /. For, if there be 
only a finite number of / such that 0(/, T)=0(/, T), then there is the greatest (say ly) of such J; and 
6(l, T) <0 (bs, T) for all (>, and 6(/, T)<0(bo, T) for all [<ly; hence @(l:, T) is greatest, contrary to the 
assumption. Therefore oo 0(L, T) is a limit-value of the sequence {0(/, T)}(/=1---cc). But 6, T)=0L, T) 


for all /, and so the sequence {0(/, T)}(/=1---co) has no limit-values greater than lim 6(l, T). Hence (a’’). 
l+o 


Since 0(/, T) /6(L, T) =1 for an infinite number of J, unity is a limit-value of {0(J, T)/6, T)} @=lp:-:00). 


But 6(/, T)/6(l, T)S1 for all =h, and so {6(I, T)/6(L, T)}(l=lp::00) has no limit-values greater than 
unity. Hence (b’). 


Appendix 2. < Lemma > 


For any positive integer and for every integral value of s such that OSsS (1/2) (U+1), we can find 
a set {yz} (l=1,2,..., 1) such that: 
1° each vz is either O or 1, 
uw 
Cael 7s 
= 
(Proof) —Take any integer s’ such that O<s/<(1/2)/(V +1) —1, and assume that we can find a set 
{v7} which satisfies 1° and 2° for s=s’. In this set there is at least one / such that y,=0. ([For, if yz= 
1 for every [<I’, then s’=(1/2)/(UV +1), contrary to the assumption.] Let m be the least of such /. If 
m=1, change v; from 0 to 1; if m=2, change Ym from 0 to 1 and ym; from 1 to 0. Then in either case 
we get a set {v7} which satisfies 1° and 2° for s=s/+1. The set {0,0,..., 0} satisfies 1° and 2° for s=0. 
Hence the lemma. 


Appendix 3. <Notes for the proof of Lemma 6> 


[Here the indices 1, 2, 3,.... 9, A, B, © correspond to the superscripts of (28)%, (31b)©, ete., in 
Lemma 6, and (n) is the number of a formula in Lemma 6.] 

From (lla) m#z=[mz] +2, (17) mz>0, and (20) 4,20, we have: 

1, OSmp,—a1<1 GE pe=0). 2. 0Cm;=misur CE pre). 3. |My —mi|<ur +1, (from 1 and 2). 

4. pial (if mz—=1 and mi<1). Do mpl Cif mz—1 and y;=0). 6. 0<m<1 (if m,=0). 

From (13), (15) and (19), we have 7. OS p;Sp(N) +1 for all /<//(N) and for all N. 

From (14), (17) and (19), we have 8. O0<u(N)SN for all N. 

From (21) and (22), we have 9. 0Sim;SN for all (<//(N) and for all N. 

Now we have the following lemmas A, B, and C. 

A. If x is real and x=21 and yp is a non-negative integer, then we have 


[Inf ([x] + 4) /x}|<In(u+-2). 


[This follows from the following two lemmas 4), A2.] i 
Ay. If x is real and x21, then O=In( [x] /x) >—In 2. 
Ao. If x, w are real and x21, p21, then 

0<In{ ( [x] +) /x}Sln(u+1). 


B. The function x In([x]/x) 15 bounded in the half-open real interval 1x +0, 
[For we have xln(1—1/x) <xln([x] /x) <0 for x>1; and xln(1—1/x) is Lourded for x22, since it is 
continuous for x2 and its limit for x>+00 is —1. And xln(1/x) is bounded for 1<x<2.] 


C. If x, # are real and x>0, 4>0, then we have 
O<xln{ ([x] +) /x}<e 
[For we have 0<aln(1 +ylx)<p (x>0, 4>0), since lim x In(1+ p/x) =0 and bina x In(1+y/x) = and 
xw->' L foe} 


(djdx) {xin (1+ #/x) }=1/(.+ 4/2) —In{1/(1t+4/x)}-1>0 (x>0, 2>0).J 
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Appendix 4. <Auxiliary theorems > 


I. For any infinite sequence fan}(n=1---00) of real numbers, the following are true. x 

(i) If and only if lim sup dn=A(—0<KAK +), then, given any e>0, we have an<A+e for almost 
all n, and we have an > A—€ for an infinite number of n. 

(ii) If and only if lim sup an=+, then, given any real K (however large it may be), we have an >K 
for an infinite number of n. 

(iii) If and only if lim sup an=—, then, given any real k (however small it may be), we have an 
<k for almost all n. 

Il. For any two sequences {an} and {bn}, if dnb, for almost all n, then lim sup dy<lim sup bn. 

Ill. For any two sequences fan} and {bn} and for fen=antbn}, we have lim inf a,+lim inf 6,<lim 

lim inf a,+lim sup b» ) 
inf nS flim sup ¢ySclim sup a,+lim sup Dare 
lim sup a,+lim inf 6, 

[Note] The cases that (+00) + (—°9) and that (—co)+(+00), and only these cases, should be 
excluded. The same is true in the following corollaries. 

Corollary 1. If lim ay exists, then, (i) lim sup c,=lim a,,+lim sup by», Gi) lim inf c,=lim a,+lim 
inf 5, [See II and note that lim sup a,=lim inf dn=lim an.) 

Corollary 2. If {an} is convergent, then {b,} and {cnr} are convergent or divergent (to positive or negative 
infinity) or oscillatory, together. [By Corol. 1; if —oo<lim sup 6,=lim inf b,<C+0, then —oco<lim sup 
cy=lim inf cp.<-+ 00; if lim sup b,=lim inf 6,,=-b0o, then lim sup cn=lim inf c,=-+~; if lim sup bnX 
lim inf 6, then lim sup c,~lim inf c,-] 

Corollary 3. If both lim a, and lim 6, exist, then lim c,=lim a,+lim 6,. [See Corol. 1 and note 
that lim sup 6,=lim inf 6,=lim 6,.] 
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Erratum 


[K. Ikeda, Proc. Internat. Conf. Theor. Phys. Kyoto & Tokyo (1953), 544.] 
p- 544, line 11. For fgj=exp{—u(r¢,)/kT} read f;j;=exp{—u(ri,)/kT}—1. 
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Nuclear reactions induced by helium capture, 3a—>C+/7 etc., are investigated. The results are 
applied to the study of the variation of chemical abundances and the energy generation in the hydrogen 
exhausted stellar core with suitable physical conditions. The reactions, C!?+C! etc., are also discussed. 

The results obtained are useful to study the stellar evolution in its later stage. 


$1. Introduction 


Taketani, Hatanaka, and one of the present authors (Obi)” have suggested that the 
characteristic differences between two populations of celestial objects are accounted for by 
the evolutionary scheme involving the building up process of heavier elements in the 
central region of stars of Population IH and of Population I in the later stage of their 
evolution. The present paper aims to give detailed theoretical investigations of such syn- 
thesis processes of heavier elements in our evolutionary framework.**’ 

After the complete exhaustion of hydrogen in the central region of stars in the 
later stage of their evolution, the temperature and the density may rise high enough for 
the conversion of its helium into heavier elements. The nuclear reactions at this stage 


of stellar evolution were discussed by several authors”. 


In this paper the reaction rates of several helium reactons, 3a>C’+7, C’+a> 
O8+7, 0% +a—>Ne” +7, are discussed in full detail. Our results differ from the earlier 
results obtained by Opik and Salpeter mainly because of the adoption of new data on 
nuclear energy levels. 

The detailed accounts are also given concerning the simultaneous occurring of t 
ctions in the hydrogen exhausted core with particular reference to the stellar 
energy production. According to our numerical results, the energy production through 
these reactions is very large and is found to be sufficient to supply the whole radiation 
minous stars such as those found in the globular clusters. 


hese 


three helium rea 


energy of very lu 


+) The name Kikuta has been changed to Ohmura. 
**) A study on the same problem has been done also by S. Hayakawa, C. Hayashi, M. Imoto and 


K. Kikuchi the results of which will soon appear in this journal. 
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The reactions Ne™-+a, etc. and C#+4C, ete. are also discussed, and are shown not 
to occur at any considerable rates under usual stellar conditions. It may be quite certain 
thet under the conditions where the helium reactions are occurring above reactions have 
no appreciable effects on the energy production in usual stars. On the other hand, under 
the unusual conditions in the stellar collapsing stage or after the complete exhaustion of 
helium, these reactions may play a very important role especially in connection with the 
building up processes of heavy elements. 

In the following, the rates of successive reactions induced by helium capture are dis- 
cussed in §2. The nuclear energy produced by the reaction 3a—C”™ i: calculated for 
several sets of the central temperature T, ard central density ”, of the helium convective 
core. This is shown in graphical form in §3. In §4 we formulate the simultaneous 
differential equations governing the procedures of these nuclear reactions in a stellar helium 
convective core. In §5 using the typical giant stellar model, the differential equations 
obtained in § 4 are numerically solved and the change of chemical composition and stellar 
energy production with time are calculated. The reactions C’%+C'™ and some other re- 
actions ate discussed in § 6. In § 7, the obtained results are discussed and further remakrs 


are given. 


§2. The rates of reactions induced by helium capture 


In a stage of the evolution of stars, the hydrogen in the active core will be gradually 
consumed through the reaction p—>a. Opik”, Salpeter” and Hoyle” have shown that 
helium reactions will take place as the next stage. Opik and Salpeter have paid special 
attention to the formation of Cl, and Hoyle has further calculated the rate of the forma- 
tion of O' in some detail. Recently, however, new experimental data on the energy 
levels of these nuclei have been presented. Therefore we have reinvestigated these reactions 
in detail, and have discussed also the formation of Ne™ which has been discussed by these 
authors only qualitatively. The rates of the further @-captures are small as shown in the 
latter half of this section. 

When the temperature T and the density ” of the central region of helium core 
become high enough, C™ is formed by the following processes : 


a+a+0.096 Mev Be* (1) 
Be’ +-a@-+-0.27 Mevz.C*** (2) 
C?**5CP+7,+7,.+7.56 Mev (3) 
3a >C?+7,+7.+7.28 Mev (1) 


19 . . . 
Once C” is formed, the heavier elements will be produced by the successive capture 
of a@-particle : 


C? +a50"+7.15 Mev, (II) 
O" + a—>Ne”+4.75 Mev, (IIT) 


ee ee ci) 
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To begin with, we shall calculate the rates of the above reactions (1), (II), (III), 
etc., 


Da 3a—>C*-+-7 


The scheme of this reaction is shown in Fig. (1). In the following we shall discuss 


et in detail the reaction rate of this pro- 
cess. 
Let each gram of the stellar ma- 
" | aS 7. 65 rats terial contain X, gram of element A, 
| a and assume that the momentum dis- 


tribution of a@-particles is given by the 
Maxwell distribution law, namely the 


number of a@-particles with momenta 


2 + between p and p-+dp per unit volume 
is 
n, (27M, kT) ~*? exp 
[—p’/(2M, kT) \ap, (4) 
where 
n,=~ X,/M,: number of a-particles 
per unit volume, 
oF 0+ 5 
M,: mass of a@-particle, 
Fig. (1) Energy diagram of the reaction 3a>C”+y7 k: Boltzmann’s constant. 


in Mev The cross sections of the reactions 


a+a—Be* and Be’+a—C”+7 are given by 
o™ (E) = (nb?/2M,E) [PP / {(E—E”™)? + (™/2)7} 1, (5) 
of (E) = (n#2/2M/E) (P's P's/ (E—B)? + (*/2) 4}, (6) 
where 
M,=M,M,/(M.+M.) =Mu/2, My! = MM ne/ Me +M ve) SANGO VED 
E”*, E°: resonance energies of the above reactions, 
lr’, [°: total widths of the ground state of Be” and the second excited. state of C™, 


‘ oo : 
P2, ['%: partial widths for a-emission of the ground state of Be and the second 
excited state of C”, 


. . . . 12 
['s: partial width for 7-emission of the second excited state of C”. 


As the life time of Be® is given by bi 1, >" stom, eqsxy (4) and (5), the number of Be° 


per unit volume, My 1S 
nye=nd (2nM, &T)-*| d'p d’p! (0/1) 2E/My)'" @b/2M,E) 


Mage) (BB) 24 (le 2)" Jexpl — (p? +p”) / (2M.kT) |. 
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In this equation, we convert the variables from p and p’ to the momentum, P of ae 
centre of gravity and the momentum p, of the relative motion by the following relations 

p=(P+2p,)/2, p'=(P—2p,) /2- 
Then, as E and E” are given by 

E=p,?/(2M,), E”= (p,")*/(2My); 
the number of Be® is 

ny=ng (20M, kT)~*. 167%°M,\d°P exp [—P?/(4MkT) | 
x dp p./ {(peo— (p,)*)? + Mr PY} WP 
x exp[ —p,2/ (M,AT) ]. 


The integrand of the last integral has a sharp maximum at pr=p.’. Therefore, we can 
replace p, by py* in 12 -exp[ —p,/ (MRT) |. Performing the integration with this replace- 


ment, we obtain 


ny = 8b (2/1) ne (20M, kT) ~* 


x exp[ —E”/kT ]Jd°P- exp [— P?/ (4M, kT) ] (7a) 
~ (4n6?/M,kT)*" n2 exp (—E*/kT), (2 ~0™, E*))L”) (7b) 
From (7a), the number of Be* per unit volume with momenta between P and P+dP 
is given by 
anh (Pe /1'"*) 2 (20M,kT) ~ exp (—E”’/kT ) exp (—P*/4M,kT). (8) 


The rate P, of the reaction (I), the number of C” produced per unit volume per unit 
time, is obtained from eqs. (4), (6) and (8), 


Pare. (l\ fz (atm eto 
x §§d°P d’p” (2E’/M,') ” (x?/2M/' E’) 
x LE LYS {CE +E)? + (°/2)"} Jexpl — (P? +2") / (4M, kT) J. 
Taking into account the following experimental facts, 
E*) re, ENT MPM TaD a Ps (PRT we 
we obtain 
P,=24V73 7° TY no (M, kT) ~* exp [— (E”+E*%) /kT]. (9) 


The resonance energies E” and E° are 0.096 Mev and 0.276 Mev, respectively. With 
these velues for E’* and E", and with the relation n,=~ X,/M,, the reaction rate is 


*) The probability that a C!* nucleus excited to the 7.7 Mev state will decay to Be’+a has experi- 
mentally been found to be greater than~80 percent". 
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P,;=1.19X10" [°° (107° ev)[p (10°) }? X(T (10°) ]-° 
X exp] —43.2/T (10°) |sec*. cm~*, (10) 


where T(10°), (10°) and /'$(10~* ev) mean that the units of temperature T, density 
e and width /’Y are 10°°K, 10° gm/cm* and 107° ev, respectively. As the cascade transi- 
tion of the second excited state of C’, 0+—-2+-— 0-4, is E2 transition, the width J’, 
for the first one is of the order of 107-°~107’ev. 


The energy generated by this reaction (I) per unit mass per unit time is 
E,=€, (10°) PX, T (10°) |-* exp[ —43.2/T (10°) | erg/gm-sec, (11) 
E138 102-1 (0s ev) GE) 


Our result for the rate of energy production by reaction (I), (ID), is different from 
the one due to Salpeter.” According to him the rate is 


710 (O72 5 x10) Te X10 K) Faetamers/ omaasecs 
near the temperature 210°°K. While, our result is 


e452 % 10°(0/2.5 X10) 17 / (2 X10" °K) ) (10: ev) Xe. erg/ gm. sec, 


at the same temperature region (both expressions use the 
value /’,°~10~* ev). Our rate is larger than his by the 
factor ~10°. This difference can be attributed to our 


adoption of the new experimental data on energy levels. 


7.149 


ii) C?®+a>50*+7 

We next discuss the second reaction C’? +a>O" +47. 
The energy levels of O° are shown in Fig. (2)iten The 
excited states of O' near the energy E,(E,=M,.+M.— 
M,: M, and M, are the masses of C” and O", respecti- 
vely.) are 7.12 Mev (1—) state and 8.6 Mev state. 
The excitation energy of the later state is too high 


to give an appreciable probability of forming this compound 
thermonuclear reaction C’?+a. Therefore, the state we 


will consider is the former one, i.e., 7.12-Mev(1—) state. 


4 Assuming that the channel spin is 1, the cross sec- 
Fig. (2) Energy diagram of tion of the reaction 
the reaction C!2+a—>O'%+7, 
in Mev. C24 a50%*50% +7 
is given by 


o® (E) =32 (/2Mn E)[P’ Po/ {(E-E)* + (9/2) 4) 
~3n (8/2M.E) [Pe Pe /(E-E)*|, E-E'> 1/2), (13) 


where 
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M,,=M, M./(M.+M.) (M,: mass of C® nucleus) 
r,, 02,0: partial widths of 7.12-Mev state of O” for @-emission, 7- 
emission and total width of this state, 


E°=7.12 Mev—E,<0 


The reaction (I) is a resonance reaction. On the contrary, the reaction (II) is a 
non-resonant one. We should, therefore, take into account the appropriate energy depen- 


(ence cof the widths J. sand) Ly wee | ney acne expressed as: 
Pe=2 (2M,,E/b’) ba Ra Ta 


v,=[F2(R) +G7(R) |", (14) 
where 
R: channel radius, 
Ya: teduced width, 
F,,G,: regular and irregular Coulomb wave functions for /=1, 
and 


l,$=A(E,+E)° (15) 
The transition O"* (7.12 Mev) >O" (ground) +7 is El transition. A ma be estimated 
g y 


from 


A= OREM, (16) 


where I.” is the value of J”," at 7.12 Mev, and E=7.12 Mev. 

We assume that the momentum distributions of both @-particles and C™ nuclei are 
given by the Maxwell law. The rate P,, of the reaction (II) is obtained from eqs. (13) 
(14) and (15), 


P,,= §\d° pd? p'nn, (MM,) *” X (27kT) ~°(2E/Mi)'‘” 
x 3 (b?/2M,,E) [2kRo, 7ely’/ (E—E")*] 
x exp — {(p°/M.) + (p”/M.)} /2kT ] 
=12/T b Rng 7e4 (kT) -*? My? 
x JE! (Ey +E)*(E—E°) ~?(F2+G?)7 exp (—E/kT) dE 
=12/m bR(kT)~*" (My, M, M,)- 7. AP-X, X, 
X [E!? (E, +E)? (E—E")~ (F?+G,*)~ exp (—E/kT) dE, (17) 


where n, is the number of C” per unit volume. 


We take for the channel radius of this reaction”? 


R=f,AP ERA k10T ems “4,1 4X 10ers =) 
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Then, P,, is given by 


Pi7= 2263001 047, ev) [o(ev) [p(10) fF X XT (10°) 1-1 (7), (18) 
I(T) =jE” (E, +E)? (E—E') ?(F7+G,) 7 exp (—E/kT) dE. (19) 

From this, the energy generation rate €,; by the reaction (II) is given by 
Size Gy | CbO) LT (107) | XX LT) erg (om. sec, (20) 
&,!=3.24 10" 7, (ev) I’, " (ev). (21) 


As the lifetime of the 7.12-Mev state is measured to be <8 X10~” sec®, this transition 


is inferred to be El which is consistent with our assumption. Therefore, /’,’ in eqs. (18) 


logy) I(T) erg/? 


and (21) may be 1~10ev. The sum 
rule limit” of 7, is 1.6X10°ev. Other 


-27 
excited states of O"°, of which the lifetimes 
for @ emission are measured, give the 
28 
_ values of 7, as about 10'~10°ev. There- 
fore, 7, is estimated to be 10'~10' ev. 
sry Finally, we should calculate the integral 
I(T). We have calculated it numerically 
—30 evaluating the Coulomb wave functions at 
7 low energies by Abramowitz’s method’. 
ae As a table of Bessel-Chriford function is 
published by Shibagaki”, such a procedure 
% is not too far complicated compared with 
-33 
44 
35 
4, 746 
—36 Olb+ a 
-37 
~38 
“Oe 1.0 1.2 14 1.6 1.8 2.0 
T (10°°K) 
Fig. (3) I(T) (eq. (19)) as a function of tempera- Fig. (4) Energy diagram of the reaction 


ture T. Ol 4 a@—>Ne+7, in Mev. 
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the usual one in which one expands the integrand about the so-called Gamow peak. 
The former procedure is more accurate than the latter. For high enegies we have the 
values of Coulomb wave functions tabulated by Blocd et al.’? The values of I(T) thus 
obtained for 10°<T<2X10* °K are shown in Fig. (3). 
iii) O'%+a—Ne”+7 

Experiments on the energy levels of Ne” are scarce. The levels found so far are 
shown in Fig. (4). The most interesting state for our problem is 4.95-Mev state*’. If 
it has even spin and even parity, or has odd spin and odd parity, a collision between OF 
and a@ can form Ne” in this state. We shall calculate the rate of the reaction (III) 
assuming that this resonance does occur. 


Let channel spin of this reaction be /. Then, the cross section is 
oN(E) = (20-41) 0 (#/2My E) WP PF /{(E-E™)* + ""/2)} J, (22) 
where 
Miy=M.M,/(M.+™M)), 
E*: resonance energy, 


re, Py, (:~ partial widths for a@-emission, 7-emission and _ total 
width of 4.95 Mev state of Ne”. 


We assume that the momenta of @-particles and O'" nuclei are again given by the 
Maxwell distribution law. Then, the reaction rate can be obtained by a similar procedure 
as in i): 

Pyyy= (21-1) (277) 76? nny (Mazz ET) PT) <=> (EM (kT) 
ps. (21 24) (27) *? Bo? XX (Mi kl) De Ue MMe 
Xexp (—E“/kT), (23) 
= 8.00 X 10” (2/-++1)[(10°) | T (10°) |-"* X, XX 
XP's (ev) PY (ev) (ev) ) “exp[ — 23.7/T (105) Jom=*. sec. (24) 


. 16 . . 
where n, is the number of O" nuclei per unit volume. The rate &),; of energy genera- 


tion is given by , 
Ep =Ey' (10°) [T (10°) |"? X, X, exp | —23.7/T (10°) | erg/gm-sec, (25) 


where 


&)' = 6.08 X 10" (2/-+1) 8" (ev) P'¥* (ev) /I’* (ev). (26) 


1 . . . 
The situation differs somewhat from that of i), viz., in i) 1" is far greater than 1%, so 


[’~1", but in iii) 1° is far greater than [°%*, thus [~~ is di 
. g an J’¢°, thus ~I'}. This difference occurs 


*) In the table by Ajzenberg and Lauritsen®), one finds a level at 5.4 Mev. Recently, however, Free- 
mantle et al.') found that this level should split into two levels at 4.95 Mev and 5.62 Mev 
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because the penetration factor for a@-emission from Ne” is smaller than that of C®. ['y’ 
is estimated to be 107~°~10~" ev from the penetrability of @-particle based on W. K. 
B. method. 

The numerical results for reactions (I), (II) and (III) are summarized in Table I 


Bed Fig. (8) for P4=107% ev, 7,=10% ev, [=1 ev and ['¥*=2.12X 10-™ ev. 
iv) Ne”®+a—>Mg"+7 
The energy diagram of the reaction 
Ne” +a@—Mg" +7 (IV) 


is shown in Fig. (5). This figure shows that there has not 
been observed any excited level of Mg” between 8.4 Mev 
level and 12.0 Mev level. Both of these levels cannot be 
reached with an appreciable probability from the entrance 
channel Ne”+a@. But it is hardly concluded in the present 


stage that in such a wide energy region there are no excited 


9. 332 
Ne® +a 


level and that the resonance reaction cannot occur. For the 
reaction (IV), we can estimate the upper limit of the rate 
of this reaction, assuming that there is an excited level 
through which the resonance reaction can occur and which 
makes the reaction rate maximum at a given temperature. 

The rate of this reaction can be obtained by using the 
same procedure as in iii). 

The result is 


Py, =6.02 X 10” (2/+1) [0 (10°) PT (10°) Pr us(ev)X, Xne 
X exp[ —116 E*” (Mev) /T (169) Jem "seca, 2) 


Mg where 


Fig. (5) Energy diagram of l: channel spin, 
the reaction Ne®+a—-Mg"+ 


Fin Mev P¥(ev) : a@-width of the assumed excited level of 


Me”, 
E”9(Mev) : resonance energy in Mev. 


From eq. (27), the rate of energy production is 
E,p=9.00X 10” (2) + 1) p (10°) [T (10°) |? Pa" (ev) Xa Xe 
xX exp[ — 116E”7 (Mev) /T (10°) | erg/ (gm - sec). (28) 


. . M 
We have calculated the energy productions for the resonance energies E™”’ (Mev) 
which make the rate P,» of the reaction (IV) maximum at given temperatures. The 


numerical results are shown in Table I and Fig. (8). From these results it is easily 


8 


seen that the energy production rate for temperature <1.5 10 °K is small enough to 
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9. 996 
Mgt +a 


Fig. (6) Energy diagram of 
the reaction Mg*4+a—Si?8+ 
7, in Mev. 


15(p.t)and 
S(p.a) 


resonance levels 


6.994 
Si%®+a 


Fig. (7) Energy diagram of 
the reaction Si%8+@—>S*+ 7, 
in Mev. 


neglect this reaction for any resonance energy. 
v) Mg*+a>Si*+7 

The energy diagram is shown in Fig. (6), including 
the new levels! which have been found recently and one 
of which, 10.2 Mev level, is the most interesting one for 
the present problem. 

The rate of the reaction (V) and its energy produc- 
tion rate are calculated assuming that the resonance reaction 
can occur and using completely the same procedure as in iii). 
The results are 

P,=4.56 X 10" (2/-+1)[(10°) PLT (10°) |-*” 
P's (ev) Xe Xuy 
X exp[ —23.7/T (10°) | cm7*sec™’, (29) 
€,=7.30 X 10” (2/+1) 0 (10°) [ T (10°) |-*” 
I's (ev) Xe Xuy 
X exp[ —23.7/T (10°) | erg/(gm-sec). (30) 
The a-width [’S‘(ev) for 10.2 Mev level of Si® is estimat- 
ed to be 107* ev by calculating the penetrability of a- 
particles using the W.K.B. method. The numerical results 
are shown in Table I and Fig. (8). It is clear from these 
result that the energy production is very small compared with 
those from the reactions (I), (II) and (III) and we can 
neglect this source of energy production in the following 
disussions. 
vi) Si®+a5S®+4y 
The energy diagram of the reaction 
Si*+a>S*+y7 (VI) 
is shown in Fig. (7). The most interesting level for this 
problem is 7.28 Mev level’ of S*. Assuming that the 
resonance reaction can occur, the reaction rate and the energy 


production rate of this reaction (VI) are calculated by the 
same method as in (iii). The results are 


Py; =4.00 X 10" (2/-+1)[ (10°) }[T (10°) |“? 
Pe(ev) X Xs 
X exp| —39.0/T (10°) ] cm7?- sec7!, (31) 
cpp 4ao x 10” (2/+1) e(10°) [T (108) }-3” x 
x 1", (ev) Xz Xs; exp| —39.0/T (10°) ] erg/gm: sec. (32) 
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10'° 


108 


&; (erg/sec. gm)/[o(10° gm/cm*)]" Xa” Xj 


0) 


10” 


1.0 


Fig. (8) 


°K), where [*;¢~10~* ev, ¥e~10% ev, I;°~lev, 


12 1.2 1.3 1.4 1.5 


T (10° °K) 


1.6 1. 


2.0 
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€;/[{0 (10°) }n X.” Xj] as a function of temperature T (108 


T'eS*~4X 1077 ev and P'yS~8X 10~*4 ey. 


DT Ne~2X 10715 ev, 


Table I. Energy production rates. 

T1085 OK) 1.0 1.3 | 1.5 
€7/[p(10°)]? Xa? ® 2.46 X 102(T/To) °* 2.38 X 106(T/T) °? 1.30 X 108 (T/T)? ® 
€77/0(10°) XoXo” 1.10 103(T/T»)2°° 2.41 X 10°(T/T») 8° 6 3.52% 106(T/T») "5 
€ 7171/0 (10°) XaXo 6.73 X 102(T To) 22? 1.07 X 10°(T/T») 87 9.82% 10°(T/To) #8 
(€zy]010*) XaXwe) 8.97X10-3(T/To) 1.41 10(T/To) #2 1.32 10°(T/To) 2°" 4 

upper Limit 
Ey [0 (10°) XaXg 1.61 X 10-9 (T/To) 2? 2.56 X 10-7 (T/T) 7 2.34 X 10-6(T/To) "8 


4.32% 1071°(T/T)** 


2.36 <10-9(T/ To) == ® 


1.045¢105(T/ I) 73°” 


Ep z/0(10°) XaXsi” 
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SSS 
T (108 °K) | 2.0 | 5.0 | 10.0 

€7/[(10°) 2X3” | 7.30% 10!9(T/To) 18° 6 

€77/0(10°) XaX-" 5.04 X 108(T/T») > 9 

€711/9 (10°) XzX0 3.30 10° (T/T ) 18 

(€z7/p (10°) XaXye) 2.42 106(T/T») 27" 

upper Limit 

Ey|0(10°) XX ty 7.87 X1075( T/T)? 2.42X 10-2(T/To) 2 9.13 10-2(T/T»)™® 
éy7/(10°) XeXsi” 4.48X10-5(T/Ty) 9 | 1.37 (T/T) *** 2.38 X 10(T/T»)**# 


a) J'y¢=10~"ev, b) 7,=10° ev, T'7x°=1 ev, cl ve =2 10m ev, 
d) I.St=4xX10-* ev, 6) = 831 0aevs 


The units of energy production rate and density p are erg/(gm_-sec) and 10° gm/cm*. 


The a-width /’(ev) for 7.28 Mev level of S® is estimated as 107 ev. The numerical 
results are given in Table I and Fig. (8). From these results, we see that this reaction 


can be neglected in discussing the energy source problem. 


§3. Energy production by the reaction I, 3a—C”. 


It has already been suggested by Opik? and Salpeter? that if the temperature and 
the density of the hydrogen exhausted core are high, the reaction 3a—>C™ can supply a 
large amount of energy. Sandage and Schwarzschild’? and more recently Hoyle and 
Schwarzschild’ have identified some stars of globular cluster as being in this stage of 
stellar evolution. 

In this section we calculate the energy production via the reaction (I), 3a@—C™. 
The energy L,,,. produced in the helium convection core can be easily calculated using 
the results of section 2, equation (11) and (12). We specify the helium convection core 
with its central temperature T,, central density , and the value of the Emden variable’ 


at the outer boundary of the core, x. 
Lore = \ Gy 404 pdr 
et OL Ot EX 
x f[ (10°) PT (10°) |-* exp [ —43.2/T (105) ]r? dr. (33) 


In this convection core, let the ratio of specific heats 7 be 5/3, and introduce the 
variables x, y, U and W by the following definitions : 


[(10%=yT,(10°), 
p (10°) =Uy'*[T, (10°) } (34) 


c= W? 2, 


ris the distance from the centre of the star. y is the Emden function, and its values 
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18)19) 


for 7=5/3 are given in tabular form U and W are given by 


U=p, (10°) /[T, (10°) }'", 
(35) 
W2=4x< 107! upe- 4nGU|T, (10°) |'", 


39 Pe =105 gm /cm3 
38 


P.=10' gm /em3 


37 
36 f- Po =10° gm/ecm3 


35 


P, =10? gm/cm3 


=i 


32 


logio [Lcore/ (Xa*Lo)] 


logy  (Leore/Xa*) erg -sec 


-3 


=) 


29 
5 


—6 
1.0 1. 13 1.3 1.4 1.5 
Te (10°°K) 


Fig. (9) Energy production as a function of T, (108 °K). 


where jt is the mean molecular weight, #0 =8.314X 10’ erg/deg. mole is the gas constant 


and G=6.670X107* dyne. cm’/gm” is the gravitational constant. 
Making use of eqs. (34) and (35), 


Lies Kaa x 10 FEW” [TCL T= 
x ice exp [—43.2/{T. (10°) y} |dx. (36) 
0 


402 K. Nakagawa, T. Ohmura, H. Takebe, and S. Obi 


The relation between T, and L,.,./Xq° is shown in Fig. (9) for four values, 10°, 
10°, 10’ and 10° gm/cm’, of the central density p,. It may be easily seen from this 
figure that the energy production by this reaction is quite large under the suitable condi- 
tion of the helium core. Even the total energy of a very luminous star—a star which 
is several hundred times Iuminous than the sum—can be produced by this reaction if the 
central temperature of the helium core is about 1.3~1.4% 10° °K and the central density 
is of the order of 10°~10' gm/cm.° 

In the study on the stellar models with contracting core, Sandage and Schwarzschild’ 
have speculated that the helium reactions may produce the energy et the early phases of 
the core contraction. But the central temperature reached in their model (for example, 
T,=1.1X10°K and p,=3.6X 10° gm/cm® in model V) was thought to be rether low 
to produce enough energy. Using our expression eq. (36), the energy produced in the 
core of their model V is calculated to be Ly»,=1.53% 10" X,* erg/tec and is enough to 
supply the total energy of stars in the red giant branch of globular clusters. From only 
this point, the possibility that the energy of such stars is supplied by helium reactions is 


not completely rejected. 


§4. Nuclear reactions induced by helium 


in a helium convection core 


The reaction rates for 3a—>C”, C*+a—0O" and O'"+a—Ne™ are given by eqs. 
(9), (17) and (23). For the sake of simplicity we rewrite them as follows : 


P,=aT~* n,° exp [— (E”’ +E‘) /kT], (37) 

PeHbir ve nernel (a); (38) 

Pyy7=cT~*? nz n, exp [—E™*/kT], (39) 
where 

a=24V3 6 Io (M, b=, (40) 

b=12V2 bRyT oR’ ME’, (41) 

c= (21+1) (27)? BPX? (Mz, &) -", (42) 


My,=M.M./(M.+M.), Min=M, M,/(M,+,). 


and I(T) is an integtal given by eq. (17). 

To study the reactions (I), (II) and (III) in a helium core, we make the follow- 
ing assumptions : 
i) As these reaction rates depend very much on temperature, a convection core appears 


in the central region of the helium core, and these reactions occur only in the convec- 


tion poe ° 


ii) In this convection core particles are mixed rapidly and the chemical composition 
within it is uniform. 
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iii) The central temperature T, and the central density , are constant during the time 
interval with which we are concerned. 


iv) The supply of helium from the surroundings into this core and the variation of its 
volume are negligible. 


Let the volume of the convection core be V, and the numbers of a, C™”, O” and 
Ne” in it be N,, N,, Ny and Ny,, respectively. Then, 
None’. Ni={ pn, dV, Ny Voie dV 5 Ne (tne. (43) 


The changing rates of these numbers are 


dN,/dt= —3{ »P, V—\, Pj), dV —\, Pin AV, 
dN,/dt=§ y P, dV —\ Pn dV, 

dN,/dt=5, Pz, dV —S» Pi WV, 

dN dt=\y Pr dV. 


(44) 


From eq. (43) and n,=~ X,/M,, these differential equations can be written as follows : 


dX,,/dt= — (a, X°+a,X,+a,X)) Xa, 

dX, /de= (BX? — BX.) Xa; (45) 

dX,/dt= (7X. —72Xo) Xa, 

dX ay Gi—OK,X,,, 

where 

a, =3aJ,/ (M2 Jy) =2.37 X 10" TY (ev) Si/Jos 
@y=bJy/(M,Jo) = 1-88 X 10" 74 (ev) 1s" (ev) Jo/ Jo 
a, =1J,/ (Mfr) = 5-31. 10°(2/ +1)7 (ev) Js/Jos 
P,=4M,J,/ (M,? Jy) =2.37 X 10°TS (ev) Ji/Jos (46) 
Bo=bJo/ (My Jo) =5.64 X 1074 (ev) I," (ev) Jo/Jo» 
71=6M,Jo/ (MM M.Jy) =7.52 X 10" 72 (ev) fev) Js/ Joo 
= CJn/ (My Jr) =2-12 10" (20+1) Pe (ev) Je/Jw 
6 =cMy,J,|/(M,M, Jy) = 2-65 X 10" (2+ 1) Te OL Ev \JelJos 


i= { Py dV, 
(yl 2 exp (E® +E’) /kT |dV, (47) 
Jo=SrT ? PLT) aV, 
Jp=SvT 7? @ expl—E/kT JdV. 
For the sake of simplicity, T and ¢ are used instead of 1 (10°) and p(10") in eq:°(47). 
In the following we shall use this abbreviation. The integrals (47) can be calculated 


numerically, when T, ¢ and V are given. 
From eqs. (34) and (35), the integrals (47) become as follows : 
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Jpa4e U2 WT 39(3 9 exp(—43.2/y Tx dx, \ 
Jour U2 W* TL (5 YP TT.) # ax, 
Jp=4t U2 WT, 55 exp (—23.7/y T.) dx, 


| (48) 
| 
Jo=4eU W-* Te Sot yi” xd. ) 


These integrals can be evaluated once T,, , and x, are known. As for these values 


we shall discuss in the following section. 


$5. Variation of the chemical compositions and 


energy production by helium capture reactions 


Once the helium in the hydrogen exhausted core begins to be converted into carbon, 
oxygen and neon will be produced by successive capture of remaining helium by reaction 
(II) and (III). Thus the chemical composition in the core will be altered according to 
the differential equations (45). Then the energy produced in the core is not only sup- 
plied by the reaction (I), but also supplied by reactions (II) and (III). 

In order to know the variation of the luminosity of a star whose energy is supplied 
by these reactions, we must know the variation of the chemical composition, X,, X,, X, 
and Xy, besides the variation of the central temperature and the central density in con- 
nection with the stellar structure. 

In this section we restrict ourselves to the case in which the central temperature, 
T,, the central density », and the outer boundary x, of the helium convection core have 
constant values according to the assumptions iii) and iv). As a set of these values which 
characterise the central helium convection core, we use the one calculated by one of the 
authers (Obi) for an inhomogenious stellar model with 1.3 solar masses”. Assuming the 
energy is produced both by CN-cycle in a thin shell surrounding the helium core and by 
the reaction (I) in the central helium convection core, this model is applied for stars 
in the horizontal branch of the globular cluster. The adopted values are 


T2010: SKS 
(o= 6.992 X 10° gm/cm’, (49) 
x, = 1.57856. 


Equations (45) have been solved then by numerical quadrature using these values. 
As to the widths /’,’, 7, etc., appearing in eqs. (46), we can only estimate the order 
of magnitudes of their values, so the unique set of solutions cannot be obtaind. De- 
fining the following two parameters, 


é=y, FO/Ts, and y= (2i-+-1) 0/22, (50) 


the solutions are obtained for some plausible values for these two parameters. 
(45) contain time f as an independent variable. 
pendent variable ¢ to X,: 


Equations 
But it is convenient to change the inde- 
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dX,/dX, se (P, AG =a BX.) / (a,xXY = aX, Ir aX») > 
dX,/dX, =— (1X, —7eX) Ee (aX a A,X, AgXo) » 


(51) 
dX y./d@Xq — ae OX,/ (a, Met ate AX, + a,Xo) > 
dt/dX,=—1/| (a, X¢+a,X,+a,X,) Xz]. 
The initial conditions of these eqs. are taken to be 
Xv = > 
Ma Xi X =O, (52) 
(pO), 


Ss 


The results of our numerical calculation with different values of parameters € 
and 7 are shown in Figs. (10)~ (19). The comparison of two figures having the same 
€ and different 7 shows that there is a small difference in X, and X, between two cases. 
Further-more, it is seen in Figs. (15)~(19) that X, shows almost the same behavior, 
whichever set of the constants we may choose. If the sets of the constants ¢ and 7 are 
such as the ones that appear in Figs. (11), (16), (13) and (18), the rate of the reaction 
O"+a—>Ne”+7 should be large enough compared with the rate of C’+a—>O"+7, 
that is, the reaction C’+a—O"+7 is immediately followed by O'+a—Ne"+7. On 
the other hand, if €=10° and 7=2.12%10~” as in Figs. (14) and (19), the reaction 
3a—>C+7 is immediately followed by C’+a—0' +7. 

To get X,, X, and Xy, as functions 


0 . 
; of X,, only the ratios € and 7 between 


é=107 reaction widths are needed. But to get 
=2.12X 10-# 


them as functions of t, we must know 
the magnitudes of reaction widths, /’,”, 
yan io. slo, Figs..(lo) ~ (19) lee 
is taken to belO-* ev. If 1’, be 
f times 10-°ev, ¢ should be replaced 
by 1/f times the one which appears 
in these figures. 

As the chemical composition of 
the central convection core changes, the 
energy production within the core will 
be altered. The rates of energy gene- 
ration by the reactions (I), (II) and 
Ty 0.5 0 (IIT) are given by (11), (20) and 

Same Aa (25). Making use of these results, 
Fig. (10) Concentration (by weight) X,, X) and Xy-¢ 


of Cl2, O18 and Ne® as functions of Xz with cons- Big 
tants £=107, and y=2.12X 107. the core is given by 


the nuclear energy production within 


406 K. Nakagawa, T. Ohmura, H. Tekebe, and S. Obi 


€=108 
4=2.12X 105 
€ ~10’ 
9 ~2.12x10 


0 
° 10 0.5 0 1.0 0.5 0 
—_——"——""—" X a ‘ Xa@ 
Fig. (11) Concentration (by weight) X,, Xv, and Fig. (12) Concentration (by weight) X,, Xy and 
Xy- of Cl, O'8 and Ne” as functions of X4 with Xy, of Cl, Ol6 and Ne®? as functions of X, with 
constants €=10’, and y=2.12X 107". constants £=108, and y=2.i2 107. 


&=108 
7— 22% 105s 


&=10° 
y=2.12X107! 


=—— Xa 


Fig. (13) Concentration (by weight) X,, Xy and Fig. (14) Concentration (by weight) X,, Xo anc 
Xye of Cl®, O'6 and Ne** as functions of X, with Xye of Cl, O'l6 and Ne? as functions of X, witl 
constants £=108 and 7=2.12X 10711. constants §=109, and 7=2.12X 10712. 
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1.0 
€=107 
9=2.12X 10-2 
I'5°=107-%ey 


“0 10!" 2x10" »3x10" 


; t (sec) 
Fig. (15) Concentration (by weight) X,, X-, X) and Xy,. of a, C¥, Ol 
and Ne? as functions of time ¢ with €=10', y=2.1210-® and J';¢=10~%ev. 


1.0 
£=107 
=2.12X1071 
I'7°=107ev 


0.5 


0 10° 2x10" 3 x10% 


t (sec) 
Fig. (16) Concentration (by weight) Wa, Xe, Xo and Xv, of a, Cl, O'8 
and Ne20 as functions of time ¢ with £=10', y=2.12107!! and '>*=10~ ey. 


1.0 —&=108 

0.9 7210 
e¢—1073 

ad I'y¢=10-%ev 


0 10° 2x 10'5 3 x10" 


t (sec) 
Tig. (17) Concentration (by weight) X,, Xe, Xo and Xy_ of a, CP, O' 
1 Ne20 as functions of time ¢ with €=10°, 7=2.12* 107! and '>¢=107"ev. 
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oe F=10° 

0.9 ee Ome 
I'y¢ =10-%ev 

0.8 
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Fig. (18) Concentration (by weight) Xx, Xa, eXovand exeyenot,a, Gey OF 


and Ne20 as functions of time ¢ with €=108, y=2.12X 107!! and I’;*=107% ev. 
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0.9 §=10" 

y= 2.12 < 10-2 
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T'~°=10 ev 
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Fig. (19) Concentration (by weight) X,, X., Xo and Xy, of a, Cl’, OV 
and Ne” as functions of time ¢ with €=10°, 7=2.12X 107!" and ’y¢=10~ ev 


oat eri ar. 


E=E, +E, + E777 


Transforming the above equation by (34), we obtain 


where 


Leoe= 4% X 10° U? W-* 
X [EU [it y'° xe exp | —43.2/y T.|dx 
poy X Alo" ye a (y) x-dx 


+6," X, Xylat y'* xP exp (—23.7/y T,) dX], 


(53) 
(54) 


(55) 
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EGy=\E (E+E) (E=E) >? (G24 F2) 7 (56) 
x exp (—E/ky T,) dE. 
I'(y) is calculated in § 2, ii). Using the values of U, W and I'(y), one finds 
Leth fe | 165 X10 1210 ew) Xa 
+3.56X 10717, (ev) 1’,’ (ev) X, (S7) 
+8.13 X 10" (2/ +1) P23" (ev) X,|X,. 
Where / is the mean moleculer weight of the central convection core and is given by 
p=| (3/4) X,4 (7/12) X,+ (9/16) X)+ (11/20) Xe). (58) 
# is also obtained numerically. The nuclear energy production within the core thus ob- 
tained is shown in Figs. (20) and (21). 
It is seen in these figures, that energy production gradually decreases, as time passes 


and X, decreases, for any set of constants ¢ and 7. Here, /’,° is taken to be=107’ev. 


If [°° be f times 10~*ev, L,,,, in Figs. (20) and (21) should be f times the one which 


10% 


105 


Leore (erg - sec’) 


10% 


107° 0.9 0.8 0.7 0.6 0.5 0.4 G8) 


Xa 


Ome 0.1 


Fig. (20) Energy production Len,¢ as a function of X,, with [’;°=10~% ev. 
Each curve corresponds to one of the sets of & and 4, 1: €=10', 7=2.12X 10", 
2: €=107, p=2.12X 107, 3: €=108, y=2IZX10-", 4 : F=108, y= 212X104, 
5: €=109, 7=2.12X 107". 
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Fig. (21) Energy production L,,,,¢ as a function of the time ¢ with Tye¢= 
10-8 ey. Each curve corresponds to one of the sets of & and 7, 1: €=10’, 
N=2.12X10-#, 2: €=10', y=2.12XK 10-4, 3: £=108, y=2.12X10-"%, 4: €=108, 
=2.12X 10-1, 5: €=109, y=1.12X10-”. 


is given in these figures, and ¢ should become 1/f times the one in Fig. (21). 


§6. Nuclear reactions among C”’, O', Ne” 


As discussed in the preceding sections, the a@-capture reactions produce C’, O', Ne”, 


ete, In the present section we consider whether the nuclear reactions among these nuclei 


themselves can effectively occur or not in actual stars. According to the data summarized 


in the articles by Ajzenberg and Lauritsen”, and by Endt and Kluyner” we find the 


following energetically possible reactions using the values of mass defects. 
The reaction rate for the formation of compound state by colliding two nuclei with 
each other will be given as follows. 
P= (22)*? # 0? X, Xp (KTM). (M, Mz) = 2 (2J +1) 
Xexp(—116 E/kT)cm™ sec™, (59) 
where E: an energy value of relative motion between two nuclei corresponding to the 
resonance level, J: the channel spin, M, and M,: masses of A and B nuclei, M=M, 


M;,/(M,+M_,): the reduced mass, /’,: reaction width in the process 4+ B— the com- 
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pound state of A and B. Expressing M, and M, in mass unit, 7’, and E in Mev, ¢ in 
10° gr/em® ard T in 10° °K, P is reduced to 


Table II. Energetically possible nuclear reactions among C!*, O18 and Ne?°. 


I) 


[ Meg"#+7+13.95 Mev negligible 
Cck+Cr> Na*8+p+2.25 Mev 
Ne“°+a+4.62 Mev 
SP®+7+16.8 Mev negligible 
C24 Ol6_>5 ( Al?’ +p+5.21 Mev 
Meg"t*+a+6.80 Mev 
S*+7+19.0 Mey probably negligible 
S81(—>P51+4 B+: 2.4 sec.) 
+n+7+4.2 Mev 
C24. Ne? P%14+p+10.1 Mev 
Se§+a+12.0 Mev 
2 8 
oe mci ak 107} sec.) negligible 
O’+O16%42.4 Mev negligible 
S2+7+16.6 Mev probably negligible 
S31(—>P31+ Bt: 2.4 sec.) 
Ol’ 4 Ol6> +n+1.8 Mev 
P%14+p+7.7 Mev 
Si8+a+9.7 Mev 
A*64+7+18.5 Mev probably negligible 
A35(-9Cl55+ Bt: 1.9 sec.) probably small 
+n+3.8 Mev 
Cl55+p+10.0 Mev 
O16 4-Ne2> S2+@+11.8 Mev 
P14 Li'+1.2 Mev negligible 
Si28+ Be +4.8 Mev negligible 
(Be®’—>2a : <4X107!5 sec.) 
Mg"!+C!2+2.2 Mev negligible 
Ca!0+7+20.9 Mev probably negligible 
Ca®? (>K39+ B*: 0.9 sec.) 
+n+5.0 Mev 
994 p+12.5 Mev probably main 
K°8 (>5A%8 +4 8+: 7.7 min.) negligible 
+d+1.5 Mev 
A*7(3Cl% K. L. capture negligible 
Ne20+ Ne®> : 34d) +He*+2.0 Mev 
A%64+@+13.7 Mev 
Cl}+Li5-+3.4 Mev negligible 
S24 BeS+7.0 Mev negligible 
(Bee>2a: <4X107!° sec) 
Si28+C!2+7.4 Mev negligible 
Mg2!4+O4+4.6 Mev negligible 
Senna ace ce, coe 


Vig Dr ee 
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P=1.02X10" p? X,X,(MT)~"”? (My Mz)” 
xP, (2J+1)exp(—E/T). (60) 


I’, appeared in (59) and (60) is calculat- 
ed in W.K.B approximation as the fol- 


lowing way 


“ T =210°°K Precast 2k 
Ss T=1%10°°K mas 
g FE) =| (7) ae 
@ * 
= 0 
Py T=8XIOK 62) = (1-4-1) /° +2MZZ'e/ 
G (6 r) —2ME/b, 
s K, (7) =0, 
& T =2x10°°K where C is a quantity which is of the 
24 order of magnitude 2/(27) times the 
T =1.5x10°K level spacing of the compound states with 
same J and same parity. R is taken to 
T =1x10°°K be 1.4X1078 (494+ B") cm. 
First we consider the reaction C’?+ 
o 1 2 aaa pase Fe C’—+Mg"'*. The reaction rate for this 
E (Mev) ; 
Fig. (22) Pe+e/(p? Xe? C) as a function of E(Mev). peoceses ss shown in Fig. (22) as a 


function of T and of E. 
; : 4 ‘ : a. ae 
In order to examine to what extent this reaction competes with the reaction C~+-a—>O'*, 


we calculate the ratio of both reaction rates at the most favourable value of E for the 
reaction GC? 4-C#—sMg™*, 


P55>010-" (C/T) Cer ee BLO a) 
theres 1.6010" (Cirle) ah ds) od ae 
1.82 10° (C7 yee Pee, 


If we assume that C~1, 7,~10', and PaeA, P..¢/Pcva is very small even for a com- 
paratively high temperature: T=5 10° °K. Thus the reaction C'-+-C'—>Mg"!* does 
not proceed unless @-nucleus is consumed entirely or the temprature becomes high enough. 
We have assumed here that the reactions are due to only one resonance level, but the 
level interval will be 20~100 Kev in the energy region considered here, so the reaction 
rate could be larger than our estimation by a factor~10. 

Next we will consider the other reactions among C’, O' and Ne”. The rate of 
reaction A-+B->(AB), per one nucleus A, is summarized in Table III, assuming that 


the density of nucleus B is ¢ X,=10? M,, gr/cm*, and that the level spacing is 100 kev. 
From the table we see that, 


1) 


. 19 . . . 
the reaction between C” nuclei becomes effective at such high temperature as 
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Table III. Reaction rates between two nuclei among C!®, O18 and Ne? in year7! 


As E C24. C2 : O40. Ne20+ Ne29 | Cie 4. Nex 
1 Mev 10-84 10737°6 10-84:0 107327 
10° °K 2 10729 1072077 10749°6 1Q-17-4 
10-35 10716-0 10737-4 10-13:6 
107129 107427 10788:6 10737°3 
Dc L0? 2 10712°6 10730°3 10758-2 10727:0 
1071841 | 10730°6 10752:0 10728:3 


710° °K, and the reaction between C” and O' becomes effective at about T=10" °K, 

2) other reactions are not effective unless the temperature exceeds 10° °K. 

In the above calculations we have assumed that the potential between two colliding 
nuclei is such that out of the channel radius there is only Coulomb repulsive potential 
and inside the channel radius a uniform nuclear potential. This assumption is not yet 
verified to be valid for reactions between heavy particles, so we want to discuss the validity 
of this assumption. For reactions between heavy nuclei the theory of fission may be 
useful, because our process can be inferred as an inverse process of fission®. To check 
our assumption, we will compare the penetration factor for the spontaneous fission of U** 
obtained by the present method with the one obtained from the liquid-drop model of 
fission. The penetration factor e~” is calculated as follows : 10-°*" by the fission theory, 
107" and 107**4 by the present method with r,=1.3 and 1.4107 cm, respectively. 
Then it is inferred that if r, is somewhat reduced, both theories lead to the same results. 
If the value of r, is replaced by 1.3107" cm instead of 1.4107“ cm, we find that 
the reaction rate of C’?+C” with E=1 Mev and T=10° °K will increase by a factor 
about 4, namely the figure 10°“ year’ in Table III changes to 4X 107° year~. 

We have also assumed that the angular momentum between colliding particles is zero. 
This assumption does ont affect the results appreciably, because the above mentioned reac- 
tion tate 10-"* year—* for [=0 is reduced only to 0.83 X107*" year~’, if we assume 
Wes ienstate. 

If the temperature becomes so high that the reactions among Gee OO. aNe®setcs 
themselves begin to contribute to the energy generation of stars, we observe that nuclei 


with mass number A which are not equal to 4n can be produced in these reactions, for 


example 
C2+C?—>Mg""*—Na™ +p. 


These reactions may be important from the point of view of chemical abundance in the 


stars. 


*) We thank Professor M. Taketani for his suggestion on this point. 
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§7. Discussions and further remarks 


In this section we shall check the assumptions in the preceding sections, and discuss 
the results obtained. . 

The assumption that the momentum distributions of the reacting particles in the 
helium core are Maxwellian, is quite accurate, as the reactions proceed very slowly. 

The first and the second assumptions in $4 are regarded as reasonable from the 
present knowledge of stellar structure. 

The third assumption that T,, /, and x, ate constant, is not always valid during 
the successive stages of stellar evolution. As a star evolves, the values of these physical 
parameters will be altered according as the stellar structure changes. The results obtained 
in § 5 may be applicable to the stage of stellar evolution in which the structure does not 
appreciably change. The stars along the horizontal branch in the Hertzsprung-Russell 
diagram of the globular cluster might be identified as those at this stage. On the other 
hand, our results cannot be applied for stars whose structure changes considerably, e.g., 
the stars along the red giant branch in the globular cluster. In the latter case we must 
solve the equations (45) governing the change of chemical composition with reference to 
the stellar structure. 

The results summarized in Figs. (10) ~ (19) show that the abundances of C'’, O"* and 
Ne” in the hydrogen exhausted core depends critically on the exact reaction widths of these 
nuclei as discussed in § 5. But the general conclusion on the energy ptoduction in the core may 
be drawn from the closer examination of Figs. (20),and (21). As the reactions are considered 
to be occuring in the hydrogen exhausted core, the energy produced in the core decreases 
in proportion to X,° if the reaction 3a@—>C™ alone contributes to the energy production. 
In the case of X,>0.5, the energy produced in the core decreases approximately in 
proportion to X,°, and this indicates that the reactions (II) and (III) do not contribute 
appreciably to the energy production. On the contrary, when X,<0.5 the energy produc- 
tion is far greater than that given by the reaction (I) only, indicating that the reaction 
(II) and (II) play an important role in the energy production at this stage. 

These results might directly be applied to the stars found in the horizontal branch 
of the Hertzsprung-Russell diagram of the globular cluster. The star of red giant branch 
of the globular cluster, however, increases its luminosity rapidly during its evolution. In 
the latter case, only a part of our results, viz., for X,~1, may be applicable. For a star 
whose luminosity is rapidly varying, we can proceed by the following procedure: Divide 
the time ¢ or helium abundance X, into small intervals and consider the stellar structure 


to remain unaltered during this interval. For each interval the variation of chemical 


composition and its effect on the luminosity can be calculated by the same method as in 
§5. Then, proceed to the next interval of ¢ or X, using the stellar model constructed 


upon the various quantities calculated in the preceding interval. These rather laborious 


programs about the evolution of the giant stars are out of the scope of the present paper. 


The results obtained in this peper give the qualitative suggestion about the general 
trend of nuclear reactions, in the later stage of stellar evolution. 
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Incidentally we will mention several desirable experiments for nuclear data which are 
necessary for the study of the nuclear reactions in stars. We want to know the exact 
location of the levels with about 7.65 Mev, 7.12 Mev and 4.95 Mev excitation energies 
of C’, O, and Ne”, respectively. Assignment of the spin value and. the parity for the 
above level of Ne” is also desirable. Further it would be very useful for measurement 
of the reaction widths: 7-width of the 7.65 Mev state of C’, a-width and y-width of 
the 7.12 Mev state of O' and a-width of the 4.95 Mev state of Ne”. For the further 
study of nuclear reactions in the star, detailed knowledges of the excited states of Mg”, 
Si*, etc., are also desirable. 

We are deeply grateful to Professors M. Taketani, S. Nakamura and T. Hatanaka 
for their valuable advice and helpful discussions of many aspects of this problem. We 


are indebted to Miss. T. Yamada for her assistance in numerical calculations. 


References 


1) M. Taketani, T. Hatanaka and S. Obi, Prog. Theor. Phys. 15 (1956) 89. 

2) E. J. Opik, Mem Soc. Roy. Sci. Liege, 13, (1954), 131. 

3) E. E. Salpeter, Ap. J. 115, (1952), 326. 

4) FE. Hoyle, Ap. J., Supplement IJ, No. 2, (1954). 

5) F. Ajzenberg and T. Lauritsen, Rev. Mod. Phys. 27, (1955), 77. 

6) D. W. Miller, V. K. Rasmussen and M. B. Sampson, Phys. Rev. 95 (1954), 649. 
7) J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics, (1952), 574 

8) S. Devons, Proceedings of the 1954 Glasgow Conference, p. 46. 

9)- T. Teichman and E. Wigner, Phys. Rev. 87, (1952), 123. 

10) M. Abramowits, J. Math. Phys., 33, (1954), 111. 

11) W. Shibagaki, 0.01% Tables of Modified Bessel Functions with the Account of the method used 


in the calculation, (1955). 
12) L. Bloch, M. H. Hull, Jr. A. A. Broyles, W. G. Pouricius, and B. Breit, Rev. Mod. Phys. 23 


(1951), 147. 
13) R. G. Freemantle, D. J. Prowse, A. Hossain and J. Rotbalt, Phys. Rev. 96, (1954), 1270. 
14) J. R. Holt: Proceedings of the 1954 Glasgow Conference, p. 62. 
15) FE. A. EL Bedewi and M. A. El Wahab, Proc. Phys. Soc. 68A, (1955), 754. 
16) A. R. Sandage and M. Schwarzschild, Ap. J., 116, (1952), 463. 
17) FE. Hoyle and M. Schwarzschild, Ap. J. Supplement IJ, (1955), no. 13. 


18) L. H. Aller: Astrophysics II, (1954), Chap. 2. 
19) Mathematical Tables of the British Association for the Advancement of Science, Vol. 2, (1932) 


20) S. Obi: to be published in Publ. Astr. Soc. Japan, 8, (1956). 
21) P. Endt and J. Kluyner, Rev. Mod. Phys. 26 (1954), 95. 
22) S. Frankel and N. Metropolis, Phys. Rev. 72 (1947), 914 


416 


Letters to the Editor 


A Lattice Model of Liquid Helium 
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Concerning the /-transition of liquid 
helium II, the following three points seem 
to remain unexplained from the first princi- 
ple: 

(a) The /-transition is of the second kind. 
(b) The transition temperature T, decre- 
ases with increasing pressure p or density 


fos, ae. 
dT,/dp<0 or dT,/do <0. 


(c) The specific volume under constant 
pressure increases with decreasing tempera- 
ture below / point. 

We have worked out a lattice theory of 
liquid helium which enables us to solve 
these questions in a simple way. 

Instead of considering continuum liquid, 
we assume that each atom in liquid helium 
can occupy one of lattice points, say sim- 
ple cubic lattice points with a lattice cons- 
tant d. Defining creation and annihilation 
operators of atom occupying i-th lattice 


point by a,* and a, respectively, we approxi- 


mate the total Hamiltonian of liquid helium 


as 
I= (b/amd?) D(a — 4*) (a= 44) 
<tj> 


* * 
iP Bl i BM (1) 
tj> 


The first term of the right hand side of 
(1) represents the kinetic energy of the 
system and the second term the potential 
energy. —U, is the value of interatomic 
potential at the nearest neighbor distance. 
(ij) means to take summations over all 
(1) can 


be derived from the true Hamiltorian of 


nearest neighboring pair points. 


the system by passing from continuum to 
a discrete lattice liquid. In order to exclude 
the possibility that two atoms occupy a 
lattice point simultaneously, we impose on 


the operators a,* and a; the restrictions 
a* a+d, a*#=1, a a=a,* a*=0' Va) 


in addition to the ordinary commutation 


relations for Bose particles : 


La;, a,|=[4,*, a;*|=([4,, a;*|=0 (Gj). 
(26 


It is readily seen that the operators -atis- 
fying (2a) and (2b) are equivalent to a 
set of spin operators {S,}, since it holds 
for S==1/2. that 


S;, S,-+5,2 §;,=1, S,_ S;_ = Si Se =0, 
(3a) 


[S,_, §;-J=[Si., §;,J=[S;-, S;,]=0 (=F), 
(36) 


where 


S,2= Sj, 415,) S,=5j¢ Sl 1/2 
We may, therefore, expect that the system 
whose Hamiltonian is given by (1) will 


be mathematically equivalent to a certain 
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system of spins. Indeed, if we consider a 
ferromagnetic system with an anisotropic 
exchange coupling, subjected to an external 
magnetic field and let the Hamiltonian be 
ae ES. | 
r= —J>} Sie 82+ Sy) 
aj> 


=f SS. S,—HD $n, (4) 


<i> 
then it is proved that the grand partition 
function of the lattice liquid 


E& = Trace [exp(—a>} a;*a,— P26 x) | (5) 


is equal to the partition function of the 


ferromagnets 
5 p=Trace| exp (—/ Hy) | (6) 
except for a multiplication constant, that is, 
= C Ep, (7) 


provided that the following identification 


is made :” 
i? /2md°=J/2, 19=J’, 
a= —P(H+2/2 J—2/2J’), 
C=exp[|Nf (1/2 H—-1/8 zJ’) |, (8) 


where N and z are the total number of 
lattice points and the number of nearest 
neighbor lattice points respectively. All 
other thermodynamical quantities of both 
systems can be easily identified with each 
other. It is easier and more familiar to 
deal with 3, than with 5,, because we 
have many well-established approximation 
methods to calculate =,—for instances, 
approximation at very low 
and molecular field or 


spin-wave 
temperatures 
Bethe approximation near and above the 
Curie temperature. 

Having evaluated &, for the most im- 
portant case of J>J' through various ap- 
proximations, and translating the results 


thus obtained in terms of lattice liquid, we 


are led to many interesting conclusions. 
For instances : 

(1) First of all, the 4/-transition of 
lattice liquid corresponds to the ferro- 
magnetic transition where a_ spontaneous 
magnetization appears in the xy plane, and 
it turns out to be of the second kind as 


We have obtained 
specific heat of liquid which is proportional 


should be expected. 


to T* at very low tempratures and accom- 
panied by a jump at the /-point. This is 
a correct answer to the question (a). 

(2) The density (or pressure) depen- 
dence of the /-point is the same as that 
stated in (b) if we assume that there are 
more atoms than holes in our model. This 
is due to the fact that the stronger the 
applied magnetic field, the lower is the 
Curie temperature. It may correspond to 
the fact that the more holes exist in the 
lattice, the easier the superfluidity can set 
in. 

The details of the content of this letter 
will be published shortly. 

1) A similar correspondence existing between lattice 
gas and Ising model of ferromagnets was point- 

ed out by Yang and Lee. But, since they did 

not take into consideration the vector character 


of spins, they failed to get the quantum effect 
of the lattice gas. See Phys. Rev. 87 (1952), 
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The anomalous magnetic moments of 
nucleons have been calculated by many 
authors, but it is found very difficult to 
fit the calculated values to the experimental 


ones 
4p,=1.790, 4Ip,= —1.910, 
Ap, + 4p, = — 0.120 


by means of the ordinary <-meson theories. 
Above all |dv,+4y,,| calculated is very 
much larger than the observed value. 
There is a very reason to believe that 
such a situation as mentioned above comes 
from the following : 
1) In the direct coupling 7-meson theory, 
it is found that |du,+4y,,| is given only 
by the contribution from the nucleon cur- 
rent, in which higher momentum parts 
This is caused 


by the pair effect due to the 7, matrix. 


have considerable effects. 


Cutting off the contribution from higher 
momentum gives rather reasonable values, 
but |du,+4y,,| is still too large.” 
(See Table 1.) 

2) We know that there exist heavy mesons 
(9, t, etc.) which also strongly interact 
with nucleons, so we have to take into 
account the effects of these mesons. Accord- 
ing to the assignment of the isotopic spins 
of heavy mesons and hyperons,” the con- 
tribution to |dv,+dy,,,| from hyperon cur- 
rent vanishes and only that from heavy 
mesons remains. This may probably leads to 
the more reasonable value of | 4/4 d/,|. 

After the previous work” masses, spins 
and effective coupling constants of heavy 
unstable particles have gradually become 
clear, so it is desirable to give the order 
of the calculated values of the anomalous 
magnetic moments of nucleons due to the 


heavy mesons. 


In the following, it is assumed that the 
spins of hyperons and heavy mesons are 
1/2 and 0 respectively and that they have 
The calcula- 


tions have been done in the secord order 


direct coupling with nucleons. 


of coupling constant emong hyperons, heavy 
mesons and nucleons, and the results are 
expressed in unit of the nuclear magneton. 
We assume the isotopic spin of heavy 
mesons I, to be 1/2 and that of hyperons 
Ij, to be 0 (In this case the coupling 
constants are taken as fy2<0, f,=0) or 1 
(fo=0, fi2=0). 
suffices of the coupling constants represent 
When 
I,=0 or 1 heavy mesons and [,,=1/2 


In the above brackets 
the isotopic spins of hyperons. 


hyperons are found, B, and B, in the fol- 
lowing equations must be exchanged. 
i) Even parity for hyperon and even 


parity for heavy meson : 


du af B fi tfo By 


Pp 
4x 27 47 2a’ 


4L=— 2fr Fu 2ft B, 


where B, and B, are caused by hyperon 
current and meson current respectively and 
are given by 
B= (¢ +«—#—1/2) +1/2X 
X {f= ( —1—#) (1+4) — (?—-1-—#)} 
x log («*/#) 
—[1/2 {A — («*’—1—#) (14%) 
— (1 —2)*} (2-1-2) 
+(e? +K—#) | 
2 BM cation. 


SS X COS 
Ta (@aTeey 24k 


> 


B,=1/2—(#—1?—«) 
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3/2 { (fe —1) at 

— (2 —K)} log «2/2 
—[1/2{ (#1) (P—1K2—K) — 
(i? +«)} P—e—-1) +2 +e—7) | 


2 Sats 74s 
os? Hes . 


V4 — (1) 24) 

in which 

«= (hyperon mass) / (nucleon mass). 

A= (heavy meson mass) / (nucleon mass). 
ii) Even parity for hyperon and odd parity 
for heavy meson : 

The results can be obtained from case i) 


by changing the sign of « and B. 


iii) Odd parity for hyperon and even 
parity for heavy meson : 

The results are the same as the case ii). 
iv) Odd parity for hyperon and odd parity 
for heavy meson : 

The results are the same as the case i). 

Using the observed values of masses, 
Mm—2/3mM,, 1l;§$—966m), Di —— 2 132m, 
my =2327m, and. the coupling constants” 


f2UNAK) /4n~1,  f2(NDIK) /47~0.4, 


f° (NN) /47~15, 


the results of the calculation are listed in 


Table 1. 


Table 1. In this table @ meson is assumed to be scalar and ¢ meson to be pseudoscalar. 


Spins and parities 
of Hyperons Lj2, + ig Oa 
ci Apt,= —0.086 f2/42~ —0.09 A pty =0.029 f2/4x~0.03 
Apn= = 0 Apn=0 =0 
6S) Ap,=0.090 f?/4z~0.04 A pin= —0.359 f2/4n—~—0.14 
Apn=—0.327 f2/4n—~——0.13 Aprn= 0.445 F/4z~ 0.18 
C, The values are obtained by changing the parity of hyperon A in 
o the case of 0A. 


The values are obtained by changing the parity of hyperon 


(a 3) in the case of 6 5}. 


xN (lowest order, 
renormalization) 


Aptyp=0.035 f2/42~0.53, 


Apn= —0.262 f2/4n~ —3.93 


xN (cut off at 


nuclen mass) 


Ap,=0.041 f°/4z—0.61, 


Apn= —0.013 f?/4z~—1.9 


ee 


Now, one might think that there should 
be considerable contributions from higher 
momentum parts and that the cut-off pro- 
cedure would suppress the contributions 
from heavy unstable particles, because of 
the heavy masses of heavy mesons and 
hyperons. But the cut-off procedure mainly 
affects the hyperon current, and |4,+ 
Ap,,| caused by heavy mesons will not be 


suppressed so much. 

The contributions of heavy unstable par- 
ticles to the anomalous magnetic moment 
of nucleons are 10~ 20%. and these effects 
can not be neglected for the consideration 
of [ptp-+ 4/4 


the relatively small contributions from the 


It must be remarked that 


heavy mesons are ascribed to the smallness 


of the effective coupling constants rather 
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than the largeness of their masses. (The 
smallness of the coupling constants and the 
largeness of their masses may be connected 
more closely in future theory.)” 

The authors wish to express their sincere 
thanks to Mr. M. Sato for his careful 


reading of the manuscript. 
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This paper is concerned with the general solution of field equations (in the ‘ strong’ form) corres- 
ponding to a non-symmetric tensor field g,,, whose symmetric components s and anti-symmetric com- 
ponents a are expressed by using general indices k, m, n, / instead of 1, 2, 3, 4. The components 
Skky S21> an, are taken to be functions of x; while smm) Spny dmn are each expressible as product of 
a function of x; and x». In the process of solution of the relevant field equations there appears a 
parameter 4 in an auxiliary equation which can take negative, positive or zero values. It is found 
that the usual spherically symmetric solutions considered by Eonnor result when A is negative. The 
other two types of solution are also noted in this connection and a particular case not considered by 
Bonnor in his paper is also discussed. 


$1. Introduction 


In a recent paper (Ghosh) solution of the 64 Is defined by the system of equa- 


tions 
Yuv,o =IJue Tey Iie 


together with the computed values of the 16 components of the Hermitianized Einstein 
tensor R,, was obtained corresponding to a non-symmetric tensor field y,,, whose symmetric 
components s and anti-symmetric components 4 are represented by Spry Simms Sans Sur hur 


Anns Anme Aimy Where k, m, n, / denote dictinct indices 1, 2, 3, 4 taken in different orders. 


mn? 

Adopting these general indices with no summation convention involved in them the pur- 
5 A 5 5 

pose of the present paper is to solve the field equations in the so-called “strong form, 


that is, of the system of equations 


Ruy=0, 


R,,=0, (4, v=k, m,n, l) 
Vv 


for the case in which 
Seay Sip dq ate functions of x, only and 


5 


Sms Snno 4mn ate funcions of x, and x,, of the type 


*) An abstract of this paper was read at the 43rd session of the Indian Science Congress, 1956. 


‘ 
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Sinm— (ys (x,) Pin m Eo) > 
Snn = Dim (x,) Pan (2%) > (1 bf 2) 
Ann Pmn (x;.) ee (Cas ° 


A special case of this type has been considered by Bonnor”, in connection with 


spherically symmetric field for which (k, m, n,/)=(1, 2, 3, 4) with polar coordinates 


x,=7, X,=4, x,=¢, x=t. The present treatment is more general than Bonnor’s and 
throws light on some points. In § 3 we have completed the solution of a particular case 
noticed by Bonnor but not treated by him as it is not compatible with spherically sym- 
metric solutions. However, the solution has been proved to be trivial. In 4 it is found 
that spherical symmetry in the field is involved in Einstein’s fundamental equations (1-1) 
in consequence of a parameter 4 in the derived equation (4:7) or (4-8) admitting 
negative values. The types of solution for positive values of 4 and for A=0 have also 
been noted in this connection and general solutions for these cases have been given. As 
we have retained the general indices k, m, n, / throughout, these general solutions also apply 


to other two types of tensor field noted in my previous paper. 


§2. Expressions for the /’ and simplification of field equations 


Our fundamental tensor g,, satisfies the conditions (15) of my previous paper” by 
virtue of (1-2), therefore we can make use of the formulae (25) of (I) for calculating 
I’s. We note that out of the 12 quantities A’s, B’s, H’s only 4 survive and we write 
them in the following abbreviated form 


FPG eed oe oe (ORY MG Ke acy =o 

Be= (Vth Yan CES ny (2-1) 
Aye= (Ynre + ¥ur—2¥ax) /A—-& ¢), 

Fae Qncmuct aan Adin Chee Gok) 


In the above, symbols like yyu4, Yyyn denote respectively s.,4/Su2 and dyy,/d,, while 


symbols like cf stand for 4,,/5,.- (2-2) 
The non-vanishing /"s are then written in the following 9 groups of two each: 
“In= — (1/2) cn! Bry Din= (1/2) ent ct Bey 
Yn=— (1/2) A;, “im= (1/2) Aj, 
re ie 1 Smm (A, tor cn B ) 
mm 2 ne ke m Sn k} > (2:3) 
PY os er k 
a (1/2) % Ai, ‘a (1/2) Ye + (1/2) 4, Ai, 
yy es +}. 
n= (1/2) Vikks ii i= — a ((1/2) Yun + Ce Cg H,) , 


Shk 
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with a single one 
| oe eae (1/2) (A, + B,) . 
oo) Sick 


It may be noted that the unwritten member in each of the first five follows by an 
interchange of indices m<->n while in the next four by an interchange k<—m, [<—>n. 
Further we have 


LG of #0, 1 >on or 0, 
(l—d, of)? +4 ¢(1—en or) #0, (2-4) 
(Det en)? +4.a, ad d) £0, 


so that the above values of the /” are unique. The relevant field equations in (1-1) can 


all be constructed from the simplified expressions for R,, and Ry, given in my previous 
a Vv 


paper. These are 


Se 
Rix = 0, Ry a 0, R sting =" Bis = 0, Ry a 0, Rom =0. (2 i 5) 
Si ; 


On account of the last equation in (1-1) we have the conditions /7,=0, I”,=0 
yielding the relations 
SDE rot od (2-6) 
Referring to (2-1) we can easily see that the condition H,,=0 is satisfied by the 


field components in (1-2) if Prn=V (Yam Pnn) Substituting from (1-2), A,, B, in 


(2-1) are now expressible as 


Aj — Pnm ee Brrr sk > (@ bd 7) 
mm mn 
= Bo Dinn ee Damn si < (2 fe 8) 


Let us now proceed to the simplification of the system of equations (2-5) by pro- 
per substitutions of the I’s from (2-3) making use of the relations (2-6). 
Utilising the relation Pipe 2e4: Gat 8; 


b+ Apt Dia = Yee — Yrak 


the equation R,=0 reduces to 


2 (rt )4— GA & of BY =0. (2-9) 
Ox, \ dy 2 Sx 
The equation K,,=0 gives 
Vv 
0 (—# 4,)—~ dia_(3, 2, — ch, & BY) =0: (2-10) 
Ox, Shek We Skk 
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Adding the above and simplifying we get 


8 (@p.\=o0 (2-11) 


as obtained by Bonnor. 


Combining now the equations Rj,.=0, Ry, —=20) a0 
Kee ECR 0 (2 % 12) 
Su 
we obtain by a straight-forward calculation 
(1—c, cf) (— Age t+ 1/2) AP + (1/2 )escS BAA Yur) =O. (2-13) 
Eliminating A, between the equations (2-10) and (2-13) we readily arrive at the 
equation” 
A, [,=0. (2-14) 


The two remaining equations R,,,,,=0, R,,,=0 yield respectively 
Vv 


Ay,.x Ge Gy By x ein (A, at (a & Bx) (Cea iis (1/2) Vick ar L"tu) 


; 254 
4-2, ™ By(A,—B, +20, & B,) = ——"* F(a), (2-15) 


Ss 


mm 


Ann + Brzt+ (Act Be) (mnr— 1/2) Yaar Tw) 


+By(Agten on By) =0, (2-16) 


where f(x,,) stands for the expression 


(1/2) [ Che) im (142) Ynnm ieee oo a A. (2 z 17) 
§ 3. Solution of field equations with A,=0 


From (2-14) it follows that there are two cases to consiPer according as (i) 4,=0 
(ii) Pee 05 
Proceeding with case (i)** and referring to (2-13) we have also B,=0, Hence it 


follows from (2-1) that Syn) S29 4, must be functions of x,, only. The equation (2-11) 
gives now 


8/8xx (Su,1/ du) =0. (3-1) 


Further we have the relation H,—=0, that is, 


0/Ox;, (4y,/ Sax Sn) =0. GB 52.) 


4 : a: ‘ 
) For an alternative way of obtaining this see Bonnor). 


te Soa ae ae earn : 
) This case was not considered by Bonnor as being incompatible with spherically symmetric solutions. 
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Integrating the above equations we get 

yy = Cy O! (xp) WH, 

Sie= Cy 4! (xz) }?eP W, Gs) 
=D, 


7 


where 6(x,) is an arbitrary function of x, and c’s are arbitrary constants. 
Again putting 4,=0, B,=0 in (2-15) we have f(x,,)=0 which in conjunction 
with the relation H,,=0 yields 


0/Ox,, EE ES) =0, 3 -4) 
0/ OX, (Lomi ect, Som) =0. GB 1 5) 


Thus the components dyiny Sins Snn catisfy equations of the same type as (3-1) and 
(3-2) with indices k, / replaced by m,n respectively. The solution thus obtained is, 
however, trivial for it appears that the set of components dy, Sis Su 1S transformed into 


constants by applying the coordinate transformation 
e!?-F@) cos (wx) =x’ p 
el? Py) sin (wx,) =x’, (3-6) 


the constant w being suitably chosen. Similar remark applies to the other set of com- 


PONENES dyn, Smms San which also reduce to constants. 


$4. Solution of field equations with /”,=0 


Tee us now consider case Mit) Since /%,—0-we have from (2-3) 


Lym=—h G Ap (4-1) 
The relations (2-1) and (2-6) give therefore 
Ay,=4 Yew — Viake (4-2) 
From (2-7) we have also 
A, =— om Log (nm + D2) (4-3) 


Integrating (4-2) and (4-3) we get 


2 2 Shes : 
Oormin a et == = -const. (4 4) 
Pe 


ki 


Next, we take up equations (2-15) and (2-16). Eliminating A,, and B,,, in 


succession between these equations we find 


et — Ge fa | By ic zo B, al —= Gh Gy + B, (A; =) Vine) | = Qs pinfebitin) fn) > (4 . 5) 
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(1— 2) [App + An (Ac 4 yee) |= — (2512./ mm) f %n) (4-6) 


m 


Observing now that the left-hand side in each of the above is a function of x, only 
while in the right-hand side there is a factor 2f(%m)/fnm which is a function of x,, only, 


we infer that, for consistency, we must have the following derived equation 


ZF (Xp) == AtZ : iia 
where 2 is some constant. Simplifying f(x,,). given in (2-17). we write the above as 


A Wn nymm_ __ i Pn n,m Pn m,m : Pn n,m (4 Z 7) 


re, pee Ps I / Il I ’ 
2 ¢ ‘nn 2 g ‘nn g nm $ an 
an equation involving /¢,,,, and Yan: 
Effecting a separation of variables, after integrating once, we can rewrite (4-7) in 


the form 


1/2 

1/2 rAC EA (4-8) 

mam — / 2” 

Pan +H) 

where #4 is a constant of integration which we assume to be positive. This equation 
suggests that by a suitable coordinate transformation 5,,,, goes over to a function 9,,,, of 
x, only while ¢,, in 5,, takes different forms according to the three cases (i) / negative, 
(ii) A positive, (iii) A zero. We give below the explicit forms which (4-8) takes in 
different cases : 


ab ese 
Y= 1/2 \ Grin ln = sin"(- 7 =" gir) 


wet P 
me por rt seine 
(ii) ae A /2 J \ oat, dx,, =sinh * ze gi) (4 x 9) 


(ii) VE [2-4 Pin n= Prin 


The first is associated with the usual spherically symmetric field. The second gives 
a representation in which sinx,, in the first case is replaced by sinhx,,*. The third 
is the same as that discussed in (3:4), (3-5) since f(x,,) =0, and gives ultimately cons- 
tant values for ¢/,,,, and ¢/,,,. The representation of g,, in this case is one in which all the 
components are functions of x, only. 

Let us now proceed with the case 20. Introducing B,= (Giin/Pmnm) Be given in 
(2:8) we reduce the equation (4-5) to the form 


By ae B, (A,— Cie2) Yrrk) ——— =e Onn ——? ta (4 3 10) 
Di ae ge 2. 


while (4-6) gives 


Ay, +A, (A, — (1/2) Viewk) aj 28 eke Drm é A Ae {1 
ieee ai f° mn 2 


*) The symmetry characterized by this change may be called “ Pseudo-spherical ”. 
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By virtue of the relations (4:2) and (4-4) we further reduce the above to 


By, .— B;, Yuk = 20 mn Eig (4 i 12) 
Ag eg Vritk —2P nm amy (4 t 13) 


where c is an arbitrary conatant in which 4 is absorbed. Adopting the method of Wyman” 


to solve the above equations in conjunction with (2-13) the final result may be present- 
ed in the form 


Pin “+ 1D mm =h sech” (Ai ?x Sia a) th ( a ic) ’ 
de | de, = ay, (4-14) 


where a is an arbitrary complex constant, 4 is a pure imaginary constant and x an arbitrary 


function of x, Returning now to the relations (4-1), (4-4) along with (4-9) we get 
Sup= 0 (dx/dxz)” (Pm +P mn) » 
Sp — 1) C(O mal tO an) 2 tos 1) 
with Be = lee Pig 5iNn (if A negative) 
==sinh: x (if 4 positive), 


where the cs are arbitrary real constants. The set of solutions (4-14) and (4-15) with 
arbitrery function end constants adjusted according to the natural (non-covariant) boundary 
condition gives Bonnor’s solution. Recently its covariant form has been obtained by Ikeda.” 

When 4=0 the cerrforents of the field tensor 7,, are all functions of x, Referr- 


ing to (4-12) and (4-13) we have now the equations 
BeBe y=; (4-16) 
Ayn. — Ax Virn=0- (4217) 
Using (4-17) in (2-13) we have also 
A’,—B,.=0. 
Hence we get on integration 
A,= + B= dy, 


where @ is a constant of integration. 


Making use of the relation 
d/ dx, 108 (B+ ibmm) = Ar +iBes (4-19) 
which follows from (2-7) and (2:8) we easily obtain the general solution as 
dy =Adx/adx;, 
Sam = San==|hy sin (ax) +h, cos (ax) dace (4-20) 


B= (0) cos (ax) —h, sin (ax) eee" 
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where /’s and @ are arbitrary constants, x being an arbitrary function of Xx, 


The solutions for s;,, 5, are given by (4-15). These are now 


By a (dx/dx,) . cae m at eo) > 
7p a (1/c) . ppm + nn) Ge ir Cos 


(4-21) 
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Deuteron stripping (d, p) reactions are investigated as corrections to the ordinary formal theories 
of nuclear resonance reactions, based on the compound nucleus model, in which the decaying tails of 
the internal wave functions of various reaction products are neglected. The amplitude for a (d, p) 
stripping reaction is shown to be due to the overlapping of the decaying tail of the deuteron internal 
wave function and the wave function of the neutron trapped in the target nucleus. It differs from 
the Butler’s stripping amplitude in that the contributions from the configurations in which the proton 
is within the range of the interaction between the proton and the target nucleus or between the proton 
and the neutron interacting with the target nucleus, are properly included in the amplitude for the 
(d, p) reaction due to the formation and the subsequent decay of the compound nucleus. The effects of 
the compound nucleus formation on the angular distribution of emerging protons are also discussed in 
connection with the interpretations of some phenomenological calculations hitherto presented. As the 
formulation is given in a general way, it can be applied also to other cases than the deuteron stripping 
reaction, such as (p, d) pick-up, (n, p) direct or (¢, d) stripping reactions. 


§ 1. Introduction 


Since Butler’ proposed an approximate approach to (d, p) and (d, n) reactions aiming 
at the explanation of the experimental observations of peaked forward angular distributions 


of emerging nucleons, numerous theoretical studies’ ~'” 


have been performed on the 
theory of deuteron stripping or pick-up reactions. In many of these theories, the main 
matter of concern has been a simpler derivation of the angular distribution of stripped- 
off nucleons from the Born approximation neglecting the interaction between the target 
nucleus and the nucleon to be stripped-off, as compared with the complicated procedure 
of boundary condition matching used by Butler. Or it has been the calculation of the 
effects of the final state interaction between the stripped-off nucleons and the residual 
nucleus on the angular distribution. As to the effects of the compound nucleus forma- 
tion, however, only a few investigations have been hitherto done.” 

In view of the great successes of the compound nucleus model in explaining the 
main features of nuclear reactions at low and intermediate energy regions, it seems im- 
portant to investigate how the deuteron stripping reactions can be related to the deuteron 
induced reactions which proceed through the compound nucleus formation. This investiga- 
tion is important also because the compound nucleus contributions to these deuteron 
reactions are expected to modify greatly the angular distribution of emerging nucleons in 


some cases, and therefore the values of the reduced width of the captured nucleon in the 
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residual nucleus which are obtained by fitting the theoretical angular distribution to ex- 
perimental observations. The purpose of this note is to give, though formally, a unified 
expression to the reaction amplitudes which involves the contributions both from the com- 
pound nucleus formation and the direct stripping process, by considering the lattes con- 
tributions as corrections to the ordinary formal theories of nuclear resonance reactions. 

As is well known, there have been the formal theories of nuclear resonance reactions 
of Kapur and Peierls’ and of Wigner and his collaborators’ emong those based on the 
compound nucleus model.* In these formalisms the configuration space of all the cons- 
tituent nucleons of the system are divided into two parts. One is the internal region, 
and the other is the external region. There are two alternative ways of defining the 
internal and the external regions. For instance, we may define the internal region as the 
part of the configuration space in which the internal wave functions of various pairs of 
two particles, into which the system decays, overlap with one another, and the external 
region as the residual part of the configuration space. (See Fig. 1.) If we choose this 
definition of the internal and external regions, these formalisms could be applied to the 
deuteron stripping reactions without any correction.” 

However, if some of the internal wave functions of pairs extend widely beyond the 
ranges of their internal interactions, the internal region so defined has no close relationship to 
the notion of the compound nucleus. In such a case, the internal region includes some 
parts of the configuration space in which all the strong interactions among the constituent 
nucleons of the system do not always act effectively to form compound states. For exam- 
ple, at the configuration in which the distance between the centers of mass of the deuteron 
and the target nucleus is somewhat smaller than the sum of a half the extension of the 
deuteron internal wave function plus the radius of the target nucleus (the shaded region 
in Fig. 1), the interactions between the proton and target nucleus, the proton and neutron, 
and the neutron and target nucleus do not always act with one another, though this 
configuration belongs to the internal region. Thus with this definition of the internal 
region, we could hardly say that in the internal region the energy of the incident particle 
is rapidly shared among all the constituent nucleons of the system. The internal region 
definec! in this way therefore does not correspond to the compound nucleus. 

Alternatively we may define the internal region as the part of the configuration space 
where all the strong interactions among the constituent nucleons of the system do act 
effectively to form a chaotic state, in which we could hardly trace out such modes of 
motion that resemble free motions of various pairs of two particles. In what follows, we 


shall choose this definition of the internal region, since this choice of the internal region 


has close relationship to the compound nucleus. The internal region so defined is identical 


to the one used in the ordinary formal theories of nuclear resonance reactions in which 
the decaying tails of various internal wave functions are neglected. 


In the external region defined in this way, there are some regions where the internal 


*) The reader is referred to a forthcomin 


g paper of M. Kawai and the present author for detailed 
relations between these two formalisms. . 
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wave functions of some pairs overlap with those of another pairs. In the example discus- 
sed above, the deuteron wave function overlaps with the wave function of the neutron or 
proton trapped within the range of the interaction with the target nucleus, while the 
neutron and the proton are outside the range of their mutual interaction. In other words, 
even in the external region there are sources of waves describing various pairs, and the 
strengths of these sources can be known only when the total wave function, i.e., the 
incident wave plus the scattered wave, is determined. From these sources there arise outgo- 
ing and incoming waves of various paits. These outgoing waves give reaction amplitudes 
other than those arising from sources in the internal region, that is, those due to the form- 


ation and subsequent decay of the compound nucleus. On the other hand, these incoming 


Deuteron incident wave 


Fig. 1. Schematic representation of the configuration space. 47, dp) an ate the 
ranges of the internal interactions acting to make up the pairs of the deuteron- 
the target nucleus, the proton-its residual nucleus, and the neutron-its residual 
nucleus, respectively. ba, by, bn are the extensions of the internal wave functions 
of these pairs. Along the “ channels ” denoted by d, p and n, we measure the 
relative distances between the two particles of these pairs. The polygon enclosed 
by the dot-and-dush line is the internal region described in the text, for which 
the ordinary formalisms of nuclear resonance reactions can be applied without 
correction. The polygon enclosed by the full line is the internal region to be 
‘used in this paper, where all the strong interactions of the system are acting 


effectively to form the compound state. 
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waves modify the boundary condition, which the scattered wave of the system asa func- 
tion in the configuration space must satisfy on the boundary surface of the internal region, 
from the outgoing boundary condition in the case of no overleppings. 

Our first approximation to be done is to give an approximate expression for the scat- 
tered wave in determining the strengths of the sources in the external region. We ap- 
proximate also the boundary condition on the surface of the internal region. The incom- 
ing waves arising from the sources in the external region ere taken as the “effective ” 
incident waves, besides the incident plane wave describing the relative motion of the initial 
pair initiating the reaction process. We then use the collision matrix of Kapur and Peierls” 
in order to relate the amplitudes of the outgoing waves to the amplitudes of the incident 
waves on the surface of the internal region, neglecting the overlappings of the internal 
wave functions on the surface. 

Since this problem of the effect of the overlapping of the internal wave functions of 
pairs in the external region is not special in the deuteron stripping reaction, but common 
to many nuclear reactions such as (p, d) pick-up reaction, (, p) direct reaction or 
nuclear reactions with which some loosely bounded particles concern, we shall formulate 
this problem in § 2 in a general way so as to be applicable also to these reactions. In 
§3 we shall apply the result of §2 to (d, p) reactions, showing that the outgoing 
proton waves arising from the sources in the external region, which are composed only of 
the incident plane wave, give us the Butler type angular distribution of emerging protons. 
We shall also discuss qualitatively the effects of the compound nucleus formation on the 
angular distribution of emerging protons. Some comments will be made on the relation 
between our present formulation and some of the theories hitherto presented. As in the 
formal theories of Kapur and Peierls’ and of Wigner’, the antisymmetrization of the 
total wave function will not be performed, and all the interactions of the system will 


be assumed to be of nonexchange character. 


§2. General formulation 


In this section we consider the process of the nuclear reaction initiated by the col- 
lision of a pait of two particles. Particles, of course, mean composite ones as well as 
elementary ones. The initial pair of two particles will be denoted by s, while a pair of 


two particles in the reaction products will be denoted by ¢, including the initial one. 
For example, in the reaction 


0% +d50" +d, O" +p, FY +n, etc., 


«“ ” . 9 OL s . 2 
s” denotes the pair of the initial two particles O" and d, while “ ¢” denotes any one 
of the pairs of the final two particles O' and d, O" and p, F" and n, etc. 
For a pair ¢, the total Hamiltonian of the system F can be split as 


A= FT stVon (2-1) 
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Here H, is the internal Hamiltonian for the two particles of the pair ¢, T, is the kinetic 
energy operator for the relative motion between them, and V, is the potential energy of 
their mutual interaction. The product of the normalized internal wave functions of the 


two particles of the pair ¢ will be denoted by y,-(i,), so that 7,, satisfies the equation 
(H,—€,,) Nex (i) =0. (2 : la) 


i, represents all the internal coordinates of the two particles of the pair ¢, including those 
of their spins. <7 determines the state of excitation of the pair ¢, €,, together with the 
angular momentum resulting from the spins of the pair ¢. 


We write the total wave function /, as 
P = O,+ 6%. (2-2) 
@, is the incident plane wave of the pair s with unit flux, ice., 


P=, 'P etbsctoy., (i,), (2-24) 


where v, is the relative velocity between the two particles of the pair s, 2, is the vector 
connecting the centers of mass of the two particles, and o denotes the state of excitation 
of the pair s together with the angular momentum resulting from their spins. ¢/;° is the 
scattered wave describing the reaction process initiated by the collision of sche, pair asaerlLe 
E is the energy of the system, it is not difficult to see from the Schroedinger equation 
for , (E—H)V¥,=0, that f° satisfies the equation 


(E—H,—T,) PS =V, O.4Vi pe. 
Multiplying by y£ and integrating with respect to the internal coordinates 7, we have 
(2 +R iz) Rex (O1) =2M, 6? \ di, YE VPs Vis), (2-3) 


with 
Riz (Q) = (di, yee Po (2-3) 


Here , is the vector connecting the centers of mass of the two particles of the pair ¢, 
VP? is the Laplacian operator for the relative motion between the two particles of the 
pair t, and bh? k,.2/2M,=E—€,; is the available kinetic energy for the relative motion, hen 
and M, being the wave number and the reduced mass, respectively, associated with the 
relative motion. 
R,. must satisfy the appropriate boundary conditions for the reaction, Lf Gn ( Oma) 
is the Green function of the operator 2+?) which satisfies the outgoing boundary 
condition at |,|—>0o, namely ( Az pee pep rere, R,, can be expressed as 


Rie (0,) =2M, b-*\ do! di, Gir (On 0!) ter Vs @,+V, $e). (2-4) 


If R,.(0,) is expanded in terms of the normalized spherical harmonics Y7,m, (2,) with 
its coefficient Riwz,m, (9), where 9, and Q, are the length and the direction of the vector 


, respectively, 
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R,- (p,) = Dh, Resiymy (x) Yiyme (2;) ’ (2 - 5) 
we have from (2-4) with the usual expansion of G,. in the spherical harmonics, 
Reviymy — (2M.k,-/ th”) \do’, di, Jit (Raa a Pe 8 Ves) 
, Y tee Vin (V,P,AV he). (2-6) 


In this equation, j, and 4 are the spherical Bessel and Hankel functions of the first kind 
of order /,* and y,< denotes the smaller of and y,', while “, the larger of them. Let 
=) 


. ( ( 
us define the functions Qirz,m,‘"?, Prttzm, °°» and Pertym, as 


Writ eee a (6/M.k,:) ee dn (k, (r) Xaiwis (£,) Xx (,) ’ 


Periz my — (b/M, ee) ia Ite Cee ) Vie: (2,) i (i,) = (2 : 7) 
Qirtym;,'*) has unit outgoing flux over the full solid angle, while Yez,m,‘~) has unit incom- 
ing flux. Rizz,m, becomes 


Rix, Mt Nex Yizm, — (2/ib) Perl, me \ do,’ di, Orr, Seek (V; D+V, py) 


(p2’>pe) 


ar (2/tb) Party, \do,’ di, Lertym,* V.9,+Vpy) “ (2: 8) 
(pe <p) 


At the channel radius p,=a,, Rezi,m,(?,) has both the outgoing and standing waves. 
(At p,=a4, the amplitude of the standing wave Y::7,m, does not vanish, because the chan- 
nel radius a, is defined in the same way as in the ordinary formal theories of nuclear 
resonance reactions in which the decaying tails of the internal wave functions of the two 
particles of the pair ¢ are entirely neglected. If the overlappings of the internal wave 
functions in the external region are taken into account, there remain some sources of the 
pair ¢ even for ~,>a,). We denote the amplitudes of these outgoing and standing waves 
at =a, by wrym, and Iirz,m, respectively. utz,m, is given by 
Utrl ym, = (2/ib) \do, di, Periym, 2 (V.&, +V iy), (2 . 9a) 
(0¢<44) 
while for Ivzz,m, we have 
Tistym, = (2/ib) \do, di, Pertymy cs V.9,+V iP), (2-96) 
(pe> ae) 
where we have replaced ,’, the variable of integration, by p, without confusion. For the 


pair s, we have, besides Isor,m,, the amplitude Isor,o” of the /,-th partial wave Ysor,o in 
the incident plane wave Y, : 


Lez,o = hye t's 421, aay. (2-10) 


*) As is obvious, when the two particles of the pair ¢ have electric charges, jz and fh,‘ must be 
replaced by their corresponding Coulomb wave functions. We neglect polarizations of particles in Coulomb 
fields. This we do because we are interested here in the connection between the ordinary resonance theory 


and the effect of the overlapping in the external region. In some actual cases this effect of polarization seems 
to be important. 
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In the overlapping part of the external region, there are also both outgoing and 
standing waves, whose amplitudes change as we go from the surface of the internal region 
to the non-overlapping region. Our first step of approximation is, as is indicated in the 
introduction, to give an approximate expression for ° in the defining integral of Lizm, - 
As a first approximation, we neglect the amplitudes of standing waves and neglect also 
the change of the amplitudes of outgoing waves. Thus in order to calculate Ittz,m,, Wwe 


put °° in the external region as 
Ge Dea! t,/ m4! Ul 1 14/m Pe'! tm ue (2-11) 


where Urszm, is the amplitude of ¢z7m,\") in the non-overlapping region, that is to say 
in the “ wave-zone”’, which we are trying to obtain. 


Inserting this expression into (2-9b) we have 


Textym, = Text ym, a) 40/1, m/f Arrtymy 3 10/1 mi Ul 2/1)/ nj! (2-12a) 
where 
Int, = 2/10) (dT Dectym, Ceepinds (2-126) 
(02> 44) 
Arrtymy; of! 0, my! — sel ee Dime V, Qi! mf (2 : 12c) 
01> 44 


and jdz denotes the integration with respect to all the coordinates of the system in the 
center of mass coordinate system (including the summation with respect to all the spin- 
coordinates) . 

The relation connecting Urerjm, and verzm, can be obtained from (2-8). Noting that 
Urziym, is the amplitude of rzt,m,\" at the non-overlapping region, we let , in (2-8) 
be so large that the source of the pair ¢, ie. di yveV, P,+V,°) vanishes. Then the 
first term of the right hand side of (2-8) becomes zero, leaving us only the outgoing 
wave Yiti,m, “, whose amplitude is given by 

Usziym, = (2/ib) (dp,’ di, Perrzm, *VO,+V, 95°). 
Replacing p,, by p, without confusion, and using (2:9a), this can be rewritten as 
CNEL IN ED) (de Ceci, VP EV, fy) (2213) 
(01> 41) 
, has been defined to be the amplitude of Giri,m, () arising from sources in the 
region (,<4, This region includes not only all the parts of the internal region but also 


some parts of the external region. We therefore divide vizzjm, into two parts. One . 
©) due to the sources in the internal region, and the other is 


that arising from the sources in the external region with (<a, The latter one gives us, 
aa 4H) 
together with the second terms of (2-13). the) part jof the amplitude of $ee,m, due 


_ eee tae 
to the sources only in the external region. Thus we have, again approximating ¢; by 


(2-11) 


Uttlym 


the amplitude of Gex7,m, 


i z ee) : 
Uretym = Uttlymz ” + Uertym, me +34 Pertymg 3 10/14! my, U; Ly my) s (2 144) 


tv! Uy/ mi, 
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with 
Utt1 ym, O= (2/ib) {dz Deriyrm ¥ (VV. P,+V, $s) ? cai we 
] (int) 
Uttlymy, ae (2/tb) i Periyrmy is V, ?., e ae 
(ext 
and 
Brrtyms s/t mf — (2/ib) \dz Pirlymy V, Plt mi’ a G ; ied) 
(ext) 


where |, ¢¢ denotes the integration with respect to all the coordinates as in (Got... 
but is extended only over the internal region, while (ex dz is similar one extended only 
over the external region. wrrz,m, “ will be called the amplitude due to the compound 
formation, and. wzzm,“ the direct amplitude due to the overlapping in the external region. 

Our next step is to treat approximately the boundary condition imposed on the total 
wave function of the system on the surface of the internal region. If on the surface of 
the internal region 7;;Ym,’s form an orthonormal! complete set of functions with= tees 
L, and m, as the index of member, it is an exact procedure of matching the boundary 
condition to join smoothly each Retin, at =a, We would have this orthonormality if 
we were taking large enough an internal region. In such a case, however, as is mentioned 
in the introduction, the internal region would loose its close relationship to the notion of 
the compound nucleus. In the theory of Kapur and Peierls’ this lack of the orthonor- 
mality due to the overlappings of the internal wave functions on the surface of the in- 
ternal region was entirely neglected, as well as were the effects of the overlappings in 
the external region. 

In our present approximation, we are also neglecting this lack of the orthonormality 
of ¥ixYi1,m,s on the surface of the internal region. However, the neglect of the lack of 
the orthonormality in our case is expected to be less inadequate than in the case of Kapur 
and Peierls, because we are taking into account the effects of the “ multiple processes ” 
due to the overlappings in the external region. Thus the matching of the boundary 
condition, which must be satisfied by the total wave function of the system on the surface 
of the internal region, will be treated approximately by taking Iso7,o‘?, Ieszym, and verry, 
as the amplitudes of the standing and outgoing waves in the theory of Kapur and 
Peierls. In their theory, the collision matrix Stz7,m,3 /+/t/m,/, which gives the amplitude 
of the outgoing wave ¢:/,m,‘'? when only the standing wave of unit amplitude G/+/i,/m,/ is 
incident upon the internal region, has been expressed as 


Sirtymy3 et, mf = (1/2) {1 hy SO (k,- ;) /bi,™ (k,- 4,) } Ow Ox) O vty! O ising! 


In i 


N,, (W,—E) 


pa Sy U, tly, Ul s/14/ m,/™ 
2 


Here, W,, is the (complex) resonance energy of the n-th level of the compound nucleus, 
and tm," is proportional to the amplitude of ¢x7,m,‘*? which the n-th level has on the 


surface of the internal region. The first term of this expression is the well-known am- 
plitude for the so-called potential scattering. 
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In our present case, there are various incident standing waves of amplitudes given by 
(a) Sree . Bef ; 
I® and I. The amplitude of the outgoing wave 1s1,m,‘") arising from the sources in 
the internal region, wz7,m,, is therefore given by 
(Cy aw) (a) a ; 
Hy =>) 9,5 7° aS Siar I, PY, ay wr Oy, (2513) 
rn v To Ae 
abbreviating the set of suffices (¢, Tt, /,, m,), etc., simply as ¢, etc.. 
a 3 ‘ a i G s G 4 
Considering U, u, uw, I and I as vectors with components U,, u, uf, 1 and 
ad . Q . . . . 
IS respectively, and S, a and as matrices with their respective elements Siar) Gee and 
Bi, we have from (2-14a) 


U=(1—8) "(6 -+u),, (2-162) 
Inserting this into (2-15), we have for u© 
4 = 41 Sa (1— 8)“ 78 {1 + I +a —8) “v3. (2-165) 


The differential cross section in the center of mass coordinate system for the teac- 
tion, in which the two particles of the pair s, their relative motion being described by 
vy’? exp [ik,,0,], react with each other and the two particles of the pair ¢ emerge, is 


given by 
doi; so eae it Urzizm, NG (2,) |? d2,. (2 . 18) 


(In order to compare with experiments, this must, of course, be averaged over the orienta- 
tions of the initial spins, and be summed over those of the final spins with a usual 


procedure). 


§ 3. The deuteron stripping 


In this section, we apply the result of the preceding section to (d, p) reactions. We 
are interested in the differential cross section of the emerging protons in the reaction 
initiated by the collision between a deuteron and a target nucleus. The pair of the 
incident deuteron and the target nucleus will be denoted by 4, instead of s in the 
preceding section, while that of the proton and its residual nucleus will be denoted by p. 
The states of excitation of the pairs d and p will be denoted by their corresponding Greek 
letters 0 and 7, respectively, together with the angular momenta resulting from their spins. 
Thus, Ys describes the internal motions of the deuteron and the target nucleus in its 
ground state, while 7,, tepresents the internal motion of the residual nucleus in its ground 
or some excited state together with the orientation of the intrinsic spin of the proton. 

For the amplitude of the outgoing proton wave with its orbital angular momentum 
l,, m, telative to the residual nucleus in some excitation, we have from (2:16) 


Coe as) we Sei —f)) “SPT a B)~u) Trot 
3y0 ih 


The direct amplitude u“ is from (2: 14c) 
eee —— (2/ib) |e Ppzlyny ae P.. 3 3 2) 


(ex, 
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. . 1 
~, is the plane wave of the deuteron incident upon the target nucleus, 
Ota exp [ik,,0,| Vas (ia) » (3 ‘ 3) 


where we have neglected, for simplicity, the Coulomb interaction between the deuteron 
and the target nucleus. V4 is the interaction between the deuteron and the target nucleus, 


and is given by 
Vi.= peeV x 
where V 


P 
between the neutron and the target nucleus. 


is the interaction between the proton and the target nucleus, while V7. is that 


The wave function which describes the emerging proton can be obtained by summing 
up the outgoing wave Cpatgms Lovet Lom, with amplitude Upz,m, If i use for 
Upztym, only the direct amplitude upaxr,m,“ it is easily seen that this is nothing but the 
outgoing wave function arising from the sources in the external region with strength 
2M, b-"\ dip Ypn* Va Pu. Thus if we write this wave function evaluated at |, as 
vp Oy exp fox Yon» we have for fon’? (2,), neglecting also the Coulomb interaction 


between the proton and the residual nucleus, 


pe (2,) = (—M,/276”") (Vp / Va) \de e-ikpxPp je V, etkapa rere (3: 4) 


where k,,, is the vector with length k,,, and direction ¥,. The angular distribution of 


emerging protons which arises from the direct amplitude alone is therefore 


donn ,a6 = 


os | \dz etkpxPp Toa Vix +V,,z) etkaPa erie 
tee Bs a (ext) 


(3-5) 
where M,, and M, are the reduced masses of the proton and the deuteron, respectively. 
This result has very analogous appearance to that of the Born approximation, excepting 
the range of the integration with respect to all the coordinates of the system. If the 
integration were carried over the fuil intervals, it would be nothing but the Born approxi- 
mation. In our result, however, it must be carried only over the external region. Since 
V,. contributes through the decaying tail of the internal wave function of the residual 
nucleus into the neutron channel beyond a, (where a, is the channel radius for the 
neutron), we can safely neglect the contribution from V,.. Then our result becomes much 


similar to the Born approximation used by Bhatia et al.” and by Daitch and French”. 
If we denote the vectors connecting the center of mass of the target nucleus and the 
proton with r,, and the neutron with r,, the integral in (3-5) becomes 


Sik e-tkypPa Y, ™ ee etkaPa Yas 
ext 


= \ dr,\ dr, \ ds enthynbry- (4/7) ra} pee é, ron VisXo (¢) Wa (f a nay eka (rytrn) Ne 
(rp)>a) (rnSao) GB o 6) 


w, is the 


M, and M are the masses of the residual nucleus and a nucleon respectively. 
internal wave function of the deuteron, while 7, represents the interaal wave function of 
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the target nucleus, together with the spin functions of the system, ¢ being the internal 
coordinates of the target nucleus and all the spin coordinates of the system. We have 
neglected the D-state component of the deuteron wave function. 4, is the range of the 
interaction V,,. between the neutron and the target nucleus, while a represents the range 
of the interaction between the proton and the residual nucleus measured from the center 
of mass of the target nucleus. Denoting by H, the Hamiltonian for the internal motion 


of the target nucleus together with that for all the spin freedoms, we have for 7, >a 
and rp), 


{| # Rees, pete al gy te Ol | =) J a 
Sar 2M Pp Sip 2M Vu ain 2M, Vee E Valo) oa lt, Tr) =——()) 


| H. pe Re ee PAE |etynkty (MIMy)rn} 
2M 2M 2M, 
‘Yon (F) Fn) =0, 
where f,=9,(r,—F,) ealrpten)/2 and V7, V,° and V,° are the Laplacians for r,, Tr, and 
a= (r,+r,) /2, respectively, and M, is the mass of the target nucleus. E is the energy 
of the system in the center of mass coordinate. From these equations it will be easily 
shown. that 


(dé Cyr trp (at/1 7) rn ee V nt Vo Pa 

= (6°/2M) {ba Vy +072) e-tkpary C¥ —C* eviktparp (eae 10,2) bak (3-74) 
with 

C (Tp) = \ dF e*tMp) para Yon (E Fn) Yor (E)- (3-76) 


Here we have neglected contributions from the terms containing PV 2/M, C(r,) describes 
the motion of the neutron in the residual nucleus viewed from the target nucleus. _Insert- 


ing this result into (3-6), it becomes 


ie | 2 of iy a) 
[= ee ee dr, *, \@ dL | h, ats ty xP 9 — Cty xh p— P, 
2M) G p| $ ‘Or, pare ! par y ; 
(725 ao) 


+P (dk G(K) 9 (hy. (1/2) ka +B) {a d0,| (ia/2*h) rae te Aig thy G2) 
2M 


™ T™ ao 
(3 -8a) 
where we have put G and g as 
VEN Bes 9 firs =\dk G(k) etk(r aD) 
er ea ; (3-86) 
g(q) = Sar, rr, 


Tp>4 

The first term of (3-8a) includes an integration with respect tor, over the interval 
+, <a,, where €(r,) oscillates rapidly on account of the strong interaction between the 
ae ’ . . 
neutron and the target nucleus. We can, therefore, reasonably neglect this term, as ts 


done in Daitch and French’s treatment with the Born approximation and also implicitly 
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in Butler’s treatment. The second term gives to (3-5) a factor which is very analogous 
to Butler’s factor determining the angular distribution of stripped-off protons. Indeed, 
if the integration with respect to Fr, were carried over the full interval, it would give the 


same result with Butler’s. In our present case, however, this integration must be carried 


only over the interval r, > 4. 7(q) can be rewritten as 


g(q) = (27)*° 0(q) —47a°j, (qa) /94, (3 - 8c) 


where j,(qa) is the spherical Bessel function of order one. We thus have for I 


Fis e - fe) 
= Pay (27) rGikee — key 2) | df, | eeertpnden SC _— E= ee (ka-kpx) “| 


2M Ores Oe. 
Bray 3 fe) Fg Mans es 
——_ (47a") \42, ei (ka-kpx) ny (T,) ——C * —C*—_et (hap) mn 7) (Tp) (3 -9a) 
2M S Or, E Or, ao 
with 
y (r,,) =>) G 8 me im as en (a Vey x {et (kpx-kal2) TaW a (r,,) } : G3 96) 


m=0 (2m a 3) ! 


The first term of this result gives just the Butler factor. The second term gives a cor- 
rection to Butler’s factor arisen from our present formulation. In his treatment, Butler 
has ignored the possibility of both the neutron and the proton being simultaneously within 
the range of their interactions with the target nucleus. Though he has considered that 
the deuteron stripping (d, p) reaction occurs when only the neutron interacts with the 
target nucleus, in his actual calculation, neglecting entirely the interaction between the 
proton and the target nucleus, the total wave function of the system has been analysed 
in terms of the Fourier components of the proton plane wave, and each Fourier com- 
ponent has been adjusted to join the interior and the exterior wave functions of the 
neutron at the nuclear surface. The contributions from the configurations in which both 
the proton and the neutron are within the range of their interactions with the target 
nucleus are therefore approximated by his stripping amplitude. In our present formula- 
tion, these contributions are included in the amplitude u“? due to the compound nucleus 
formation. Though this correction term tends to decrease the peaked forward angular 
distribution, this correction does not dominate if the radius a is not large compared with 
the wave length |k,,..—k,/2|~' and the extension of the deuteron internal wave function. 
For heavy nuclei, however, this correction may play some important roles in determining 
the angular distribution of the stripped-off protons. 

It is a well-known fact that the Born approximation {dz eis: Vis Vi, etksoPs Yq and 
(dr ethiree YK V,elksoPs y,, give an identical result for the differential cross section 
d0,~.5,/d2, In some of the theories on the deuteron stripping reactions, therefore, the 
angular distributions of stripped-off nucleons have been treated in terms of the final inter- 
action instead of the initial interaction. In our present case, the integration (dz is not 
extended over the full intervals of all the coordinates of the system but only over the 
external region. As is easily seen from the Schroedinger equations satisfied by eer: ys 
and e-tksops ¥,,, we have with the aid of Green’s theorem, 
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{dz {e~ike zee ite V. et sas Yea — © texP t p4e V,, ct soPs heh 


(ext) 
bie (i ( fe) a 
= —S} \as, jetheste Ee —_ etksgPs ng — CiRsaPs as emthyePy fh, (3 3110) 
uw 2M, ; te Ou hs qs Ou ter ) 


where dS,, is the element of the part of the surface of the internal region corresponding 
to the pair t’. We neglect this surface integral from a similar reasoning to the one used 
in the discussion about the orthonormality of 7%. Y2,m,'s on the surface in the preceding 
section, with the result 


(dz ethers YE V, etbsoPs Ysg=\dt etree 1/5 Vg ct soPs Yeo- 
(ext) (ect) 


This gives us, if we expand expe in partial waves, for u™ instead of (2-14c) 


utctym, = (2/th) \dz O txtym,* Ve ~., (2 ‘i 14c’) 
( 


ext) 


in the same degree of accuracy as (2-14c). Applying this result to the (d, p) reaction, 
it gives a very similar expression to the Born approximations used by Gerjuoy” and 
Tobocman””. 
Using this result, the integral I defined in (3-6) is rewritten as 
T=\dr, \dr,, (dé eMoaley- OM pra} 1, Vinp Lo Par (3-6’) 
(rp>4) (1n>a0) 
where’ use -has)been made of V,=V.+V np, Vay being the interaction between the proton 
and the neutron, and we have neglected as in (3-6) contributions from V,... The inte- 
gration with respect to Tr, must be carried over the interval r, >a), since those configura- 
tions in which the neutron is within the range of its interaction with both the proton 
and the target nuclues belong to the internal region. Using the Schroedinger equations 
which e-pxfrp-Ct/Mp)rnty®, and Af. satisfy for 1, >a and yr, >d we have with a 


similar procedure as used in the derivation of (3-7), 


a \er, (dr, {i (25 BE Mos) eikparyl* = ether nl * Ua Hg) hat 2 3 : 7’) 
M J 


(Tp> a) (tn> do) 


Introducing the Fourier components G and g, this becomes 


en ba if fA) 
—— = Give ctl a2, Le ttpnry—ethrnry yf | 


2M i Ty 
(rn> 0) 
i” 1/2) key th) (a2 dO, otCral2+e)en 9p 6% 9 celnal204) en] 
ar dkG (k) 9 hips — (1/2) Me ) dy Geen Ma re > > ar, ; Jao* 


(3 - 8a’) 


The first term of this equation contributes through an integration of the decaying tail of 
c* beyond a, and is therefore of the same order of magnitude as the surface integral 
appeared in (3-10). We can neglect this term consistently with our previous approxi- 


mations. Then (3-8a’) gives a result for I identical with (3-8a) which has been obtained 
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from the treatment in terms of the initial interaction. 

In Gerjuoy’s derivation of the Butler factor, the integration with respect to Tr, in 
(3-6’) was carried over its full interval, though the target nucleus was taken as a poten- 
tial field acting on the neutron and the proton. Tobocman used (3-6) without the 
restriction 1, >), as a simplest example of his treatment with a modified wave method. In 
order to cut down the integration with respect to Tr, at a definite radius, he has assumed the 
range of the interaction between the proton and the neutron to be zero, thereby obtaining the 
Butler factor. As is seen by putting the range of V,,, to be zero in Gerjoy’s expres- 
sion for the reaction amplitude, Tobocman’s one with the assumption of the zero range 
interaction becomes identical with Gerjuoy’s. The final result of Gerjuoy’s treatment is, 
however, independent of the range of the interaction between the proton and the neutron. 
This is the reason why Tobocman’s treatment with the restriction 7, > 4 resulted in the 
Butler factor, without the correction due to the restriction for the proton to be outside 
the range of the interaction with the target nucleus which we have discussed above. 

In this connection it may be noted that in our present formulation the restriction 
r, >) atises naturally without the assumption of the zero range interaction between the 
proton and the neutron. The channel radius a, has been defined as the smallest one 
which we have when we neglect the decaying tail of the internal wave function of the 
residual nucleus beyond the range of the internal interaction of the residual nucleus. 
Therefore r, cannot be smaller than a, for ~,>4,. Similar circumstances hold also for 
the matrices a and / defined by (2-12c) and (2-14d), respectively. For example, the 
integration with respect to Fr, in the defining integral of 7,,, must be carried over the 
interval r, >d), with V,, replaced by V,,,, if we neglect contributions from V,, again. 

Although the direct amplitude u“ gives us essentially the same result as Butler’s 
for the angular distribution of emerging protons, this amplitude alone does not determine 
the actual angular distribution. If the matrices @ and 3, which represent the direct processes 
for emerging particles due to the overlapping of the internal wave functions in the external 


region, are small enough, we have for Upxijm,, besides upzxtym,“, the amplitude due to the 


formation of the compound nucleus, that is S(1 +I). 

SI is nothing but the reaction amplitude given by the resonance formula of Kapur 
and Peierls. If the energy of the incident deuteron is high enough so that many levels 
of the compound nucleus are excited, and also there are many available levels of the 
residual nucleus into which the compound nucleus can decay, we may use the statistical 
theory of Hauser and Feshbach'®) and Wolfenstein’. Then the angular distribution of 
protons emitted by the compound nucleus tends to be isotropic, because interferences be- 
tween various levels and those between various partial waves of emerging protons are likely 
to cancel out to zero, when the average over the energy spread of the incident beam is 
performed. The interferences between the direct amplitude u“ and the compound am- 


(e) : a 
plitude u“ also tend to cancel out, because protons with a definite angular momentum 


can be emitted from many levels of the compound nucleus. In the case of high deuteron 


energy, therefore, we might say that the peaked angular distribution for small angle of 
emerging protons is almost determined by the direct amplitude u™ due to the overlapping 
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in the external region. 


Furthermore, if the incident energy is high enough so that we may possibly use the 
evaporation model of Weisskopf and Ewing", the energy distribution of protons emitted 
from the compound nucleus is such that it is much larger for low energy side than for 
high energy side. In this case, therefore, we could say that the angular distribution of 
emerging protons with their residual nucleus in its low excitation is certainly determined 
by the direct stripping process. 

SI is the reaction amplitude due to the fact that the directly stripped particles 
interact with their residual nucleus, forming then the compound nucleus. If we take into 
account only the overlappings between the pairs of the deuteron and target nucleus, the 


proton and residual nucleus, and the neutron and residual nucleus, we have for CSD) prlymy, 


(SI) pat ymy — >} Spy! Lae cee A See ont Le. GB 4 11) 

Te ym, VL y,7M% Olama 
Of various terms in the right hand side of (3-11), S,», I, with 7=7’ represents the 
elastic scattering of the stripped-off protons by the residual nucleus, when summed over 
L,, m, and 1,’, m,’. When the incident energy is high enough, this elastic scattering of 
the stripped-off protons becomes essentially the one given by the continuum theory of 
Feshbach and Weisskopf™ or the cloudy crystal ball model of Feshbach, Porter and 
Weisskopf””. When the incident energy of the deuteron is lower and the Q-value for the 
(d, p) reaction is not very large, this elastic scattering may become the so-called potential 
scattering, that from a hard sphere, for some partial wave at some energy of the stripped 
proton. There are also resonance effects of individual levels of the compound nucleus for 
the stripped protons. These effects on the angular distribution of the pure absorption 
and the potential or resonance scattering for the stripped protons have been phenomenolo. 
gically examined by Horowitz and by Tobocman and Kalos™” 

We must, however, take into account also the contributions from SI. For low inci- 
dent energies, it will show resonance behaviour due to the formation of a definite com. 
pound state by the incident deuteron and the subsequent decay into the proton and the 
residual nucleus. Such process may obscure the effects of the potential or resonance 
scatterings of the stripped protons by the residual nucleus. 

Other terms in the right hand side of (3-11) are the reaction amplitudes for the 
pair of the proton-its residual nucleus or for the other pairs. We may use the same 
reasonings as used in the discussion about the effects of SI® on the angular distribution. 
We may say that if the concerning energies ate high enough, on the average, these terms 
do not give much peaked angular distribution. It may be noted, however, that these 
considerations concern only with the general trends, but not with individual cases, where 
fluctuations from these general trends may play important roles in determining actual angular 


f 


distributions. 
If the matrices a and f are not negligibly small, they affect the angular distribution 


in two ways. One ts what they have on the compound amplitude u, represented by 


eglenp yd and jt —) a@(1—f)—*\-"s, For the. effects of Sa(i—f)* u™, we may 
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simply rely upon the statistical or continuum. theory or the ye ee ene expecting 
chbhetto “be 'sithilar’ to those’ of SEOVerThe effects of [1—Sa(1—/) |"! are expected to 
make the angular distribution flatter when the concerning energies are high enough, i 
cause this factor represents such processes in which outgoing particles sania from the 
compound nucleus, on their ways of flying off, give rise to particles incident upon the 
compound nucleus from other channels over and over again. rags 

The other effect the matrices a and have on the angular distribution is that re- 


presented by the matrix (1 —/)~'. U can be rewritten as 
U=1@ 129 + (1—f) * BO +x”). (3-12) 


The third term of this expression is the correction due to the fact that outgoing waves 
of various pairs, on their ways of propagation, excite outgoing waves of other pairs with 
one another. (1—/?)~'f represents, therefore, the direct processes for emerging particles due 
to the overlappings in the external region, but with modified amplitudes, namely (1 —§)"8, 
instead of [9 itself. This modification of amplitudes for the direct processes for emerg- 
ing particles arises from the fact that outgoing particles of a pair, say d, are stripped on 
their ways of flying away, giving rise to emerging particles of another pair, say p, and 
these emerging particles of the pair p then produce emerging particles of the pair d 
through pick-up processes. On account of such repeated exchange of amplitudes of outgo- 
ing waves, their effective amplitudes for stripping or pick-up processes are modified from 
BP: 

When the incident energy is high enough, u has, as mentioned above, appreciable 
components for the shadow scattering of the incident wave of deuteron, while for other 
channels it hes, on the average, comparatively small components. If the incident energy 
is low, of various components of u\, those corresponding to the elastic or nearly elastic 
scattering of the incident deuteron, including the potential scattering, are likely to dominate. 
[((1—)~ Pu |,x2,m, is, therefore, expected to represent mainly the processes in which 
deuterons elastically or inelastically scattered by the target nucleus, including the shadow 
or potential scatterings, are stripped with the modified amplitude. 

Of various terms of | (1—/%)7' BuO eal ymys Setanmg [A—P) "8 ]p,¢ ug represents 
the stripping of the deuterons scattered through the direct process. It is rather likely 
for the incident deuteron to be stripped than to be elastically or inelastically scattered, 
when the proton or the neutron, but not both, keeping their relative distance larger than 
the range of their mutual interaction, comes within the range of the interaction with the 


target nucleus. Thus this sum is expected to represent mainly the effect of the shadow 


scattering of the incident deuteron due to its stripping. This gives, together with |a— 


8)~* Bu] discussed above, some basis for the numerical calculation of Tobocman and 
Kalos"” with a modified wave method in which the modified wave of the incident deu- 
teron was taken to be the one describing pure absorptions of some partial waves of the 
incident plane wave of deuteron. 


be Qy =teOeca) . ‘ ‘ : 
Other terms of [(1—f)~! Put |pxt,m,, teptesent elastic ot inelastic scatterings of the 


protons produced through the stripping of the incident deuterons, and also represent direct 
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(n, p) reactions due to the overlapping in the external region for the neutrons produced 
through the deuteron stripping, both with the modified amplitudes. These are expected 
not to play dominant roles in the (d, p) reaction at moderate energies, because the decay- 
ing tails of the wave functions of their residual nuclei are not so long as that of the 
deuteron internal wave function. On the other hand, for (d, p) reactions at very high 
energies, these may play some important roles. In such a case, however, the notion of 
the compound nucleus may lose its significance, because waves incident upon the internal 
region become able to penetrate deeply into the internal region without losing their original 
modes of motion. Our discrimination between the internal and the external regions, then, 
may cease to give us useful procedure of approaching the problem, and we might have 


better to rely upon other methods of approximation. 


§ 4. Concluding remarks 


We have discussed (d, p) reactions in terms of the resonance theory of nuclear react- 
ions. In order to keep the close relationship between the notion of the compound 
nucleus and the eigenfunctions of the total Hamiltonian of the system in the internal 
region, we have treated the effects of the overlappings of the internal wave functions of 
various reaction products in the external region approximately, as corrections to the ordinary 
resonance theories. The resultant expression for reaction amplitudes are given in a form 
such that physical implications involved are clarified as far as possible. It is hoped that 
this result may help us in interpreting experimental data on nuclear reactions with which 
loosely bounded particles such as deuterons or residual nuclei with high excitation concern. 

Our result is also applicable to other cases besides those mentioned above. As an 
example, let us take (n, p) reactions. If the energy of the incident neutron is high 
enough, its wave length becomes of the same order of magnitude as or shorter than the 
decay distance of the wave function of the proton outside the target nucleus. It then 
becomes more probable for the incident neutron to excite proton outgoing waves, through 
the direct interaction with the proton while they are both outside the range of the strong 
interactions with the other nucleons. This is what we have called the direct process due 
to the overlapping in the external region. The result of Austern, Butler and McManus”? 
for direct (n, p) reactions with a Born approximation, can thus be interpreted from our 
formulation as the one due to the direct amplitude arising from the overlapping in the 
external region. We can also understand naturally from our formulation, the Butler type 


calculations of the (t, d) stripping or (d, ¢) pick-up reactions in the current litera- 
9994) 


tures , 
In our approximate treatment we have used two steps of approximation. We have 


neglected the change of the amplitudes of outgoing waves and also neglected the ampli- 
tudes of standing waves in the overlepping part of the external region, and we have ap- 
proximated the boundary conditions impoced on the total wave function of the system on 
the surface of the internal region. In order to obtain more reliable result, we may use 
variational principles, with trial functions of the form suggested from the considerations 


given in this paper. 
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In order to clarify the behavior of the Pose-Einstein condensation, to which various investigations 
have been reported with results being in conflict with each other, the influence of binary collisions to 
the Bose-Einstein condensation is treated correctly. As the result, it is shown that the B-E condensa- 
tion is of the third order, as in the case of an ideal Bose-Einstein gas model. 


§ 1. Introduction 


Since London’s? theory of Bose-Einstein (hereafter simply called BE) condensation, 
many authors”~® have attempted to explain the /-transition between liquid helium I and 
liquid helium II in terms of the imperfect B-E gas model. 

With the recent progress of observations of physical properties of liquid He’, it seems 
unquestionable that the /-transition of liquid He' must be explained as the BE condensa- 
tion of a B-E liquid. Discrepancies between the characters of the A-transition of liquid 
He! and that of an ideal B-E gas, especially the discrepancy as to the order of the tran- 
sition, may be explained by properties of an imperfect B-E gas as quantum liquid. But 
because of the mathematical difficulty of the many body problem with interacting particles, 
it seems that no one has been able to succeed in perfecting the explanation. Various 
approximating methods have been proposed in order to avoid this difficulty. Unfortuna- 
tely their results did not always coincide, depending on the methods used, even though 


the same order of approximations were adopted. 


*) Though an original form of this paper was published by Matsubara in Busseiron-Kenkyaé (in 
o. 18 (1949), 74 and a revised one was published by Morita and Honda in Bussziron-Kenkya 


Japanese) N 
to be published jointly in the present form. 


No, 35 (1951), 124, it was approved, after discussions, 
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oe 3 : ee Ss ; e 

For example, Schif hzs inves:igated the influence of binary collisions on the B = condensation . a 

imperfect B-E gas. He has shown that, for such an approximation, the mean occupation number nz for a 
g 


single atomic energy level is given by 


nz=gniexpla+B eh > nyt G(k, k’)J)—1}"4, } (1-1) 
2a N 
and the mean energy of the system E is given by 
E=S€x np— (1/2) ng nx’ OG(k, k’)/08, (1-2) 
ic Ke Ket 


where G(k, k’), defined by (2-2) in the next section, is a correction due to binary collis‘on between k and 
k’ atoms. In order to avoid the difficulty to solve the non-linear integral equation (1-1), he has cssumed 


that a—S) mgr G(k, k’) can be approximately replaced by a above the temperature of condensation. As a 
ki 


result, he has shown that the transition is of the first order. 
One of the present authors") (Matsubara) has us2d the classical approximation 


exp(—B [H)+U]) =exp(—#U) exp (—8Ho) (1-3) 


in which the quantum mechanical efect due to the non-commutability of the kinetic energy Hy with the in- 
teratomic potential U is neglected, and, furthermore, he has taken into account only the correlation between 
atoms that are neares: neighbours in a cycle of permutations. Then he has shown that the B-E condensa- 
tion of an imperfect B-E gas may be of the second order, though some approximations contained in his 
calculation are open to criticism. 
Friedman and Butler!) have used the identity 
exp(—8[H)+U]) =lim{exp(—fU/n) exp(—BH)/n) }” (1-4) 


n>o 


and have calculated the partition function of liquid He! approximately. Thus they have shown that, though 
the B-E condensation is of the third order, the temperature dependence of the specific heat below the transi- 
tion point is improved considerably compared with that of an ideal B-E gas model. 

Using the method of path integral formulated by hims2lf, Feynman® has shown that He? atoms move 
very freely among each other with an eective mass m’ larger than the true mass of a He! atom and, thus, 
the partition function of liquid He is calculated by 


<(8) = (Ks/N !) (m’/27 Bh) re ALi Aw) Soe [— (m’/286*) D\(Xe— Puy) X4)*)dXi---dXy (1-5) 
(y) 
with a good approximation. Taking only the correlations between atoms that are nearest neighbours in a 
cycle of permutations, as one of the present authors (Matsubara) did, he has found that the B-E condensa- 
tion is of the third order. Here it may be noted that, with exception of the appearance of the eifective 
mass m’, Feynman’s partition function (1-5) is substantially equivalent to Matsubara’s partition function ob- 
tained by using the classical approximation (1-3). 

Chester” has proposed an expansion formula of free energy with an interaction force constant and 
applied it to an imperfect B-E gas. Then, to the firs: order approximation, he has found that the B-E 
condensation is of the second order. Furthermore, applying his formula to Feynman’s partition function (1-5) 
he has also obtained the second order. Here it may be noted that the degree of approximation used by 


Chester is essentially equivalent to that contained in Schiff’s calculations taking into account the influence of 
only binary collisions. 


Under these circumstances, therefore, it is very desirable that the correct conclusion 


is established for each degree of approximation. One already knows that the B-E con- 


densation of an ideal B-E gas is of the third order.) In the present paper, we shall give 


a definite conclusion with respect to the order of the B-E condensation which one can 


é ; oe : : : 
expect wher one takes the interatomic force into account only as far as binary collisions 
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are concerned. (In the following, this approximation is called B-C approximation.) — For 
such en approximation, as Schiff?) has shown, the mean occupation number 1, of each 
free etomic state k is given by the integral equation (1:1). The difficulty of this prob- 
lem is that this integral equation is non-linear and that the results do not coincide de- 
pending on which approximating method one adopts to solve this integral equation. 

In the present paper, an expansion method to solve the integral equation (1-1) is 
described. Then it is shown that, to the accuracy of B—C approximation, the B-E con- 
densation is undoubtedly of the third order as in the case of an ideal B—E gas. 


§ 2. Imperfect B—-E gas 


In Feynman’s partition function of liquid He' (1-5), K; is a normalization factor 
and (/(X,,:--Xy) represents a density function associated with each configuration and is 
very similar to the density function exp(—/U) of a classical gas. One may expect 
the behavior of the B—-E condensation almost insensitive to the detailed form of the 
interaction force. On the other hand, the interatomic force of He atoms which con- 
sists of a repulsive core and a weak attractive part, can be substituted by a rigid sphere 
potential with a fairly good approximation. Therefore we can take the density “(X,,-°- 
Xy) to be simply the density function exp(—/fU) for a classical gas of impenetrable 


atoms of diameter a. Thus we see that the approximation 
exp(—f[H,+U]) =exp(—8U) exp(—/m'H,/m) (2°12) 


is very useful for liquid He’, where U is the potential energy of a gas composed of im- 
penetrable atoms with diameter a and H, is the kinetic energy operator of liquid He’. 

iowawesstare with: (1-1) and (172) IAM 1) ees the kinetic energy of a 
free ctomic state with wave number vector k and G(k, k’) is given by 


To) 


G(k, k’) =exp (Pe. + &')) y-*\dX,\dX, fexp[ —i (kX, -+h'X,) ]+-exp[—i(kX,+h’X,)} 


x {exp| —PH,2| —exp| —P Hy’ }expli(kX, +k’X,) |, (22) 
where H,, and H,,’ are the Hamiltonien end the kinetic energy operator of a system of 
two He' atoms respectively. Then, by considering (2-1), we have 

€,,== (0°/2m') Rk 
and 


Gtk, k') =-V-"QtJk—-F)}, (2-3) 


where 


Q= |" ar dr= (41/3) @, (2-4) 


*) The necessary condition for validity of B-C approximation is, as is shown by Schiff,” that x= 
NOQ/|V<A, where N is the total number of atoms, V the volume of the system and Q is given by (2-4). 
This condition does not hold in real liquid He! where x=1.7. 
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J(ke—k’) =|" exp [i(X,— X,) (kB) lr. (2-5) 


The parameter @ is determined by the condition 


N=; Nye (2-6) 
Ie 
Now let us put ¢=N/V and 
V23>' 0. Gk, k') =pQt+Ww(k), (2-7) 
Ie 
then we obtain 
p=V- SHexpla +Pert/Q+W(k) J} (2-8) 
ke 
and 
E/V=V" S) €x {exp| @ +fe,+pQ+ W (k) |— rs. (2-9) 
Ie 


By considering that the sum >7’ over all free atomic states except for the ground state 


k=0 can be replaced by the integration 
(V/(27)"} \---dk, 


we obtain 


p=V— fexpla+pQ+W (0)|—1} "+ (22) | expla + Pen + 0Q+ Wh) |—1} “dk, 
. (2-10 


E/V = (27) ~*\ €, {expla +fe,+pQt+tW(k) |—1}~ dk. (2-11) 
W(k) is determined by the integral equation 
W(k) =V~™ {expla +Q+W(0) ]—1}~ J(0) + 


(27) * J(k—k’) {expla+fe,+0Q+W(k’) |—1} dk’. (2-12) 


§ 3. A solution of the integral equation (2-12) 


In this section, we proceed to solve the integral equation (2-12). First we expand 
the right-hand side of (2:5) as a power series of T=ak: 


T(k—k') =4,—4,|7—2'|?+4A,|27—2'|'— +, (3-17 
where 
A,=Q, 4;= (1/10) Q, A,= (1/280) Q, A,= (1/5040) Q,::- (3-2) 
and then the relation 
A\> A> A,> A,> + >0 (3-3) 


holds. Next let us assume the expansion 


BV Q+W (k)} Sut (6°/2m'a’)|—B, 2° (1—B,) (B, z+ Br°+-+)] (3-4) 
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and substitute (3-4) into both sides of (2:12). Performing the integration of k’ on the 
right-hand side of (2-12), and equating coefficients of same power terms of &’ in both 


sides of (2:12) we obtain the following simultaneous equations : 


ug] Ries AV (exp a* = 1) }7+49Q+A4I,-—Al,+Al,—-:, 
(#2/2m!a?) (B,/kT) =A, {V (exp a*—1)} “1+ AL,— (10/3) Aly +o, 
(1—B,) (62/2m' a?) (Bo/kT) = Agl, —7 A,I, + (126/5) AL,—***, 
(1—B,) (6°/2m'a’) (B,/kT) = +, 


(3-5) 


eee mee eee eer eee 


where 


= (ant) af “a fexplat 07 fx + Bea + Bat +} J—1}* de, (3-6) 


and 
aXk=at+u/kT. 6=2m'akT / {b°(1—B,)}. (3-7) 
For example, 
Seale 2377! k1, 
+ (105/8) Pr F 5/2 (a*) {(9/4) BoB} a “-], (3 -8) 


Be (a*) — (15/4) OF 5, (@*) B, 


2am’ kT )\*” mu 2 Aint x8 
Belay OL (3/2) Fay (@*) — (105/8) Foye (a*) 


=" (945/16) PF)» (a*) {(11/4) B," — B} aaa ve], 


where 


Ital (sat yt" (exp[a+s]—1)~ dx= Sn! exp (—na) : (3-9) 


The total energy of the system is given by 
E/V= (6/2m'a’) I, (3-10) 
Here it may be noted that the expansion method mentioned above is inapplicable when 


B,~1, as is seen from (3-7) and (3-8). 
$4, B-E condensation 


One can solve the simultaneous equations (3:5) by successive approximation. When 


each B, is a small quantity, it holds, as is easily seen from (3-3) and (3-5), that 
- 


B,/B, =O (A,/ Ai); Be BE OCA fA) 5:2": 
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When A, (« <2) can be neglected against A, and A,, one can neglect B, (« 2) against 
B,. As the first approximation for such a case, we obtain 
u,/kT =A,V {exp a*—1}]"+A, I,+Q (4-1) 
and 
(#°/2m'a?) (B,/kT) =A,|V {exp a* —1} )* +A, (4-2) 
Also we have 
UV fexp a 1} 4 [P fxp 1} P+ 2am! KT OB) IPF 
: (4-3 
Substituting (4:2) in (4:3), we have 
p=[V fexp a*—1} ]-2 + (2am! kT /(B1— (2m'akT /P*) A, p))} PFip(a*). (4-4) 
(4:4) determines the value of a* as a function of temperature T for a given value of 
the density ~. In the temperature range, in which a*>0, that is to say, above the 
condensation temperature, the first term ?,=|V (exp @*—1) |“ of the right-hand side of 
(4-4) which represents the number density of atoms occupying the ground state is a 
negligibly small quantity. In such a temperature range, therefore, (4-4) becomes 


p= (2m m/kT / (61 — (2m'a@’kT /6°) Ap] } °° Fy (a*). (4-5) 


Here F,\j.(a@*) is a monotonously decreasing function of a* for non-negative values of a* 
and the coefficient of F,j.(@*) in the right-hand side of (4-6) is a monotonously increas 
ing function of temperature T(as far as B,< 1). With decreasing temperature under 
the condition that the density is fixed, therefore, the value of a* decreases and becomes 
zero at the temperature T, determined by 


p= (2mm! kT,/(b°[1— (2m'a@’kT,/6?) A,o]} F/O). (4-6) 


The magnitude of the right-hand side of (4,6) can not be equal to / and is always 
smaller than ~ below this temperature. Thus the remainder of atoms must fall into the 
ground state. The B-E condensation does occur precisely at the temperature T,. The 
density of atoms occupying excited states (i.e., the so-called normal part) below the tem- 
perature T.. is given by 


Pn= (2am! kT'/ (b*[1— (2m! a? kT /b") Ap} He Foie 0) ced ee (4-7) 
Now let us put 


ry 
is = ,/ (0, 


l= (h°/27m’k) {0/Fij2(0) }** (4-8) 


and 


7 = (2m'a°k/b’) A,p, (4-9) 


then (4:7) and (4-8) are rewritten as 


L./ T= 1 =r; (4 10) 
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and 


e=[C/ TNT), THT; amin 
respectively. 


The detailed behavior of the B—E condensation is determined by the behavior of a* 
neat IT. Differentiating (4-6) by temperature T, we obtain 


oa" (OE —=—|[37 27 177)" | Pua(@*) / Pp (e*) | (4-12) 
Since Fjj.(0) =2.612 and lim F’yj(a@) *= — F_1.(0) =— ~, we see that 


lim ake Se eM fk (4-13) 
ToT, 


This fact means that the B-E con- 
densation mentioned above is of the 
third order just as that of an ideal 
gas. ; 

Though the condition of vali- 
dity of B—C approximation does not 
hold in real liquid He’, it is inter- 
esting to compare our results with 
those of an ideal B-E gas model 
and observations on real liquid He’. 
If we tentatively put the effective 
mass m’ equal to the true mass of 
He' atom and adopt a=2.6A (the 
interatomic potential is zero at a= 


2.6A and there is a violent repulsion 


if the atoms approach more closely 


Fig. 1. Specific heat versus temperature curves. Curve than 2.6A), we obtain T= 


a shows experimental results for liquid He’, 6 is ob- 2.02°K. On the other hand, the 


tained from the present theory, while c is obtained from observed /-temperature is 2.19° K 


an ideal gas theory. 
and the condensation temperature of 
an ideal B-E gas with the same density as that of real liquid He! is 3.14°K. ‘The 
specific heat versus temperatue curve is shown in the Fig. 1 together with those of an 


ideal B-E gas and of real liquid He’. 


§ 5. Discussion 


In the previous sections, we have shown that the B-C approximation yields the 
B_E condensation of the third order, as in the case of an ideal B-E gas. This result 
is contrary to those obtained by Schiff” and Chester" respectively. The origin of the 
discrepancy between our calculation and theirs lies in that we take account of the change 


of the parameter @& due to the B—C approximation correctly while they approximate it 
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by the value of the ideal B-E gas. The transition temperature and temperature 
dependency of the specific heat below the transition point obtained from the present theory 
are improved considerably compared to an ideal B-E gas model. It must be noted, 
however, that the condition of the validity of B-C approximation is not satisfied for real 
liquid He’. On the other hand, one may encounter a great amount of mathematical 


difficulties in extending the theory so as to include higher order collisions. 
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Assuming the pion theoretical potential due to the exchange of one pion in the region outside the 
pion Compton wave length, the deuteron problem is analysed. Since the deuteron has a large radius 
on account of its small binding energy, the wave function is strongly affected by the outer part of 
the potential. This outer part of the pion theoretical potential has the effective coupling constant 
02/42 between the p-wave pion field and a nucleon as the only variable parameter. Thus we can 
determine the value of the coupling constant from the deuteron problem as 0.065<g,"/47<0.090. 
This value is in good agreement with that inferred from pion reactions. 

The form of the deuteron wave function with the pion theoretical potential and its approximate 


analytical expression are given. 
An information is obtained that the tensor potential must be negative inside the pion Compton 
wave length in order to give the bound deuteron state, which is consistent with the pion theoretical 


potential in the same region. 


§ 1. Introduction 


The second-order nuclear force has recently attracted much more attention of people 
than in former years. The triplet P-wave phase shift of low energy proton-proton scattering 
experiments (Ejay <4.2 Mev) was found to be negative.” This negative phase shift was 
explained” as due to the characteristic features of the pion theoretical potential at large 
distances. The main contributing factor to the P-wave phase shift is the repulsive central 
part of the second-order nuclear force, which is effective when two nucleons are separated 
by two or more times the pion range b/c (4: the pion mass). The pion theory may 
be expected to be reliable in the region of the outer part of the potential. Therefore the 
result was regarded as a strong support to the pion theoretical nuclear forces. At the 
same time, it was found that the quantitative agreement is very good when the coupling 
constant g°/47 in the pseudoscalar pion theory with P-wave coupling is about 0.06~ 0.08. 

Before the above research, many Japanese physicists,” had attacked the problem of 


nuclear forces dividing the configuration space of nucleons into two regions along the line 


+) Now at Research Institute for Fundamental Physics, Kyoto University, Kyoto. 
*) A part of the content of the present paper is quoted in a preceding letter by the authors with 


Py . . . ” 4 
the title “Determination of the Pion Coupling Constant in Nuclear Forces J) 
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of the approach proposed by Taketani and others.” In the outer region 7 > 0.6 b/pc, 
the interaction was represented by the second-plus-fourth-ordet potential in the perturba- 
tion approximation. On the contrary, in the inner region 7 < 0.6 b/ pe, the interaction 
was represented by arbitrary phenomenological potentials, since the present pion theory is 
not expected to give any reliable answer when the two nucleons are very close together. 
By a comprehensive comparison of the theoretical results with experimental data at 
both low and high energies (Enqn << 100 Mev), it was found that the pion theory of nuclear 
forces can reproduce the data qualitatively if g°/4z is about 0.08. 

After the above research into the *P-wave phase shift at low energies, it was thought 
reasonable that in order to give more quantitative ar- 
guments, one should descriminate the contributions 

(@) of the second-order potential from those of the 
fourth- and higher- order ones. The reason was 


that all methods to construct the potential pro- 


(4) -{c)-- (4) posed so far result in the same potential shape as 
the second-order one at large distances, while each 
() (s) of them gives different shapes of the inner poten- 


tials, though the differences are not very large in 
most states. Thus, the so-called second-order poten- 
tial seems to lie on a firm ground, while the fourth- 
and higher-order ones do not. One should discuss 
about the former as quantitatively as possible, while 


one can do about the latter only qualitatively. 


Furthermore, it was proved that when the 
inter-nucleon distance is very large, i.e. under the 
condition that the two nucleons are nearly free 


and the momentum transfer is very small, the 
one-pion-exchange process shown in Fig. 1 gives 


rise, in the region outside about 1.5 times the 


(0) pion range, to the same potential shape as the 
Fig. 1. Diagrams representing (a) the so-called second-order potential, i.e., 
general type of the one-pion-exchange 
process and (b) the second-order process. V™ = (92/47) (1/3) UC (t- To) [ (0,-O,) + 
A is the complicated vertex part and 
B and C represent the self-energy parts Si +3/x+3/x) |e*/x, for xzziked, 
of the nucleon and pion lines respec- 
tively. x= pcr /b =«Kr*, (1) 


where g,°/47 is the effective (renormalized) coupling constant of the p-wave pion in the 


symmetrical pseudoscalar pion theory. We call the potential shape of eq. (1) the one- 
pion-exchange potential. 


*) 1/k=1.415X10- cm corresponding to 4.=273 me. 
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We now divide the configuration space into three regions.* In region I (x=>-1.5), 
the interaction between two nucleons is represented by the one-pion-exchange potential. 
Moreover the shape of the one-pion-exchange potential is not altered in the region even 
if one cuts off the high frequency part of the pion field with a reasonable cut-off momentum 
DRmaz —. Mc (M: the nucleon mass). In region II (1.5 > x > 0.7), the potential due to 
two-pion-exchange processes is as large as the one-pion-exchange potential. However, the 
unambiguous prescription for the calculation of the two-pion-exchange effects is not still 
established, and various different prescriptions result in different shapes of the potential. 
Among many possibilities, we have some reasons to consider that the potential constructed 
by Fukuda, Sawada and Taketani’s method" is most reliable. Unfortunately, their potential 
is sensitive to the cut-off procedure in the region IJ. The recoil corrections and the S-wave 
coupling of pions with nucleons also affect the potential in the region II. In region III 
(x S 0.7), there is little hope to believe that the pion theory at the present stage can 
give the correct description of the interaction as was pointed out by Taketani and others”. 

The main purpose of the present work is to determine the value of the coupling 
constant g,°/47 of the one-pion-exchange potential. This is indispensable for the quanti- 
tative development of the theory of nuclear forces and pion reactions. High energy 
phenomena would not do much for this purpose, since various effects due to many com- 
plicated processes other than the one-pion-exchange are expected to be large. At low 
energies, though the triplet P-wave phase shift predicts g.’/47 to be about 0.08, it is 
not free from rather large uncertainties that come from the unestablished interaction in 
the regions II and III and from large experimental errors. It is shown in next section 
how g,°/4z is determined in the deuteron problem. In § 3, the method of calculation 
is described. In § 4, the results are discussed. The effective coupling constant is deter- 
mined as 0.065 <g,"/47< 0.090 from the deuteron problem. 

Besides the determination of g.’/47, the following results are important: The form 
of the deuteron wave function is almost uniquely determined in the outer region as eq. 
(10’). The D-state probability of the deuteron when the pion theoretical potential is 
present in the outer region x>1 is predicted as 0.05~0.08, which is larger than the 
value 0.04 currently adopted. In the inner region x<1 (at least in the region 0.6<x 
<1), the tensor force is found to have the negative sign in order to make the deuteron 
state bound, which is consistent with the qualitative properties of the pion theoretical 
potential. 

It deserves a special emphasis that the value of the effective coupling constant deter- 
mined here in the deuteron problem is in good agreement with the values inferred from 
pion reactions as will be discussed in § 5. 

According to the same line of the approach developed in the present work, the low 
energy data in the singlet even state will be treated in the forthcoming Nees II, the 
p-p scattering at 18 Mev in III and the photodisintegration of the deuteron in IV. As 
results of all these works together with that of the negative °P-wave phase shift mentioned 


*) For more detailed dis‘ ussions, see Supplement of Progress of Theoretical Physics, No. 3 (1956). 
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above,” some being quantitative and the others qualitative, may constitute the verification 


of the pion theory of nuclear forces.* 


§ 2. Deuteron problem with pion theoretical potential 


The one-pion-exchange potential in the triplet even state is 
V) = — (g,7/47) pol 1 +S +3/x+3/x) le"/x. (2) 


It should be noted that the tensor potential is negative and is much stronger than the 


central one. 


As can be seen from Fig. 2, the two-pion-exchange potential that is large in the 
region II is not yet uniquely determined. Its central part becomes appreciable in the 
region x< 1.4. However, its sign does not coincide if we apply various methods to the 
derivation. In spite of this difficulty concerning the central part of the two-pion-exchange 
potential, the deuteron problem, fortunately, can be treated pion theoretically and the 
effective coupling constant g."/47 can also be determined. The reasons will be given in 
detail a little later. 

First, the experimental values of the deuteron parameters are given : 

the binding energy of the deuteron B=2.226+ 0.004 Mev, 


the triplet effective range y= (1.704+ 0.030) X 107'cm, 
the electric quadrupole moment of the deuteron Q= (2.738+0.014) < 107%cm?, 
the D-state probability of the deuteron” P,=0.05~0.15. 
Many works were carried out to estimate mesonic corrections to Q, but unfortunately 
their results do not agree with one another. Moreover they depend on the behavior of the 


wave function at small distances, so we can not place too much confidence on their values. 


Sato and Itabashi” estimated the corrections by the normalized Tamm-Dancoff approxi- 


*) For a comprehensive summary, see Supplement of Progress of Theoretical Physics, No. 3 (1956) 
Part II. 


Fig. 2. (See next page as to the figure captions.) 

The pion theoretical potential in the triplet even state. 

OPEP: The one-pion-exchange potential with g,7/47=0.08. 

FST: The potential constructed by Fukuda, Sawada and Taketani’s method,” 
with g,2/4c=0.08. The probability that the nucleons are to be 
bare is properly taken into account. The high frequency part of the 
pion field is cut off by the gaussian factor with the cut-off momentum 
bk, =6ypc. 

TMO: the g?+g! potential in the perturbation expansion calculated by Take- 
tani, Machida and Onuma, with g?/47=0.08.") The probability part 
is also expanded in powers of the coupling constant. 

BW: The g’?+g! potential calculated by Brueckner and Watson with g?/47= 

0.08.) The probability part is approximated by unity. 

The one- and two-pion-exchange potential in the intermediate coupling 


theory with g./47=0.08.") The cut-off momentum of the gaussian 
cut-oif factor is ke =4.1 jc. 
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mation. According to their results, the corrections vanish in the static limit and an ve 
timate using the wave function (10’) predicts that they are of the order of 4.2 107™cm? 
ie., only about 1.5% of the experimental value. Therefore they are very small, and we 
neglect the mesonic corrections in our discussions. 

Usually P,, is estimated from the magnetic moment of the deuteron /4, neglecting 
mesonic corrections. The estimate gives P,=0.039. However, P,, is very sensitive to 
the corrections in the magnetic moments, since the value is estimated from the small 
difference between the large quantities, i. e. (14, + fn) — Hn, where 4, and 4, are the magnetic 
moments of the proton and the neutron respectively. Machida estimated P, in another 
way noticing that the ratio of the hyperfine structure separations of the ground states of 
deuterium and of hydrogen depends on P>. The value of P,;, above cited is a reasonable 
guess from his work.” 

In the presence of the potential V=V otS,.Vy, the Schrédinger equation for the 


wave function of the deuteron 


(1/N) (1/x)[u) + /¥8 )Si2 (2) 1° 
(N is the normalization factor of the wave function.) 
is given by 
(d?/dx?) u(x) + (—7?7— (M/p22) Ve (x) ) u(x) = (M/t’) V8 Vo(x) (x); 
(2/ds2) w(x) +72 (6/22) + (M/ 12 2) (—Vol®) + 2¥n()) 
=(M/22)VEVixOu@), GB) 


where (1/7) =3.05 is the deuteron radius corresponding to the binding energy 2.226 
Mev. The asymptotic form of the radial wave function (u(x), w(x)) outside the range 
of the forces is 


u(x) > (x) =Ase~™, 
w (x) > (x) =Ape™[1 +3 (7x) +3 (7x) 77], (4) 


where A, and A, are constants. 


Now we shall explain why the effective coupling constant g,°/47 can be determined 
in the deuteron problem. 


a) First, we estimate the ratio of the asymptotic amplitudes of w(x) and u(x), ie, 


A,/As. The effective range “r, is defined by* 


‘r= (2/4) |" [ert — (u2(@) +9") lds (5) 


*) Strictly speaking, the effective range “r, corresponding to the experimental value is not defined by 
eq. (5) but by 


*re= (le) | [a- 5g eT (out myw)] dx 


a 7 =13 : : 
where *a= (5.377 40.023) X10" cm, the triplet scattering length, and (uo, %) is the wave function at zero 


energy. Flowever, the difference beiween (5) and (5’) is less than a few percent. 
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where the wave function in this equation is normalized as 


u"(x) +97 (x)—>exp(—2yx) as x00. 


Since P,<1, we can expect 4)7><A,. Then Eq. (5) becomes 


See 3 2540 2 ee 9 2 ) 9 
wire eM de — | (ub!) de (1/7) =2 (N/A), 


e 


where Was \ i (w+) dx. 


Thus we can get from the experimental value of *r, as 
Asp N= 72/4 Ai) 6} 1.04. 


The quadrupole moment Q is defined as 
O= Ce N*) (1750) |" x uwdx— (1/20) | ee dx]. (6) 


Since the deuteron radius is much larger than the pion range, the asymptotic forms 1 (x) 
and 1(x) approximate u(x) end w(x) well over a wide region of x. As is well known, 


Q is an “ outer ae 


quantity due to the factor x” in the integrand of eq. (6), i.e., the main 
contribution to Q comes from the ovter region x = 1. Thus eq. (6) is approximated 
by substituting u(x) and w(x) in place of u(x) and w(x). Furthermore its second term 


may be neglected since P,<1. In this way, we obtain 


12Q= (1/8 ) (As Ap/N?) (1/7). 


From the above equation A,/N is estimated as 
Ap/N = 87? Ke Q/ (As/An) =27°Q W177) aK *n=30.013. 


Therefore, the required ratio A,/As is 
Ap/ As0.01. (7) 


The approximations made above are rather crude, so this ratio is only qualitative. It is 
worthwhile to notice the fact the ratio A,/A, is a few percent. The more accurate 
calculation to be performed later will show that A,/As=0.025. However, such an uncer- 
tainty in A,,/As does not matter to the following arguments. 
b) Now we have some knowledge of the form of the two components of the deuteron wave 
function outside the range of the forces and the ratio 4),/As, i.e., Eqs. (4) and (7). 
In the region of x where the megnitude of the one-pion-exchange potential becomes 
larger than the deuteron binding energy or the centrifugal potential, i.e., x< 2.5, the two 
components u(x) and w(x) of the wave function deviate from their asymptotic forms 
(u(x), w(x)). These deviations come meinly from the strong tensor potential_as will 
be explained below. 
Let us solve the wave equation (3) starting from outside and proceeding inward. 
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The deviations of u(x) from u(x) and »(*) from v(x) come from the differences of 
(ur (x) =u!’ (x)) and (10 (x) —#’"()) respectively. To the former difference (1t’’ (x) — 
u'’(x)) contribute two terms, the central contribution V_(x) u(x) and the tensor contribution 
V/8V p(x) w(x). The ratio of these two terms is estimated by substituting u(x) and 
w(x) in place of u(x) and w(x) and using the ratio 4,/As of eq. (7). The result is 
that the ratio |Veu|/| /8V_ | is 0.6 at x=2.0, 0.3 at x= 1.5 and 0.1 at x=1. Hence 
we can see that the contribution from the tensor part is larger than that from the central 
part around these distances. The same situation holds also for (iw (x) —w’"(x)). The 
ratio [Ve w|/|“8 Vp u—2Vp wo| is 0.02 at x=2.0 and 0.04 at x=1.0. Consequently 
the deviations of u(x) from u(x) and w(x) from (x), of, the behaviors of u(x) and 
w(x) are determined mainly by the strong tensor force of the one-pion-exchange potential. 
Needles to say, the potential becomes negligibly small at very large distances, x = 2.5. 
c) As can be seen from Fig 2, the central part of the two-pion-exchange potential be- 
comes quite appreciable in the region 1 <x< 1.4. But the tensor part of the potential 
is negligibly small in the same region. An estimate similar to b) shows that the effect 
on u(x) and w(x) due to the central part of the two-pion-exchange potential is less 
significant than the effect due to the tensor part of the one-pion-exchange potential. Thus 
we can conclude that u(x) and w(x) in the outer region x>1 are mainly under the in- 
fluence of the one-pion-exchange potential, particularly of its tensor potential. Consequently, the 
wave function depends critically on the coupling constant g."/47 of the one-pion-exchange 
potential. 

d) In the inner region x <1, the potential derived from the pion theory is not 
reliable quantitatively in the region II (x > 0.7), nor even qualitatively in the region III 
(x < 0.7). The potential is expected to affect strongly the behaviors of the inner wave 
function (u,;,(x), Wi, (x)). In any case, however, the wave function is compelled to vanish 
at the origin owing to the boundary condition. 

We can assume many forms of the inner wave function (u,,(x), ;,(x)) as long as 
we know only that they vanish at the origin and pass smoothly at x=1 into the outer 
wave function (u(x), »(x)) obtained in a), b) and c). If some of them can reproduce 
the experimental values of *r,, Q and P,, we regard them as the possible deuteron wave 
functions yielded by the pion theoretical potential with the assumed value of the effective 
coupling constant. 

e) As the quadrupole moment is an outer quantity, it depends on the detailed behavior 
of u(x) and w(x) in the outer region x>1, as well as on the amplitudes of the asymp- 
totic forms through AsA,/N*. Therefore Q is sensitive to the magnitude of g7/47 of 
the one-pion-exchange potential. On the contrary the detailed behavior of the inner 
wave function (u;,(x), ;,(x)) hardly affects the magnitude of Q as far as it vanishes 


at the origion and reproduces the correct value of “r,. The effective range *y, is an 
“inner quantity”. This gives the measure of the deviation of u(x) and w(x) from the 
extrapolation of their asymptotic forms u(x) and (x) as can be seen from the defining 
equation. (5). 

f) The D-state probability P;, depends not only on A,/As and g.°/4z, but also on the 
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behavior of the inner wave function. 


g) If, assuming a definite value of g,°/47, we find that no inner wave function repro- 
duces all experimental values of °r,, Q and P,, we must be prepared to test another value 
of g//4z, 
h) If we find that no values of g,?/47 fit the experimental data, we might be able to 
conclude that the symmetrical pseudoscalar pion theory of nuclear forces is incorrect. 
However, this is not the case. We can get the wave function of the deuteron re- 
producing all experimental values of “r,, Q and P,, with the pion theoretical potential. At 
the same time the value of g,°/4m can be determined. 


§ 3. Calculation 


We solve the wave equation (3) starting from outside and proceeding inward. There 
are two linearly independent sets of solutions (u,, ¥;) and (uy, w,) which have the asymp- 
totic form (4). For example, we can assume the asymptotic form of (u,, %;) such as 
(u,>exp (—7x), 0) and that of (uy, >) such as (us>0, exp (—7x)). Then 
the general solution of eq. (3) that satisfies the boundary condition at large distances 


(4) is given by a linear combination of the (u, ¥): (u=u,+au, vw=9,+am,). The 
coefficient @ in the combination represents the ratio of the asymptotic amplitudes of w(x) 
to u(x): @=A,/As. 

We get the above two linearly independent solutions numerically in the outer region 
x>1 assuming the one-pion-exchange potential in the same region, for three cases of the 
effective coupling constant g. /427=0.06, 0.08 and 0.10 respectively. The deuteron wave 
function is given by a linear combination of the two solutions, where the combination 
coefficient a@ is expected to be of the order 0.01 as was estimated in §2, a). The ad- 
justable parameters of the outer wave function are the coupling constant g./47 and the 
ratio of the asymptotic amplitudes a=Ap/ As. 

In the inner region x< 1, we do not solve the wave equation for the assumed inner 
potential but assume the functional form of the wave function itself. The reasons for 
this description are as follows. 

In the inner region around the pion range (0.7 <x< 1), the two-pion-exchange po- 
tential plays the most important role. However, the signs of the central part of the 
potential is unfortunately not independent of the method of derivation. For example, 
by the perturbation approximation (the TMO potential)”, the central potential is strongly 
positive ; Fukuda, Sawada, and Taketani’s method gives a weakly positive potential”; 
Brueckner and Watson’s method and the intermediate coupling approximation give the 
negative ones!” (see Fig. 2). Therefore, it is hard to have the reliable potential shape. 

One might think that one could vary the shape and the strength of the inner po- 
tential over a wide region and get some useful information. However, when a tensor 
force is present, the calculation is too laborious and moreover the result would be too 
complicated to draw easily any inferences regarding pion theoretical nuclear forces. 


We shall therefore asssume the fanctional form of the inner wave function (tin (X) 5 
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w,,(x)). To do this, we shall attach the conditions to the inner wave function that it 
vanishes at the origin, continues smoothly to the outer wave function end that it repro- 
duces the effective range *r,. Both u(x) and w(x) of the outer wave function with 
A,/As=0.01~ 0.03 have their maxima near x=1 or slightly outer. Therefore, if we 
once assume the radius of the hard core, that is, if we specify the point x, inside which 
the wave function vanishes, the gross form of the inner wave function can be almost 
automatically determined. 

Once the radius of the hard core x, is fixed, 2 change in the forms of u;,(x) and 
w;,(x) produces only a cmall change in the values of *y, end the D-stzte probability P,,. 
Also the detailed -ehavior of v,,(x) end ,,(x) herdly effects the velue of the quadrupole 
moment Q. Thus we can say that the only important peremeter in the inner region in 
determining the deuteron parameters is the core redius x,. Here tke core redius x, means 
that inside x, there are some interactions that push the wave function outwerd at such 
low energies. The interpretation of the interactions at <mall distances would be outside 
the potential picture and even outside the applicability of the present theory, since they 
are expected to be closely connected with the structure of elementary ferticles. 

We calculate Q, *r, and P,, using the wave function obtaired in the way above 
mentioned. 


Q= (1/N") (2/1082) | 2 (uv —n*/ VB) de= (Qu + Qin) / Noe +N), 


“t= {1 /p —2N°/ (As + Ap?) } =e {1/7 —2 (No + Ni?) / CAS +4,2)}, (8) 


Co 


P= | w'dx/N°= |» dx/ (Nout +Ne) , 


4 vil 


where 


a) ; 1 
Qou= (V2 /10 «*) [ x (uv—w/ V8 )dx, On (V2 (10K) (22 (un —»*/ v8 ) dx, 


v7 40 


mn 


> od ° » o : 
es (uw? + 9°) dx, N= (u? +") dx. 
Jil J XO 
The outer quantities Q,,,, and N,,,” depend only on g,?/47 and Ap/ As. 
Let us consider the dependence of *r, and Q on the inner wave function inside x=1 


when N,,° and Q,,, are given. The portion of the inner contribution N.° 


;, to the norm 
9 + OL o + 8 . . 
N* is about 20~30%. When N° increases, yr, decreases, as is easily seen. When 


N;,, increases Q also decreases, since the inner contribution Q;, to the numerator of the 
quadrupole moment is less than 5%. Therefore we can say that the effect of the inner 


wave function on “r, and Q comes mainly through the norm N,,? and that the larger 
ratio N;,"/Niwe? 


" gives the smaller *, and Q if the outer wave function is the same. 


For the sake of simplici i 
simplicity and generality, we take for Uin(x) and w,,(x) the 


uadratic functi { i — re i i 
q nections in the region x, <x <1 which vanish at a commo point x, We 


calculate Q, “r, and P,, accotding to eq. (8) for ge /47=0.06, 0.08 and 0.10 with 
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O<x,<0.4 varying the ratio A,/As as a parameter. The results are shown in Fig. 3. 

When g,°/4z decreases the ratio N,,,°/N° increases since the deviation of u(x) and 
w(x) in the outer region from the extrapolation of their asymptotic form is reduced owing 
to the smallness of the potential. Therefore, the smaller value of g,"/47 gives the smaller 
values of “r, and Q, and vice versa. 

As the tadius of the hard core increases from x,=0 up to x,=0.4, the inner 
norm N,,” is reduced, hence both “r, and Q increase by 10~20% and about 7% 
respectively. 


1.4 


oa 


géAn=0.10 


ee/an = 0.08 3% 


1.6 


The experimental ie 
value of Q 


The experimental value of °% 


3 
‘es 1 2 


Fig. 3. Q and *re predicted by the deuteron wave function when the one-pion-exchenge 
potential with ge-/47=0.06, 0.08 and 0.10 respectively are present in the outer region 
x>l. 
——: in the absence of a hard-core-like repulsion at small distances. 
eet : in the presence of a hard core with the radius 0.4. 
The inner wave function is assumed to be quadratic in x. The ratio of the asymp- 
totic amplitude Ap/As 1s given by the parameter @ on the curves by the relation 
Ap|As=0.01986 «x. 
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tensor 
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Fig. 4. An example of the deuteron wave function reproducing the correct values 


of the experimental data when the one-pion-exchange potential with g,°/42=0.08 is 


assumed in the outer region x>1. The dotted lines are the wave function obtained 


by Rarita and Schwinger with a square well potential.!)) 
The potential which influences the wave function is also shown. It is the one- 
pion-exchange potential in the outer region, 


In the inner region, the potential is 
estimated from the wave function, 
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For the small value of g,?/47< 0.085, a hard core is required to reproduce °r,. 


§ 4. Results and discussions 
1) Determination of g."/47 


From Fig. 3 we obtain the upper and lower limits of g°/47 outside which it is im- 
possible to reproduce the deuteron data. Namely the value of g,"/47 is restricted as 


ge /47=0.075 + 0.010. 


For larger g./ 4m(> 0.085), the wave function reproducing the experimental value of 
*y, gives too large Q, eg, Ort SOLO cm? for g,”/47=0.10, which is about 30% 
larger than the experimental value. For smaller g,°/47(< 0.065), even in the presence of 
a hard core with the large radius x,=0.4, the wave function gives both too small *y, and 
too small Q. It may be possible to obtain a wave function reproducing the correct on 
and Q for the values of g2/4m which are somewhat smaller than 0.065, if a strong 
repulsion with the radius larger than 0.4 is assumed. However, it does not seem plausible 
to assume such a repulsion with the radius as Jarge as one half of the pion Compton 
wave length. In addition, our argument about the low energy parameters of the singlet 
S-state in the forthcoming paper II will indicate that g,/47 > 0.07. 

Now we estimate the effects of corrections due to the two-pion-exchange processes to 
the one-pion-exchange potential in the outer region x>1. The corrections in the outer 
region are very small for the tensor potential but rather large for the central potential. 
However, as was stated in $2, -c) athe central part of the two-pion-exchange potential 
in the outer region has little effect on the result. 

When we take into account these corrections, the logarithmic derivatives of u(x) 
and w(x) at x=1 change appreciably though the changes in the amplitudes are negligible. 
Consequently the behavior of the inner wave function is more of less affected by it. 
If the correction to the central potential is repulsive as in the TMO potential,” the inner 
contribution to the norm N,,,” becomes larger, and if it is attractive as in Brueckner and 


wm 


Watson’s potential’ Noe becoies*smallerh’’So,"in the former case both Q and “r, become 


am 
smaller and in the latter case larger. 
Actually, however, even if the central part of the two-pion-exchange potential is as 


large as in the TMO potential, the one-pion-exchange potential with a slightly larger value 
of the coupling constant, ge /47 = 0.080 + 0.010, reproduces the deuteron wave function 
with a good fit to the experimental data. When it is attractive, the fitting value of 
g-/47 becomes somewhat smaller. Fukuda, Sawada and Taketani’s treatment predicts the 
two-pion-exchange potential to be slightly respulsive”. It is expected that the slightly 
repulsive potential has little effect on the value of g2/4n determined by assuming the 


one-pion-exchange potential alone outside x=1. 
Therefore we can reasonably conclude that the value of the effective coupling cons- 


tant lies in the following region, 


0.065 <g. /47 < 0.090. (9) 
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Besides the determination of g,/47, some important results about the deuteron wave 
function, P,, etc., are obtained based on he fact that the one-pion-exchange potential is 


the main part of the potential in the outer region x >1. 


2)  Deuteron wave function 
The deuteron wave function in the ground state obtained along the way mentioned 
in § 2 is illustrated in Fig. 4 for the case when g,"/47=0.08. This wave function re- 


produces the experimental data as 


ge / 47 =0.080, O= 2.74% 108 a 
Ap/ As=0.0248, }—>4 *r,=1.70 X10" am, (10) 
poet eb Py=0.067. 


When the wave function is normalized as 1=[" (u°+)dx, it is approximated by the 
analytical expression : 
u=1.039 exp(—0.328x) —1.392 exp(—2.360x), 
w= 0.02624 {1+3/(0.328x) +3/(0.328x)"} exp (— 0.328%) (10’) 
— (1.298/x°) exp(—0.962x), 


where the expression for w(x) is not valid for 1<x. This approximate expression may 
be useful to calculate various deuteron reactions. 

For the sake of comparison, the wave functions obtained by Rarita and Schwinger'” 
with a square well potential of the radius 2.80X107'*cm (nearly equal to 2X (b/p1c)) 
and depths of Ve=—13.9 Mev and V;=10.8 Mev are also shown in Fig. 4. Two 
remarkable features are to be noticed. One is that the asymptotic ratios 4,,/As coincide 
with each other in both cases. This is natural because both wave functions can reproduce 
the quadrupole moment. The other is that both u(x) and w(x) with the pion 
theoretical potential have their peaks inner than those with the square well potential. 
This is a consequence of the fact that the pion theoretial potential is not a “ short-tailed ” 
potential as the square well but a “long-tailed”” one. From Fig. 4, we can expect that the 
deuteron wave function has its S- and D- peaks near or slightly outside the pion range. 

The ratio of the asymptotic amplitude A,/Ax in the presence of the one-pion- 
exchange potential is almost completely determined by the outer quantity Q as 


A,/ As= 0.0245 (1+ 0.03). (11) 


3)  D2-state probability, P,, 


From Fig. 5 we can see that the D-state probability P,, with the pion theoretical 
potential is restricted as 


0.05 < Py, < 0.08. (12) 
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Fig. 5. Full curves represent the relation betwen Q and Pp, where *r, is fitted to 
the experiment. Dotted curves are equi-hard-core-radius curves. Notice that 


Pp>0.05. 


Rarita and Schwinger’s wave function shown in Fig. 4 gives P)=0.04. The small 
deviation of (x) (using the pion theoretical potential) from the extrapolation of the 
asymptotic form, and hence its steep rise are due to the long-tailed character and the weak 
central force of the one-pion-exchange potential. If the central force 1s strongly attractive, 
the term V-(x) w(x) in the Schrédinger equation (3) tends to reduce w(x) and conse- 
quently reduces P,. Therefore the large P, is a characteristic result of the existence of 
the one-pion-exchange potential in the outer region x>1. The large Pz is consistent with 


the result obtained by Machida” as discussed in § 2. 


4) Potential inside pion range 

In order to have some idea on the interaction in the inner region x<1, we investi- 
gated what kind of potential is required to give the wave function shown in Fig. 4. This 
can be done by solving the algebraic equation (3) regarding V_ and V, as unknown 
variables. The result is also shown in Fig. 4. 

The tensor potential in the inner region is negative and strong. The central potential 
is weakly attractive near the pion range and becomes highly repulsive inside. A compre- 
hensive investigation shows that the latter result concerning the central potential is not 
completely general and may fail for certain form of inner wave functions. The result de- 
pends on the value of g2/4m through the logarithmic derivatives and the amplitudes of 
u(x) and w(x) at x=1, on the effect of the two-pion-exchange potential in the outer 
region, and on the assumed form of the inner wave function. On the contrary the 
former result concerning the tensor potential is valid for the case 0.065 < g,/47< 0.090: 


470 J. Iwadare, S. Otsuki, R. Tamagaki and W. Watari 


Only a strongly negative tensor potential in the inner region x< 1 can surpass the centri- 
fugal potential and make the inner D-wave component %;, (x) vanish at the origin. The 
strongly nagative tensor potential in the region II is compatible with the field theoretical 


result concerning the two-pion-exchange potential as can be seen from Fig. 2. 


§5. Concluding remarks 


We have determined the effective pion-nucleon coupling constant g. /4z, from the 
deuteron problem by placing due reliance on the one-pion-exchange potential outside the 
pion range. 

The results is that 


0.065 <g,"/47 < 0.090. 


It is to be noticed that the deuteron problem developed above distinctly determines 
the upper limit of ge /4m. Unless various corrections to the quadrupole moment are 
quite appreciable, which is hardly supposed, the upper limit will not be changed. On 
the contrary, the lower limit is not so certain. If there is a strong repulsion with the 
radius larger than one half of the pion range, the smaller value of g7/47 is preferable. 
However, our analysis of the low energy parameters of the singlet even state in the for- 
thcoming work II will indicate that g."/47 is larger than at least 0.07. 

Thus we can say that if and only if the effective coupling constant of the one-pion- 
exchange potential is 


go /4 = 0.080 + 0.010, (13) 


all low energy phenomena of the two-nucleon system, i.e., the deuteron parameters, the 
singlet even state data and the negative triplet P-wave phase shift,” can be explained with- 
out any exception.”* 

The value of the effective coupling constant can also be inferred independently from 
the experiments on pion reactions. Bernardini and Goldwasser analysed the photo-pion 
production experiment at the threshold energy using the Kroll-Ruderman’s theorem. After 
taking into account the Coulomb interaction, they obtained the result that’? 


g2/4m=0.073 + 0.007. (14) 


On the other hand, the plot of the phase shift of the dominant P-wave with the angular 


momentum J=3/2 and the isotopic spin [=3/2 in the pion-nucleon scattering at low 
energies against energy shows also that’ 


ge /47~0.08. (15) 


The values of the pion-nucleon coupling constant obtained from the pion reactions 
(14) and (15) agree well with (13) determined in the nuclear force problems. This 


*) More comprehensive discussions of the low energy phenomena from the standpoint of the pion 
theory may be found in Supplement of Progress of Theoretical Physics, No. 3 (1956), Part IL. 
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agreement may constitute one of the conceivable successes of the P-wave pion theory of 
nuclear forces and pion reactions. 


Beside the determination of g,’/47, the following results are important: The from 
of the deuteron wave function is almost uniquely determined in the outer region x >1 
as is shown in Fig. 4 and by eq. (10’). The D-state probabity P, is given as 0.05 < 
P< 0.88 when the one-pion-exchange potential is present in the outer region. In the 
inner region x<1 the tensor potential is negative and strong which is consistent with the 
qualitative prediction of the pion theoretical potential. 
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Low energy parameters in the singlet even state are analysed from the point of view of the pion 
theory. It is shown that the properties which are required for the potential in the singlet even: state 
are as follows: The one-pion-exchange potential in the outer region, a s:1ong attractive force in the 
region from the pion range to one half of it, which is cons’sent with the prediction by the .wo-pion- 
exchange potential, and a strong repulsion at small dis:ances at least up to x=0.20. The value of the 
effective coupling constant of the one-pion-exchange potential is limited as g,°/47 >0.07 by the present 
analysis. This result, together with that of the article I, gives an allowed region for the coupling 
constant as 0.07<g,7/427<0.09. 


§ 1. Introduction 


In the article I under the same title, we treated the deuteron problem from the 
stand-point of the pion theory, and at the same time, we determined the value of the 
effective coupling constant of the one-pion-exchange potential as 0.065 << g.°/47< 0.090. 
The purpose of the present work is to investigate various consequences of the pion theory 


of nuclear forces in the singlet even state, adopting the established one-pion-exchange 
potential in the outer region. 


It is found that the experimental data at low energies in the singlet even state can 


be reproduced if the potential has the following properties: The one-pion-exchange poten- 


tial with g,"/47~0.08 in the outer region, a strong attractive potential in the region from 
the pion range to one half of it (0.5 <x < 1.0), which is consistent with the prediction 
by the two-pion-exchange potential, and a strong repulsion at small inter-nucleon distances 


at least up to x=0.2, that pushes the wave function outside. At the same time it can 


be concluded that the effective coupling constant ge /47 of the one-pion-exchange potential 
is larger than 0.07. 


The method of calculation is mentioned in § 2. In § 3, the result is discussed. {n 
g 
S 


S 4, some remarks are given. 


Tt Now ar Research Institute for Fundamental Physics, Kyoto University, Kyoto. 
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§2. Experimental data and the method of calculation 


In the shape independent approximation, the p-p scattering experiment gives the 
effective range as” 


Te (pp) = (2.65 £0.07) X 107% cm. (1) 
The n-p scattering experiment gives the scattering length as” 
'a(np) = (—23.69 + 0.06) X 107 cm, (2) 
while for the effective range, there is a rather large uncertainty, i.e., 
ie( 1p) = (Qale~ 228) GLC cm, (3) 


although the uncertainty was fairly reduced by recent experiments.” The scattering length 
in the p-p system ‘a(pp) which is the counterpart of ‘a(np) can not be directly given 
by the experimental data. It can be estimated by assuming the shape of the nuclear 
potential, and consequently depends on the assumed shape of the potential. Although we do 
not know the exact shape of the potential, it may be a reasonable guess frpm Table I 


that ‘a(pp) lies somewhere in the region 
—20X10-" cm<'a(pp) < —15X10-* cm (4) 
for a reasonable shape of the potential. 


Table I. The p-p scattering length !a(pp) and the effective range !r,(pp) for various potential shapes, ro 
being the core radius. (All figures in the Table are in the unit of 107! cm.) 
Square well 


1 | 0 5x) | 0 50) | 0.8 2A 0.48 5») 0.65 5?) 
i 
ly, ( pp) 2.65 | 2.61 2.65 2.65 2.65 
1a (pp) —15.8 15.6 —15.3 


Hulthén 


la( pp) | | 
De a a 


In order to make a detailed discussion, we also have to take into account the pos- 


rg (pp) | 2.65 | 2.74 | 2.65 | 2.61 | 2.60 


sible effect of the shape parameter P in the effective range theory. We do not know, 
however, the precise value of the shape parameter of the potential, since we do not know 
the exact shape of it, in particular, in the singlet even state. To make the matters worse, 
the shape parameter depends on the behavior of wave function at small distances which is 
strongly affected by the unknown interaction in the region III. Therefore, we guess that 
the magnitude of the shape parameter of the actual potential is of the same order as 
those of the usual phenomenological potentials. Thus, from Table IX of Jackson and 
Blatt’s work? and Table I, we can expect that 


17, (pp) = (2.50~2.85) X 10-" cm. (1) 
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The pion theoretical potential in the singlet even state. 
The one-pion-exchange potential with g,7/47=0.08. 


The potential constructed by Fukuda, Sawada and Taketani’s method, with g,2/4m7=0.08.6«)6») 
The probability that the nucleons are to be bare is properly taken into account. 
Be 


The high 
uency part of the pion field is cut of by the gauss'an factor with the cut-off momentum 
Or 


inates —1.0 and —0.1 should be exchanged respectively. 
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Assuming the charge independence of nuclear forces, we use the experimental data 
of the p-p system throughout the present work, i.e. (4) and (1’). One might think 
that the apparently large difference between ‘a(np) and ‘a(pp) would invalidate the charge 
independence hypothesis. But in fact this difference has only a small effect on our 
result since the fact that both |'r,(pp)/"a(pp)| and |'r.(mp) /‘a(np)|<1 implies that 
the potentials in question have a virtual level only slightly above zero energy. 

The analysis developed below is an application of the effective range theory to the pion 
theoretical potential. As is well known, in the effective range theory the potential has 
two adjustable parameters to reproduce the low energy data of the scattering length ‘a 
and the effective range ‘r,. Since the outer part of the pion theoretical potential or 
the one-pion-exchange potential has already been established quantitatively, one has to 
find the two adjustable parameters in the inner potential. Unfortunately, the shape of 
the two-pion-exchange potential depends seriously on the cut-off factor of the high 
fequency part of the pion field as can be seen from Fig. 1. Therefore, in the present 
analysis we adopt the shape of the square well inside x=1.0 and regard its depth V, 
as one of the adjustable parameters. The other adjustable parameter is the radius x, of 
a hard core which we assume at small inter-nucleon distances. The core radius is a very 
useful parameter of the inner potential since a small change of the core radius causes a 
large change in the inner wave function. The square well radius x=1 is chosen merely 
for convenience’ sake. The effect due to the two-pion-exchange potential which is expect- 
ed to be appreciable even outside x=1 will be discussed later. 


Thus we assume the potential in the singlet even state as 


V=—(g2/4m) -pc? e-*/x (the one-pion-exchange potential) 


ifoye eA 
=V, (a constant) forme | x Xp (5) 
= 00 fOr ek ak: 


where V, and x, are the adjustable parameters. 

Then, we solve the Schrodinger equation numerically with the one-pion-exchange 
potential from outside proceeding inward up to x=1. We attach the boundary condition — 
to the wave function so that it reproduces the scattering length correctly. The effective 


coupling constant is taken as g2/47=0.065~ 0.090 in accord with the result in I. At 


x—1 the wave function is smoothly continued to that inside. The first node point of 


the wave function gives the core radius %). 


bk, =6ypc. 

TMO: g?+g! potential in the perturbation expans'on calculated by Taketani, Machida and Onuma, 
with g?/47=0.08.°°) The probability part is also expanded in powers of the coupling con- 
stant. ae . 

BW: The g?+g' potential calculated by Brueckner and Watson with g?/47=0.08.5% The proba- 
bility part is approximated by unity. The difference between the TMO and the BW poten- 
tials are negligibly small in the singlet even stste. The difference of the FST result from 
these two is due to the cut-of of the high frequency part. : 

IC: The one- and two-pion-exchange potential in the intermediate coupling theory with g,"/4z 
—0,08.5¢) The cut-off momentum of the gaussian cut-off factor is bk =4.1yc. 
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§ 3. Results and discussions 


The result of the calculation of § 2 is shown in Fig. 2. 

We can see from Fig. 2 that in the inner region there must be a very strongly at- 
tractive potential of the order of 100 Mev to reproduce the experimental value of the 
effective range. The magnitude of the depth V, is larger by a factor of at least 10 
than that of the one-pion-exchange potential at x=1. The fact that the presence of the 
strong attraction in the inner region is a necessary consequence of the rather large pion 


range (~1.4X107-" cm) can be explained as below. 


ge°/4z7=0.06 g-°/47=0.08 262/42 =0.10 


——- Ig=—23.69%107 "em 
— _ s- !a=— 14.15 107}%cm \qg= —14.15X107 cm 
------ 1g=—10.00 X107%cm 


1g= —14.15 10713 cm 


{in Mev ) (in Mev ) (in Mev) 
-200 Vo —200 


(in 1) ( ! ) 
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Fig. 2. The depth of the inner potential ) and the core radius x) of eq (5) are plotted against !r,, 


For the cas> of g®,/47=0.08, three values of 1a are considered. It is expected from the experi- 
mental data that 
—20<!a< —15X 1078 cm 


2.5<Ir,< 2.85 X 10713 cm. 


Let us suppose that the one-pion-exchange potential is valid up to the origin—a very 


fictitious assumption only for illustration. Then we have the conventional Yukawa poten- 


Table Il. Parameters of the Yukawa potential with the pion range that gives a fit to the 
okserved scattering length 


V=— (ge2/4z) -pcke-*/x. 


The depth parameter s is defined in Blatt and Jacksons work.” g,2/4z is the corres- 
ponding effective coupling constant. 


a = 23.7 X10e cm 15.0 10-1 cm 
s 0.914 0.869 
Be /4r 0.202 0.192 


1 
Te 3.88 X 107} cm. 4.14107 cm. 


A 
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tial with the pion range. In order to give a fit to the observed scattering length, or to 
reproduce the correct asymptotic wave function at zero energy, the depth of the Yukawa 
potential is uniquely determined. The depth parameter s defined in Blatt and Jackson’s 
work” and the corresponding g,°/47, which is about twice larger than the current value, 
are listed in Table II. As is shown in the same table, the values of 'y, calculated with 
the Yukawa potential are also much larger than the experimental one. 


We can draw two interesting conclusions from the result in Table I: The actual 


wave funciton 


——— 


1 
xf ( Le —— 


the 


pion range x 


potential 


Fig. 3. Schematic wave functions in the singlet even state at zero energy, which 

reproduce the scattering length. 

Y: The Yukawa potential with the pion range in Table II with g,"/4z=0.2. 

Wave function corresponding to the potential Y. The wave function gives too large 

Vere 

The on2-pion-exchange potential with g,*/4z=0.08. 

Wave function corresponding to the potential O, which does not vanish at the origin. 

The actual potential including the two-pion-exchange potential. 

a: Wave function corresponding to the potential A. 

The actual potential is weaker in the outer region and stronger in the inner region than 

the Yukawa potential Y. 

Noze: O in the uppen region should be read as small letter “o 2 
O at the origion should be read as zero “0” 


Sr ae 
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potential which should have the pion range in the outer region and reproduce the effective 
range correctly, is (1) weaker in the outer region and (2) stronger in the inner region 


than the Yukawa potential in Table II. 


These conclusions can be reached as follows. Fig. 3 shows the wave functions schema- 
tically when they are under the influence of the Yukawa potential in Table II and that of 
the actual potential respectively. Since the observed value of 'y is much smaller than 
those given by the Yukawa potentials, the behavior of the actual wave function must be 
such that its deviation from the extrapolation of the asymptotic form 1—x/(ax) is less 
than the deviation in the case of the Yukawa potential. Therefore the actual potential 
must be weaker in the outer region. This is the conclusion (1). Then this fact makes 
it necessary that the actual wave function decreases more rapidly at small distances in 
order that it may vanish at the origin. Therefore the actual potential must be more 
attractive than the Yukawa potential in the inner region. This is the conclusion (2). 

Here we shall return to the discussions on the result in Fig. 2. We remember that 
the result was obtained by assuming that the one-pion-exchange potential is valid in all 
the region x >1. Therefore, we have to estimate the effect in the outer region x>1 
due to the two-pion-exchange potential. The estimate is important because the two-pion- 
exchange potential is as large as the one-pion-exchange potential even in the region 1<x 
<1.5, as can be seen in Fig. 1. The result of the estimate using the perturbation theore- 
tical potential™ is that when we assume the g+¢' potential in the outer region x>1, 
the depth of the inner potential V’, is reduced by a factor smaller than 2 in the case 
of g’?/4z=0.06 while it is reduced by a factor of several in the case of g°/47=0.10. 
In both cases, however, V, is much deeper than the one-pion-exchange potential. Thus, 
the conclusion that there must be a strong attractive potential in the inner region is not 
modified by the inclusion of the two-pion-exchange potential. 


Here, it is worth while noticing that if the attraction in the inner region is effective 
only near the origin, it may be unable to reproduce the sufficient magnitude of the effec- 
tive range. In the presence of the weak one-pion-exchange potential (g,°/47~0.08), the 
wave function at zero energy deviates not so much from asymptotic form in the outer 
region. (Fig. 3.) Therefore the contribution to the integral "r, is expected to be small 
in the outer region. Indeed, the contribution to the effective range from the outer region 
ee 


>1 is estimated as only 0.5X107cm (about one fifth of the experimental value) 


even for g,°/47=0.10 and for 'a=—14X10°'cm. This is of course an over-estimate, 


because a larger absolute value of 'a makes the contribution smaller for the same outer 
potential and a smaller value of g,”/47 also makes the contribution smaller for the same 
; aon : 
a. The two-pion-exchange potential in the outer region x>1 gives a little contribution 
1 . . . 
to 'r,, even if one assumes that it is as strong as that derived by the perturbation method 
eee cut-off. The two-pion-exchange potential gives an appreciable change in the logarithmic 
erivative of the wave functi i i i 
eal ‘ ction neat Ds Pion range, but not in the value of the wave function 
itself. us, the contribution to 'r, is expected to come mainly from the inner region 
Further, if the attractive f i ion i 
ie : ae 
; ce in the inner region is effective only near the origin, it 


may be unable to reproduce the sufficient magnitude of the effective range. Therefore 
? 
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it is expected that the inner attractive force may be spread up to the pion range. 

Next, we can infer from Fig. 2 that there exists a hard core of the radius of at least 
0.25 at small inter-nucleon distances. With a weak outer potential such as the one- 
pion-exchange potential with g."/47~0.08, we can not reproduce the experimental value 
of the effective range without a hard-core-like repulsion. If any repulsive force is not 
assumed, the largest value of ‘ry, is estimated as at most 2.4107’ cm with g,’/47=0.10 
and !'a=—14X107" cm, i-e., in the optimum case. Only repulsion at small distances 
pushes the wave function outward and makes the inner contribution to y, large. The 
inclusion of the g! potential in the outer region reduces the smallest core radius to about 
0.2. 


Finally, we can find a lower limit of 
(in Be*) : : 9 
0.57 the effective coupling constant g,/47 of 
the one-pion-exchange potential. The shape 
of the potential in (5) in the case of 
g.°/47=0.06 is plotted in Fig. 4. One will 


find a hard core with a radius as large as 


0.40 


one half of the pion Compton wave length 


and a very deep well between the hard 
core radius and the pion range. However, 
such a too deep attractive potential near 
the pion range is hardly accepted from the 
pion theoretical point of view. It is at 
ae least ten times deeper than the ge’ 
potential in the perturbation approximation. 
Even if the effect of the g' potential in 
the outer region is taken into account, the 
depth V7, is reduced at most to a half of 
its original value in the case of g,/47= 
0.06. 


-10 


If g,/42~0.07, then the depth V, 
is estimated larger by a factor of about 
3 than that of the g’+g' potential with 
g/4m7~0.07 at x=], if the effect of the 


g’ potential in the outer region is taken 
into account. A larger value of the 
coupling constant g./47 > 0.07 seems na- 
tural, since, in such a case, the depth V, 


and that of the pion theoretical potential 


at x==1 have the same order of magni- 


Fig. 4. The pion theoretical potential, Eq. (5), for tude. 


g02/4n=0.06, which gives Ig= —14.15 X 107"* cm, as In Eq. (5), we assumed the square 


pow i He 2 well as the inner potential for simplicity. 
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However, even if we assume a more plausible shape for the potential, i.e., an increasing 
function of x, all of our conclusions are not changed, since any inner potential of such a 


1 nye : 
shape gives smaller ‘y, than the square well for the same 4, g /4z and the core radius 


Xpe 


§ 4. Concluding remarks 


We can summarise the properties of the potential in the singlet even state as follows. 
The one-pion-exchange potential with the effective coupling constant g."/47 = 0.080 + 0.010 
in the outer region, a strong attraction in the region from the pion range to a half of 
it which is consistent with the prediction by the two-pion-exchange potential, and a strong 
repulsion at small distances at least up to about x=0.2 that pushes the wave function 
outside. 

It must be pointed out that the strong repulsion does not necessarily mean a_ hard 
core but means only some interaction that pushes the wave function outward. For exam- 
ple, we may represent it by a condition on the logarithmic derivative of the wave function at 
some small distance without adopting the potential picture as Eq. (5) in such an inner region. 
Here lies an essential difference between our stand-point and Lévy’s one in his proposal of the 
“hard core potential”. Levy considered that there were some indications of repulsive 
interaction at small distances for all states. This repulsive terms came from the so-called 
contact terms, which are spin and c-spin independent, and have a range of the order 6/Mc. 
He retained the qualitative features of these interaction terms, which were represented by 
a hard core of a radius of (4/M)''(b/pc). However, we can not agree with Levy for 
his interpretation. Contrary to him, the hard core that we have introduced in the present 
wotk has nothing to do with today’s pion theoretical consequences. No theory at the 
present stage can predict any definite results on the interactions at small distances and 
we should not give undue reliance on the field theoretical result. 

In 1951, Jastrow introduced a hard core in the singlet even state” in order to give 
a fit to the p-p scattering angular distribution and to reduce the calculated n-p total cross 
section at high energies of a few hundred Mev. After his work it came into fashion 
to introduce a hard core into the problems of nuclear forces. Now it must be empha- 
sized that the introduction of the hard core in the present work is based on the low 
energy experimental data and on the reliable consequences of the pion theory at large 
inter-nuclenon distances. Though Jastrow’s idea is interesting, one should not hastily con- 
nect our hard core with Jastrow’s one that is based on the analysis of high energy data, 
since at high energies new aspects of the pion-nucleon interaction, the structure of elemen- 
tary particles and other complicated effects would appear. 


Combining with the result obtained in I, we can conclude that the effective coupl- 


ing constant of the one-pion-exchange potential is 
ge /47=0.080 + 0.010. (6) 
The one-pion-exchange potential with this value of g,2/47 predicts a rather small singlet 


D-wave phase shift below several tens Mev. The small singlet D-wave phase shift is very 
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favorable to explain the isotropic angular distribution of the p-p scattering”. 

In the present work we could not make any quantitative discussion. One of the 
important reasons for this fact is that the two-pion-exchange potential has not been completely 
determined yet. Unfortunately, this two-pion-exchange potential is expected to be large 
even outside the pion range. If the two-pion-exchange potential were exactly known, an 
analysis along the line of the present work would give much more information on nuclear 
forces. Another reason that prevents quantitative discussions is the rather large uncertainty 
in the experimental data to be compared with the theoretical result. A part of this un- 
certainty comes from the unknown shape of the pion theoretical potential, the dependence 
on which appears in the effective range theory. It is highly desirable to re-determine the 
low energy parameters of the singlet even state making full use of our knowledge of the 


singlet even state potential discussed in the present paper. 
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Using the Feynman-Dyson method, the cross section for the creation of an electron pair by a 
fast charged particle is calculated but in a manner more precise than that of Bhabha and others. 
The differential cross section obtained here is valid as long as the energies of participant particles are 
large compared with the respective rest masses. The ambiguities in Bhabha’s calculation se also 
examined. It is concluded that the theoretical value must be compared with the experimental results 


produced by high energy electrons (= 10 Bev). 


§ 1. Introduction 


The creation of an electron pair by a charged particle of spin 1/2 was investigated 
by Bhabha”, Nishina et al. and others, and their results have been applied for analysing 
highly energetic electromagnetic phenomena in cosmic rays underground. The results of 
such analyses seem to show that quantum electrodynamics is valid even at extremely 
high energy, say, 10" eV, though the comparison of the theories with the experiments 
is done indirectly”. 

However, recent developments of the experimental techniques of photographic emul- 
sion have made it possible to measure directly the cross section of the process in ques- 
tion, called trident. Koshiba and Kaplon*? have indicated that the experimental value 
of the cross section for tridents produced by a high energy electron is in disagreement 
with the theoretical value given by Bhabha. 

It is an interesting and important problem whether there really exists a discrepancy 
between the experimental and the theoretical results, because it is believed that quantum 
electrodynamics gives a correct description of electromagnetic phenomena extensively. 
In order to clarify this point it will be necessary on the one hand that the experimental 
analyses of tridents be performed more accurately while on the other hand that the 
theoretical results be derived as strictly as possible following quantum electrodynamics. 

As is well known, Bhabha’s results have been extensively used for analyzing cosmic 
ray phenomena. In his approach the incident particle is regarded as a classical one 
moving along a straight line with uniform velocity, the field of which is replaced by a 


classical field. This approximation is essentially based on the same assumption as used in 


* They cited the similar experimental results obtained by Freier and Naugle (unpublished). 
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the Williams-Weizsacker method and gives a correct description only when the energy 
transferred from the incident particle to the created electron pair is small compared with 
the energy of the incident particle. On the other hand, the process called “ first order 
process” by Bhabha, i.e., the diagrams D’ in the figures, is neglected in B. It is clear 
that this neglect may be allowed when the mass of the incident particle is large compared 
with that of an electron (see § 4), but is not justified when the incident particle is in 
fact an electron. For the latter case the estimation of the contribution from the diagrams 
D’ and also the exchange effect are not treated quantitatively. Therefore it seems necessary 
to recalculate the crosss section of this process more strictly over the whole range of 
the transferred energy by using a quantum electrodynamical treatment and estimating 
quantitatively the errors arising from the rather rough treatment in B. 

In this paper we shall calculate the process in question using the Feynman-Dyson 
method, whereby the incident charged particle will be treated quantum dynamically but 
the target charged particle will be regarded as a fixed Coulomb field. In the following 
section we shall derive a general formula for the transition probability, explain the treat- 
ment used in performing our calculations, and then derive the differential cross section 
for the process in question. We shall derive the total cross sections in §3; in $4 we 
shall discuss the effects which must be taken into account when the incident particle is 
an electron, i.e., the exchange effect and the contributions from the diagrams D’ which 


are neglected in § 2. In the final section we shall discuss our results and compare them 


with the experiments. 


§2. Differential cross section 


(a) General formula for the cross section 

Throughout this paper we use the natural unit, 6=c=1, and the following notations : 

P, (pr iE;), Pe(P» iE,): The initial and the final energy-momentum four-vectors 
of the incident charged particle. 


Py pasts): The energy-momentum four-vectors of the positron and the 
electron, respectively. 

kk, i©€-) =P,—P,: The energy-momentum four-vector of the virtual photon. 

m and //: The rest mass of the electron and the incident particle, 
respectively. 


ies ABs Ie, 1 ie fee 


The Feynman-Dyson diagrams for the 
present process in the lowest order consist ay 
of four diagrams as given in the figures. i 
However, we take only the diagrams D. 
The reason for neglecting the matrix ele- 
ment M,, from the diagrams D’ will be 


made clear in § 4. 
From the diagrams D, the matrix element M), is expressed as 
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*i : ite Ps Sh) ates 
My=— Ze appz, (PEP) |r <maptt 
qk . J 


nes aia u(—P,)-2%6,(P,—P,—P,—P_) (1) 
ID, 
on (Pe eee 
where 
q=P:1— P2—P+— P-> 
Dy = (k—Pz)* +2, (2) 


and 0,(P,—P,—P,—P_) is the fourth component of the four dimensional delta tunc- 
0 1 2 = 
tion which expresses the conservation of energy. 


The transition probability per unit time, w, is thus 
= 2K | 70 (Py — Fo Pe 22) pas (3) 


where 5! represents the summation over the spin directions of the final state and the 
average over the spin directions in the initial state, and , is the density of the final 


state for the three particles, i.e., 


pr= (m°/¢,¢_)dp.dp_dp,/ (27)°, 4) 


where spinors of the incident charged particle are normalized as u*v=1, while those of 
the electron pair as uu=1. 

Dividing the expression (3) by the velocity of the incident particle |p,|/E,, we 
obtain from (3) and (4) the differential cross section, 


: dp_dp, 
Pee EL Sa (RO, (Pay Pe Po) (5) 
ipl €.€. (27)' 


(b) Calculation of S}|K\* 


In order to calculate S}|K|°, we introduce a new coordinate system in which the 


zaxis is parallel to the direction of the propagation of the virtual photon, but not to 
that of the incident particle, i.e., 


zaxis // k= p,— po. (6) 

Henceforth we shall call this coordinate system S-system. The advantage of introducing 
the S-system is not only that the virtual photon can be naturally separated into the 
transverse photon and the longitudinal and the scalar ones so that the physical meaning 
of the calculating procedure is made much clearer, but also that the angular integrations 
in the final state are more precisely carried out than was done in B. By virtue of this 
procedure we shall be able to obtain a differential cross section which is valid as long 
as the energies of participant particles are large compared with the respective rest masses. 

In the following discussion we use two approximations: (i) the energies of all the 


articles are relativistic, i.e., large compared with their rest masses; (ii) the small angle 
3 ? fo) 
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approximation, since by virtue of the denominators q’, &, D,, contained in K the main 
contributions to the cross section come from regions where the angle of each particle is 
very small. Thus, for example, 


| p,|sin ie — |p1|9; = Pi1> | pi|cos 4, —E£, 2 = (F + pit) /2E,. (7) 


Here the magnitude of the transverse component of each momentum is, as is easily seen, 
of the same order as that of each rest mass (see (12)). 

K consists of two factors, one of which is related with the incident charged particle 
and the other with the electron pair, i.e., 


K=—Ze'l67"A,B, , 
A, =iu(P.)7,u(P,), (8) 
Ie (7, P_—k) — (7, kR—P..) — 
= qk sea fe =” ” (er) Ge (ey) i oe = 72 |e(—P.), 


We shall calculate A, separately for each case according to whether the spin of the 
incident particle flips or not and also whether the polarizations of the virtual photons are 
transverse or longitudinal. Though this round about procedure seems to be more com- 
plicated than the spur-calculation, it makes it much easier to pick out the main terms of 
SK|2, and we can easily find how much the effects of flipping of the spin of the 
incident particle and the polarizations of the virtual photon contribute to the cross sec- 
tion. 

Now, taking into account (6) and (7) we obtain the expressions for the non-spin 


flip case : 


ee 1 Pp” p 
Att) =im Pre (P) =A(E +E), 


Att) =im PdTa P= (E+E), 


A, (ht) =i i (Pe) 7m (P,) =1— ee ait ee Gs nye 6) 
a be we ato je I. —E, fer E,--E, \") 
A, (tf) =i (P) 7 Pr) =i{1 Pine ae joneh “£0 


eal 
site UU) tir sien poe 


and for the spin flip case : 
A, (\t) =H (P.) 710% (P,) = — (H#/2) (EE) /EE ss 
A,(\t) =i ty (Po) 7-1 (P,) =i (4/2) (Er —Ey) /ExEs 5 
A, (\t) =i ty (Po) 7204 (P1) = — (p7/2) (Ex Es) /EsEss 
A, (Vt) =i ty (P.) 74 (Px) = — 1 (7/2) Ex — Be) /ExEs » 


(10) 
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where 
pt=pt=pt, pt=Pret Pip Pi? =Poet Po» 
PL=piL=Pper P= Pat bp Po =Poe + Pry 


For A,())) and A,(f)) we can obtain similar expressions to (9) and (10). 
Inserting (9) and (10) into (8), using the approximation (7) and averaging over 


YQ, we obtain 


Seo. 


SIKP= 47)" ZO) as 


ait aed ay Eee m- ees st ss <p: 
Pe ESE IE CC 


42{ate (pip-)1, 0 wt | \( a 


€,€_ €,€_ €,€_€,€_ 


+|2{ amr BA To SMe i (ih +P) ep 


EE. E,Bo. €, 6. 
+2 eo+Pi eee ly SRD ala yet 
E,Es En, whe, €2 €,€ar 7vlies 
—4{(E a RAS BL ay SOME Lad 2G 6 Eide AE tps itp, p_| 
Eis €, €_ cues €,€_ €,€_ 


+[{St© re se sala! ee oe 


€,€5 6,6.) -€,€-€56 €é,€. €,€. €,€. € 6.7 €, 


42{té (eps ¢ pp sey, a1) 


€, 62" 6, €— €,€_ €,€_ 


where 
Pal (Pais Psy 0, 0), 
(p.p-)1= (piip-1)- 


The general forms of the terms involved in the outer curly brackets of S}|K|? are const. 
x 0((u/E)*(m/€)”), here k or lis zero or positive integer. In (11) we pick out only the 
terms satisfying k-+/=2. By this procedure we can derive an expression which always 
involves the corresponding main terms to all values of the transferred energy. The three 
square brackets in (11) correspond to the contributions from the following three processes, 
respectively; (i) the spin of the incident particle does not flip and the virtual photous 
are transverse; (ii) the spin of the incident particle does not flip but the virtual photons 
are longitudinal and scalar ones; (iii) the spin of the incident particle flips and the 
virtual photons are transverse. The contribution from the process that the spin flips and 
the virtual photons are longitudinal and scalar ones is neglected on account of the small- 


ness of its order of magnitude. The interference terms between the transverse and the 
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longitudinal photons vanish by the average over ¢. Using the approximation (7), we 
can write down q’, k and D.. as follows: 


a 9 eA lh wa ee Ie Heesayi te bales € ee eo i 
Ci (p+ +p-)i+ a ee (m +P+1) HE (m? +-p-_ 1) tap te} ? 
k= (€°/E,E,) (+ 71), (12) 
D,= & M2+P° = 2 Jee 2 

+ a Se i +E, Pi), M°=m or (6. e2/ Lok.) 


(c) Integrations over angles 


In order to perform angular integrations, we must transform the density of the final 
state (, into the S-system (see Appendix). Its form is 


ue ge € ‘i 
— ——__ - dp. ,dp_ 
br PaCS p..dp_dp,de,de_dE,, (13) 
or if we introduce a new set of variables instead of ps1, 


C= (p- sil CPD n= (P.—P-)1> (14) 


the final form of /, is given by 


= 1 oy 9 9 
Pr ) sd) decd?) dyad (Pi) deede de AE, (15) 
1 


pets al es 

€, &. (27) iF 
where Y, and ¢, are azimuthal angles of € and %, respectively. By the transformation 
(14), (12) becomes 


P e = ore 1 e_—€ Cn IP 
2__ 92 PG ees ee if + See | i 
q’=C +62) +4 +9) +2 Gy) + a 


€ Sn aes CG (16) 
=——_| M?4 — {@? +7742 es Vi 
D? i “ig astoay Cn) re PA 


From (16) we can see that the main contribution to the integration over ¢ and 7 
comes from the domain where the order of magnitude of 7 is 0(M) and the order of 
magnitude of ¢ is 0(M*/e) (not 0(M)). Therefore in the common denominator 
1/q'D.D_ we neglect € in comparison with 7 and pj, i.e. 


es cae \ic, a, <4 eb at 
fics ( wag | 0 Gs ogee 
7 =¢ ema )} i Pa 


€ 2 i aS: (ayy) 
Dy=£[wr4 74 Spi |. 

7 an 4 aise 
Here the azimuthal angles g, and ¢,, disappear. The neglect of 9, and ¢,, may be 
justified by introducing the S-system even when the transferred energy is large. But in 
the S/-system (see Appendix) used in B we can not neglect ¢,, because the expressions 
corresponding to (16) contain a term like (€,€_/E,E,) (pq), which can not be neglected 
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in the case of the large transferred energy. For this reason the calculation procedure using 
the S’-system will be very complicated for large transferred energy. After averaging overt Px, 

ete or 
we pick out only the terms of the lowest order of € which are proportional to ¢° and 


obtain the next transformed expression of (1 1G ae 


DIK P= 4a) '(Ze) ee 


(ante 6a Ge Gee es 2\.9 1 2 2 \( 1 o' 2 
i Sel= (4) 7 (8) ~-+—— }p 
x|} D'k us Dk 2e (e+ )7 Ga } ES 4 


4 € tS 9 
-+— = ia 
oes HY 


an ) ay 1 €,€ tert tare], (18) 
Gan pe” De2e kD 


where 
D=M?+77/44+ (€.€_/E,Es) pi- (19) 


By the above transformation, integrations over the angles have been replaced by 6°, 7° 
and p;. Since (18) has been averaged over the variables ¥,, and ©,, integrations 
over these variables will give only (27)*. We take the integration domain of ¢° from 
zero to (@aM)*, where @ is a number of order unity, and for 7° and p. from zero to 
infinity as a good approximation. 

When the incident particle collides with a neutral atom, it is necessary to consider 
the screening effect. This effect may be easily taken into account if we replace ¢°/q’ 
in (18) by 


C/q'-(i—F(q@) Ff, (20) 
where F(q°) is the atomic form factor. The minimum value of q’ is given from (17) 
by 
Giuin= (e/2€,€_)*M’, (21) 


hence the screening is effective when 
(€/2€,€_) M?<Z’°m/137. (22) 


In this case, integration over €° can be done in the same manner as in B. As to pair 
creation by 7-rays, more precise calculations of the screening effect were made by Bethe’, 


but since the treatment of B is in principle the same as Bethe’s calculation, we will 


follow B. 

(d) Differential cross section 

Inserting (17), (18), (19), and (15) into (5), and after performing the integra- 
tions over €°, 7, Pi, Ys, Y< and %,, we get finally, as the differential cross section for 
the creation of a pair, the electron of which has an energy between €_ and €_+dé€_, 
and the positron of which has an energy between €, and €,-+dé,, 
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3 € 14x E, 
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eS i 
+2 fe seat ~2tee(1+ 2} | bie) 
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where 


x (1°/E,E») ES €_/m”) > (24) 


and 


(25) 


log (2a€,€_/€M) —1 for non-screening, 


log {@-137Z7~*/*. M/m} for complete screening. 


In the expression (23), the terms proportional to (E,°+E,")/E,” and E,/E, correspond 
respectively to the process in which the spin of the incident particle does not flip and 
the direction of polarization of the virtual photon is transverse, and to the process in 
which the spin of the incident particle does not flip but the direction of polarization of 
the virtual photon is longitudinal. The term proportional to €’/E,” corresponds to the 
process that the spin flips and the virtual photon polarizes transversely. 

In order to get approximate expressions to (23) for each of both cases that the 


transferred energy is large or small, it is convenient to introduce a set of quantities 


instead of €4, ie., 
u= (€,+¢€_) /E,=¢/E,y, 
v= (€,—€_)/€. (26) 
We say the transferred energy is small when 
u<m/p, (27) 
and large when 
u>m/ [A (28) 
Hereafter we shall call the former the domain I and the latter II. If we express x by 
u and v, we obtain from (24) and (26) 


x=4(upt/m)?- (1—v®) /(1—2). (29) 


490 T. Murota, A. Ueda and H. Tanaka 


Since in the domain I always x<1, we obtain as the approximate formula of the 


differential cross section in this domain 


base oY) Eats log AES) (oh ee eked op Ze eee 
7 Sl €| em ec 
4 aiuc yee ! aE, 9 | v ge. We en. | 

= e) | - g 1—v 1+ — ) log — )———-}. (1 

ae ) c u °F 2m ew ( 2 ( oe) 1—v ) 


If we replace the factor log (m°E,°/pe,€_) in (30) by log (k?m"E,?/p°e°) where k’ is 
a number of order unity, (30) is the same as that of B, but the indefinite k’ has dis- 
appeared in our calculations. As was expected, (30) corresponds only to the process that 
the spin does not flip and the direction of the polarization of the virtual photon is 
transverse. 

In the domain II, it will be necessary to note that there are two regions according 
to whether ‘or not the energy transferred to the electron is almost equal to that transferred 
to the positron because from (26) and (29) 


x>1 for v€i, (32) 
x<1 for 1—v' <1. (33) 


The approximate formulas in these two domains are written as 


2, eee NY 2 
oy = (ze)"( =) (=) de,de_ ly, 
Me 37 m pL ée! x 


see tas ES EB, wd e\? 
x| e +e2)( 1+— )4+8€,€.— F2( 6 a moe ( - | 
(htey(i4s) tere tee d(e) G42) 
EY: 9 Tz ‘ m *dvdv 1—4 aE, __ ao\ Lis 1/2 
petee) ee) uw 1 ttea| las . i Spl | 
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We can also obtain in the similar manner the completely screened differential cross 
section. 


§ 3. Total cross section 


(a) Non-screened total cross section 


To get the contribution to the total cross section from the domain I, we take the 
integral domains of u and v as follows, 


0ONuSm/p, —1+m/¢ Sv 1—m/e. (35) 


Though the expression (31) does not hold at the two limits of integration, (35), u and 
v occur only in logarithmic functions after the integration of (31) so that the indefinite- 


ness of the domains of integration of u and v does not appreciably affect the final results. 
The result of the integration of (31) 


=28/ (277) - (Le*)* (e*/m)? (log aE, /p)*. (36) 


We have neglected the terms of lower power of log (E,//2) in (36), because the errors 
which come from the above mentioned indefiniteness of the integration domains are of the 


order of (logE,/y)*.* Similarly we obtain in the domain Ila and IIb, respectively, 


— ZO ) (og +2) log = (372) 


ie pe (= \( watt) (37b) 


where is the number which occurs from the limit of the integration over 1, i.e, 
G(m/)<uX1. The sum of the above two values (37a) and (37b) gives the con- 


tribution from the domain II to the non-screened total cross section, i.e., 
al 3 E 
t= Qa + Qin = mice ie (e a6 log 2+ Nog (38) 


It must be noted that Q7; or on the inverse square of /%, hence the indefiniteness 
of seriously affects the final result. This point will be discussed again in the last 
section. 

(b) Completely screened total cross section 

In this case each domain consists of two parts, one of which satisfies (22) and the 
other does not. The contribution to the cross section from each domain is given by 


the sum of the contributions from the two parts. The results are as follows : 


* Including the terms of lower power of log(Ej/y), the full expression of (36) is written as 


t= tz? (S) [3 (loe +); +6,(log, ), +Cy log a 


where C= (4/3) log a—0.85, Cy= 20.81 — (14/3) (log 8;)°— (62/9) log a 4- (28/3) log (3/4) log Ax, and fy and Bs 


are the numbers (1) which occur from the limits of the integia ion. 
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a As: 2) 9 é ‘ -1/3)| 3 | aE, , ell i ei | 137Z"9)*], (39) 
= (ze) (©) tog(137 2 )| 3 log erage iene 
s s g 2 48) Rye 3 . -1/3 
Qh = Qin Ong ee ae (=) (= log 2 > ) log (a@ SRLS (40) 
where 
uN 4 1 Oo” 2 e : a —1/3 
Qin = Ze) (©) (og 2+2) log( $1372"), (41a) 
Qh =" a (Ze*) “( a6 log 2-+) fog (Qn 137.2 2a). (41b) 
mz m 


§ 4. The case in which the incident particle is an electron 


Now the cross section consists of three parts proportional respectively to |M,,|°, |M,»|? 
and |M,M#,+-M7M,,|. Until now, we have neglected the latter two parts. This. is 
permitted if the rest mass, /4, of the incident particle is much larger than that of an 
electron, because the part proportional to |Mp,|° contains the factor (e//4)” instead of 
(e?/m)° as in (23) and the interference part proportional to \M,M*,-+M*M,,| contains 
the factor (e/m) (e’/}). 

However, when the incident particle is an electron, the above discussion is no longer 
valid and moreover the exchange effect must be considered. The part proportional to 
[M,|2 can be evaluated in a manner similar to that used for the part proportional to 


|M,|° and is given by 


,_ 2 9) 9 ©) de de peeks 
o SACs +@S_ E2 


rt 


«[BBPNCo eae) $I AEferzoe(i+ 3) 


(42) 


where 
naa bihe 
é, | log (2@E,E,/€p(1+x')"") —1 for non-screening. 
log {@-1 37Z 718. +2/) for complete ccreening. 


As is expected, (42) is a type of Bremsstrahlung. 
Since =m, the domain II disappears and the only remaining domain is I. The 


contribution to the non-screened total cross section is evaluated approximately. 


Qu ~ (Ze)*(e/m)? log (E,/m).. (43) 


The direct evaluation of the interference parts is rather complicated, but its magnitude 
can easily be estimated as follows : 
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i Ai, = 
do py» =—|M,Mi + Mi Mp, |Op 
v 


2 / 
— |M_| ‘ \Mor|ex=2,/ + |Mp|"Px- 1 |My |°oy 
Vv v v 


=2Vdopdoy , (44) 
where v is the velocity of the incident electron. After integration of (44) 


Qopr = cD, | Made nde = p Vi doy: \do-p, ==2*° O,0p e (45) 


The right hand side is then proportional to (Ze*)?(e?/m)*(log E,/m)* which is of the 
same order as that of the terms neglected in the evaluation of (36). 

Next we shall estimate the exchange effect. We represent by Mj the matrix element 
in which P, and P_ are interchanged in M, and put 


M,=M,/k, Ms=M3/k?, k=P,—P.. (46) 
Then the cross section is given by 


\Mi| — Re (MbMS). (47) 


a 
2k 


oO eS yy ee ATE =— + 7 |M,|? al 
B Mod 3 


The contribution of the second term to the total cross section is the same as that of 


the first, and the third term can be estimated by comparing 1/kk” with 1/k'. Thus, 


putting 
1 i 
fie. \ado40., eee \aadod é (48) 
we get i 
pp: [Ip < (m/E,)*? (log 2E,/m)?, (49) 


therefore the exchange effect can be neglected as long as E,>m. 


§5. Summary and discussions 


First we shall confine our discussions to the case in which the incident particle is 
an electron. Since the domain II disappears for “=m, the total cross section is given 
by (39) or (36) according to whether the screening is effective or not. In (39) and 
(36) the terms of lower power of log(E,/m) are neglected. This is justified if the 
energy of the primary electron is larger than about 10 Bev. For example the full ex- 
pression for (36) is given by 


n 4 By 2 & 7 E, a E, Ei) 
gat zey(2)| Zon) ~Galtog 2) + Clog] 


37 


where C,<0.85 and C,<20.81.* Thus the second and the third terms can be neglected 


* See the footnote on page 491. 
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if the incident electron has an energy larger than the above mentioned value. The error 
due to this neglect is at most 20%. For such high energies the contribution 2 the 
diagrams D’ may also be neglected as estimated in § 4. If the energy of the egetac 
electron is smaller than 10 Bev, we can not disregard the contribution of the diagrams 
D’ and the terms of low power. 

As is well known, the cross section derived with the Born approximation is inclined 
to become larger than the actual value. This error is estimated by Bethe et al.” in the 
case of the pair creation by j-rays using the distorted electron wave functions. They 
showed that the value derived with the Born approximation is over-estimated by a factor 
of 202%. Since (36) is essentially the same as that derived by the Williams-Weizsacker 
method”, the same situation will hold in our case. Another effect of suppression has 
been pointed out by Landau and Pomeranchuk®* in the cases of Bremsstrahlung and 
pair creation by j-rays. This effect arises from the fact that the incident particle collides 
with a “medium”, not with one isolated atom. This suppression becomes important at 
energies higher than the critical value—10" eV for lead. Though the present processes 
ate not the ones discussed by them, it is certain that this effect also suppresses our values 
of the cross sections, because this suppression effect is essentially caused by the interference 
of many waves with different phases. It is noted that for the above two reasons our 
results (36) and (39) may be considered slightly larger than the actual one. 

The experimental values measured by Koshiba and Kaplon may be compared with 
our results since the energies of primary electrons are larger than 10 Bev. Our cross 
sections give about one third of their values. This discrepancy may not be considered 
conclusive, because the experimental errors due to the measurement of the energies of 
the primary particles are suspected to be large in such a high energy region. Block et 
al.” showed that their experimental results are consistent with B modified so as to include 
the terms of lower power of log(E,/m). However, since in their experiment the primary 
energies lie between 0.1 and 10 Bev having the average value 400 Mev, one has to take 
into account the contributions not only from the terms of lower power but also from 
the diagrams D’. Otherwise, the comparison with theory is of little meaning. It is 
unfortunate that a decisive conclusion can not be drawn from the above mentioned ex- 
periments. Since we have derived the cross sections for this process using the current 
theory and taking into account the various effects for high energy, it is desired that the 
trident process, in which the primary electron has an energy higher than 10 Bev, will 
be studied more extensively. 

In the case that the mass of the incident particle is heavy compared with that of 
an electron, the differential cross section is given by (23), which is valid as long as the 
participant particles have relativistic energies anil is more correct than those considered 
heretofore. As to small transferred energies the approximation formula (30) to (23) is 


essentially the same as B. However for large transferred energies there are two differences 


* The authors thank sincerely to Prof. Z. Koba who kindly brought Landau and Pomeranchuk’s work 
to their notice. 
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between our calculation and that of B, one of which is the crudeness in the estimation of the 
domain Ila in B*, the other being the fact that the domain IIb is not discussed in B. 

Now the total cross section is the sum of the contributions from the domain I and 
II, ie., Qi + Qi; for non-screening and Q?+Q); for complete screening. Qi, (or Qi,) depends 
on the indefinite number $**; the maximum estimate of Qi, (or Qi) is given by putting 
f=1. But in any case we may neglect Qi (or Qi;) compared with Qi (or Q}). For the 
energy loss of the incident particle we cannot neglect the contribution from domain II, 
which will be of the same order as that from domain I. Thus we see that the final 
results seriously depend on the value of (7. Therefore the value of the energy loss using 
B may have an error of a factor about two.*** 

Finally, we wish to make one more remark. It was shown that the main contri- 
bution to the process comes from the transition in which the spin of the incident particle 
does not flip and the virtual photon polarizes transversely. This fact seems to show that 
the Williams—Weizsacker method should 
be a good approximation. We shall 
discuss this point in a forthcoming paper. 

The authors wish to express their 
cordial thanks to Prof. T. Inoue for his 
encouragement, Dr. H. Hasegawa for his 
valuable discussions and Mr. Edo for his 
assistance in carrying out the preliminary 


calculations. 


Appendix 


We shall call a coordinate system, 
in which the z-axis is parallel to py, 
the S’(x’, y’, z’)-system, and a coordinate 


system having its zaxis parallel to k= 


Pi—P» the S(x, y, z)-system. We take 
the x- and y-axes of the S-system as 
shown in fig. Al. 
i i Bat Pi 6, 
The density of the final state in Agee eit ce MLe 


the S/-system is given by 


—(P,- 7) 
9 ——_———> xyz 
py=dp,}/(2n)?- (m?/€,€) 
; i F Fig. Al. 
-dp'.dp_/ (27) ° 
; $i 20 tot 
* In order to derive (34a), we used an approximation : log(1+--)=—- a> but if we use such a 


It 1 : F ‘ ; ee 
rough approximation as log( 1 +o)=a we obtain the same expression as derived in B (see eq. (36) in B). 
ie % 
** In B, @ is taken as 3~4. Putting this value into our expressions, our results become the same as B. 
*** For large transferred energics there may aiis> the efect of virtual meson cloud of the target nucleus. 
Considering the indefiniteness of 8, however, our result will not be changed largely by this effect. 
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where 


dp.! =dp.,dpo,dps. =ps'dp, sin IidOides , 


po=|P2'|=|Pz 
We shall express it by the varicbles in the S-system. The form of the density with 


9 /(- 6 
respect to the electron pair is not changed and expressed as (m°/€, €_) - (dp.dp_/(27)°), 
because the transformation between the two systems is orthogonal. With respect to 


the incident charged particle we obtain from figs. Al and A2, 
Ys = Px 
p; sin 0,=|k| sin 0,, 
ot, using the small angle approximation, 
0/=€/E,- ly 
Therefore 
dp. =p:'dp, sin 0,'d0,'dyo.’ = (€/E,) *ps'dpy4d0.do,= (€/E,)*dps\ dpe, 
and the density of the final state in the S-system is expressed as 


Le m dp. dp_ 
=—_—_{ — } dp, dp-—— = 
a oe ze: rey (27) ° 


ree e\? 
= =———_( —*) dp, ;dpiydp de ,de_dE> 
ee cae! P+19P-14P 1 2 


Fig. A2. 


It must be noted that B, does not depend on ,, because B, depends on p,’ only 
through the momentum /(=p,’—p.’=p,—p.) which is independent of ¢;. Therefore 


we may take into consideration A, only, when we integrate or average over 5. 


References 


1) H. J. Bhabha, Proc. Roy. Soc. A 152 (1935), 559, quoted as B in our paper. 
H. J. Bhabha, Proc. Chamb. Phil. Soc. 31 (1935), 394. 


2) Y. Nishina, S. Tomonaga and M. Kobayasi, Sci. Pap. Inst. Phys. Chem. Research, Japan 27 
(1935), 1372 


E. J. Williams, Kgl. Dansk. Vid. Selsk. 13 (1935), No. 4. 
3) S. Hayakawa, Soryushi-ron no Kenkyu, No. 3, (1951), 57 (in Japanese). 
4) M. Koshiba and M. F. Kaplon, Phys. Rev. 97 (1955), 193; ibid., 100 (1955), 327. 
5) H. A. Bethe, Proc. Camb. Phil. Soc. 30 (1934), 524. 
6) H. A. Bethe and L. C. Maximon, Phys. Rev. 93 (1954), 768. 
Handel Davies, H. A. Bethe and L. C. Maximon, ibid., 93 (1954), 788. 
7) E. J. Williams, loc. cit. 
C. F. v. Weizsicker, Zeit. f. Phys. 88 (1934), 612. 
L. Landau and I. Pomeranchuk, Doklady Akademii Nauk SSSR 92 (1953), 535, 735. 
9) M. M. Block, D. T. King and W. W. Wada, Phys. Pev. $6 (1954), 1627. 


497 


Progress of Theoretical Physics, Vol. 16, No. 5, November 1956 


On the Foundation and the Applicability of 
Williams-Weizsacker Method 


Toshiyuki MUROTA and Akira UEDA 
Department of Physics, Kyoto University, Kyoto 


(Received July 9, 1956) 


The energy spectrum of the virtual photon field accompanied by a high energy charged particle 
which has been derived classically by Williams and Weizsicker independently is derived here by the 
Feynman-Dyson method, and the equivalence between the Williams-Weizsicker and the Feynman- 
Dyson methods is verified in a general way when the energy transferred from an incident charged 
particle is small. It is also qualitatively shown that the cross section derived by the Williams-Weizsacker 


method gives a correct order of magnitude. 


§1. Intreduction 


The computation of radiative processes occuring in high energy collisions often turns 
out to be prohibitively complicated. To avoid this complication Williams” and 
Weizsacker? proposed independently an approximation method based on the following idea. 
Let us consider a fast charged particle moving with velocity almost equal to light velocity. 
The field of this particle is almost identical with that of a set of photons with various 
frequencies. The electromagnetic action of this particle on another charged. particle, say 
at rest, is equivalent to that of these virtual photons. This simplified method (W-W 
method) is often of great help and yields the same results as the Feynman-Dyson method 
(F-D method) in several cases, for example Bremsstrahlung”, the pair production by a 
charged particle” and the 7 production by meson”, etc. This agreement is based on 
the fact that the longitudinal and scalar photon fields accompanied by the incident charged 
particle is neglected as compared with the transverse one as was shown classically by 


Williams and also implicitly on the fact that the energy spectrum of the virtual trans- 
him is essentially the same as the one to be derived from the 


verse photon derived by 
FED method. In our previous paper” on the electron pair creation by charged particles, 
we showed that the contribution to the cross section arises mainly from the process that 
not flip and the direction of polarization of the 


the spin of the incident particle does 
spectrum of the virtual transverse photon 


virtual photon is transverse, and the energy 
sical one when the energy transferred from the incident 


becomes the same as the clas 
This conclusion was derived essentially by 


particle to the created pair is very small. 
ntributions to the cross section according to the directions of the polariza- 


Therefore this separation procedure suggests the possibility 
To generalize this conclusion 


separating the co 
tion of the virtual photon. 
of extending the above conclusion to more general cases. 


from the quantum electrodynamical point of view is the content of this paper. 
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In next section we shall review the assumptions and procedures used in the W-W 
method and pick out the points to be verified for showing the equivalence between the 
W-W method and the F-D method. Then we shall, in § 3, re-formulate the transition 
probability by the same procedure as I. In § 4 we shall first show that the energy 
spectrum of the virtual transverse photon coincides with the classical one and secondly 
derive the condition that the contributions from longitudinal and scalar photons can be 
neglected as compared with that from transverse ones. In the final section we shall 


discuss our assumption introduced in § 3 and make some remarks about our treatment. 


§ 2. Review of the W-W method 


We shall review briefly the assumptions and procedures which are used in the W-W 
method. The basic assumptions are as follows: (a) The path of a fast particle remains 
practically straight during a collision; and (b) the effects of the different Fourier 
amplitudes in the virtual photon field can be considered as independent. The assumption, 
(a), requires that the energy transferred by the fast particle, i.e. the momentum and 
the energy of the virtual photon, is much smaller than that of the fast particle itself. 
There may be effects which are due to interference between virtual photons of different 
momenta and different directions of polarization. The former which arises from higher 
order radiative corrections is neglected in our procedure, and the latter, owing to different 
polarizations of the transverse photons, will disappear after averaging over the azimuthal 
angle, %», of the fast particle in the final state. Under these two assumptions the energy 


spectrum of the virtual photon can be expressed as* 


2 od€ amE 
q(€)de= — (Ze) *— log, (1) 
T € Eft 

where E, is the energy of the fast particle, /¢ and m are the masses respectively of the 
fast particle and one of the created particles** in the final state, and @ is a constant of 
order unity. Using this spectrum the cross section of the process in question is written 
down as 


Q={ a(odeo,(6). (2) 


In this expression o;(€) is the cross section caused by a real photon with energy €, 
which has a form 


o(€)de= |" S1 {\r 


2 spin 2€ 


+ (By 


"| Pr, (3) 


* In Williams’ paper log(@E;/e) is used instead of log(amE,/ey). For this point see Bhabha’s paper 
(Proc. Roy. Soc. A, 152 (1935), 559). However this difference can be neglected for Ey/e>> p/m. 

** In our sense “ particles created in the final state” means not only the particles actually created but 
also the target particle, except for the case that the action of the target may be replaced by that of an 
external field. The word “created particle” is used in this sense in what follows. 
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where { means the integration over the final density y, and 1/2¢€ arises from the 
normalization of the incident photon waves. BY and B} correspond respectively to the 
matrix elements for the cases in which the directions of polarization of the incident 
photon are parallel to the x- and y-axes if the zaxis of the coordinate system is chosen 
to be parallel to the direction of propagation of the incident photon. ‘Fhe factor 1/2 
arises from averaging over the directions of polarization. 

In the F-D method the matrix element M is the product of two factors, one of 
which, A,, is related with the incident particle, and the other, B,, with the process 
caused by the virtual photon, i.e., 


M=A.B, (4) 
The transition probability may be written as 
>1M 


where py, the density of the final state, is related to /y in (3) as follows: 


20, >)}|A,B, + A,B, ++ A,B; + 4,B,\"Pp » (5) 


Pele 2 (6) 


Here p is the density depending only on the incident particle, i.e., dp»/ (27)*. 

In the expressions (4) and (5) the indices, #t do not necessarily correspond to the 
directions of polarization of the virtual photon. However if we represent (4) and (5) 
in the S-coordinate system, whose zaxis is parallel to the direction of propagation of the 
virtual photon,* the indices, /, should correspond exactly to the direction of polarization. 


Namely, (5) may be expressed as 
SMM oe SDL {IB I?-+ 1B 412+ 14,B, + ABD (7) 


Thus the W-W method requires the following relation to hold under the two assump- 
tions (a) and (b), 


Posen Ly 
2 spin2€ 


spip 


*} |Ail?0 er » (8) 


2 Ba i 2 
“+ |B} Andeg(e) =| 33 (IB +18: 


spin 


where v, the velocity of the incident particle, is nearly equal to light velocity.** 


In the next section we shall derive (7). 


§3. Preliminary formulation 


Now we will use the following assumption (quoted as A): The energies of all 
particles involved, excluding the target particle in the initial state, are large compared 
with their rest masses and are of the same order as the transferred energy, ie., the 


energy of the virtual photon. 


* A coordinate system whose z-axis is parallel to the direction of the incident particle will be 


called S’-system. 5 a 
** Strictly speaking, v in the S-system is different from one in the S’-system, but this difference 


can be neglected. 
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As is easily seen, the corresponding diasram in the 
W-W method is of only one type as shown in Fig. 1. 
For the moment then, let us consider only this diagram. 
As for the diagrams not considered here, we shall discuss 


them in the last section. From Fig. 1 the matrix element 


has the form, P,(p,, iE2) 
Var ee al %, 
Ma< 2 A, F#, : 
VY grel 1 
22" ane| F_ (48, +45) | 
rm Ze target P,(pi. Ei) 
Sn U he VI dt Ne neal, apes eal aft 
"ieee ; ( srt A) +A, (B,+iB,) } Fig, 1. 
= IBA, tid,) +4,(B,+iB)} |, (9) 
where 
A, =ii(P,)74(P,), 
«=E,—E,. (10) 


We will represent (9) in the S-system and further introduce the small angle approxima- 
tion, which is jutified by the denominators of the propagators in the matrix elements. 
For example, 


p, sin O, pt, pi cos 6,—E,=~ — =D (e+ (p,9,)*) ¢ (11) 


It must be noted that the magnitude of the transverse component of each momentum 
is of the same order as each rest mass. After proceeding as in I," that is averaging and 
summing over the directions of the spin and averaging over ¢, (see Appendix in I), we 
obtain 


S} |M|?=87e (Ze)2/k! 


spin, p2 
Ly 2 2, 1 1 1 2 
a 5: B,|?}- 25" \ie 
| P+ LBP a Pa 


Ey ve Bind 
reps ar +4, (11) (B+iB)) 
tole et FAT) (B48) 
+ ei 2 : Bae +A,(tt) (B,+iB,) | 


AA aces o ¥ 
[= eee! FAC) .+i8)| 
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1p / Seay ed eit 
ee {| — B, + iB,|?+ |B, +-1B,|*} 
i 2 1 il ore 
TEA, ye, (2g Ae Melaeag PL 
“iF sy! eet A 5 Gtunaleae (12) 


where the expressions of A,({{) and A,({t) are given by (9) in I and pi =pi.tpiy 
=p>,+ps,. This is exactly the form which we have required. The first term corresponds 
to the process that the virtual photon polarizes transversely and the spin of the incident 
particle does not flip.* 


§ 4. Derivation of (1) and the condition for 


applicability of the W-W method 


First we shall confine ourselves to the first term in (12). In B,’s the four-vector 


k of the virtual photon is contained in the forms 


: R= (€/E,E,) (+p), (13) 


k aS B+ p Sy Sage: TA 
(kq) 2E.E," Pv ae +q1); (14) 


where q=(q, #q)) is the four-vector of some particle created in the final state and m its 
test mass. To derive (14) we used the small angle approximation (11), 4;=40— (1/240) 
-(m>-+q), where q;=|q|-@ and @ is the zenith angle of q. From (13) and the 
factor 1/k' in (12) the integration over p, contributes to the integral cross section when 
its order of magnitude is less than 0(/”). Then we can neglect terms containing 


(1/E,E,) (+p) in B,’s as compared with terms like the second term in (14), if 
ep/Ewm <1. (15) 


Since the four-vector k satisfied k=0 in B,’s under the condition (15), the factor 
(1/2) {|B,|?+|Be|*} (1/2€) is completely in accordance with the factor in (3) arising 


from the corresponding process caused by a real photon. Therefore, the contribution of 


the first term to the cross section becomes from (3) and (6) 


° , rs ° 9 i if, ff / 
[2 gare +1BP} Soeha! (=| ABE + Belt 3 pg!) ane) dea! (2), 
ae 2€ 22 Ze 


where 


* For a particle of spin 0, the same procedure gives 


s 2 8x¢ (Ze)* 1 2 g i pi? 1 G+) pee A 
Pa Zz > UlBal + |Bo| iby EEy Se EES |B, +iB,| rl 
As is readily seen, the first and the second terms above correspond respectively to the first term in (12) 


and the terms containing |B;+iB,|° in (12). 
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Expressing ( in the S-system (see Appendix in I), and from (13), q/(€) can be 


rewritten as 


rey (Ze)? 42 ( (pid (pi) tee (16) 
q'(¢) (27)? € \\ (+p)? 


Since the denominators of D,- and 5; functions contained in B,’s are the sum of the 
terms like (13) and (14), the contribution of p, to the cross section falls off rapidly 
when pi (mE,/€)°. Thus integrating over p, from zero to (amE,/€)°, where @ is a 
constant of order unity, we obtain 


° 1 mE il 
U = e)? 2 g J 17 
q' (€) = (Ze) 2 (log : ; ) (17) 


This is, except for a trivial difference, nothing but the spectrum, (1), of the virtual 
photons used in the W-W method. 

As is easily seen the fifth term in (12), which corresponds to the process in which 
the spin of the incident particle flips, can be neglected as compared with the first. 
Therefore, under the condition (15) the contribution from the transverse photon is 
exactly the same as that derived by the W-W method. 

Now we will seek the condition that the contributions from longitudinal and scalar 
photons can be neglected as compared with that from transverse photons. To begin with, 
let us compare the orders of magnitude of the two terms, (1/2) B, (+p) / (E,E,) and 
A,(tt) (B,+iB,). The main term of the latter is B,+iB,(=F(k,, €)) from (9) in I, 
where k,=€{1+(1/E,E,) (+p) }” is the ccomponent of the momentum of the 
virtual photon. We expand F(k,, €) : 


FUR: €) =F(e, €) ss (dF /dk,) paca JE ? 
de= (€/2E,E,) (we +p')- 


The first term F(€, €) is exactly equal to B.’+iB,. which is the corresponding term in 
the process caused by a real photon and vanishes from gauge invariance. Then the 


comparison of the relative orders of the above two terms is reduced to the comparison 


of B, with €F(e, €).* Therefore we shall consider the relative order of F(e, €) to 
B, or B, Omitting the spinors of particles in the initial and final states and constant 
factors, B, is generally given by a sum of terms of the type 


Tu rT oS HT psesd packet ts (18) 


_— = 


* Fle, €) means (dF/dks) %a=¢, and so forth. 


When the interactions contain derivative couplings or mesons contribute to the process, (18) must 
be modified but the similar arguments can be developed. 
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Here 7, arises from the vertex part at which the virtual photon interacts and its position 


in (18) is different from diagram to diagram and from process to prosess but the following 


argument does not depend on its position. From (18) F (€, €) is expressed as 
F(€, €) = (fe ti) D[Sa7eSr-+s ES eS pee bans | (19) 


Expressing by S\p, the vector sum of the four-vectors of the particles in the final state, 
the forms of 5; and D,- functions are generally 
5 at R+ Dips) —m D z 


F —_ 


(k-+-S}p,) +m?’ 7 (+ Sop)?’ 


and we obtain 


= i's __ 2(€+2>ipss) 5 
8 2 So LA ND oe? 
(kt >1pi)?+m?  (k+ Dips)?" 

eee AST Pa) pS 


(k+> 3 pi)" 


Since 0(€+51p;,) =0(€) from the assumption A and 0 (k+ D>) p:)?+-m?]=0[ (k+ 35 p:) z| 
=0(m") from (14), we obtain 


S,=0(€/m)Sp,  Dp=0(€/m*) Dy. 
That is, the differentiation of 5; and D, by &, changes the order of magnitude relative 
to S, and D, by 0(€/m*). Then (19) is rewritten as 
F(e, €-) = (7s ti7s) (€/m?) SL aS pS p-. FOS e7oSe-+- T+ (20) 
== (€/m”) (B+ 1B,/), 
where a, 6,... ate quantities of order unity and 
Be =F, DMS p7aSr--- FOS pf aS v--- +.) 


The B,,’s are not identical with the B,’s and the gauge invariance for (B,-+iB') z,-< does 
not hold as it does for (B,+iB,)ig-c- But the B,’s are of the same order of magnitude 
as the B,’s. Therefore 


0| (By! +iB,’) /B,| =0| (By +4B,’) /By'|. 

Summarizing the above arguments we obtain 
A(t) (Bs +iB) 
B, (+ pi) /ExEs 


Furthermore the order of (B,’ + iB) /B,! is equal to 0 (m/e) from the result given in 
Appendix. Thus the two terms contained in the second term in (12) are of the same 


order. In the same manner we see that all terms from the second to fourth are of the 


= 0(€/miy) A 


same order and, as is easily seen, the last term may be neglected in comparison with 
these. Therefore, in order to derive the desired condition it is sufficient to consider only 
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the relative order of the second and first terms that is, 0(44/E,) 0|B./B,|. From the 
result given in Appendix this order is 0(€#/Eym).. This fact shows simply that (15) 
is also the condition that the contributions from the longitudinal and scalar photons can 
be neglected in comparison with that from the transverse photons. That is, the W-W 


method is rigorously applicable under the condition (15). 


§ 5. Discussions on our assumption and concluding remarks 


Until now, we have neglected the diagrams except for the one of the type shown 
in Fig. 1. This neglect is guaranteed in cases that created particles in the final state are 
due to nuclear interactions between these particles and the target, e.g., the 7 production 
by s-meson, since the lowest order diagrams with respect to the electromagnetic interaction 
of an incident particle are teduced to only one type given in Fig. 1. However, in pure 
electromagnetic phenomena it is necessary to assume that the mass of the fast particle is 
heavier than that of an electron. Let us consider, x = 
for example, Bremsstrahlung by electron. There | 4 oo ; 


are two types of diagrams given in Fig. 2a and jar 


2b, the former of which are considered as 


Compton scattering of a virtual photon by the # b 
nucleus 
electron and the latter as that of a virtual eon 
photon by the nucleus. Since the cross section, photon 
ites, 0 


of Compton scattering is inversely proportional 
to the square of the mass of the scatterer, the contribution from the diagrams 2b can be 
neglected as compared with that from 2a. The situation is also the same for the pair 
cteation by #/-meson. Therefore, in pure electromagnetic processes the diagrams of type 
2b can be always neglected, provided that the mass of the incident particle is large 
compared with that of an electron. In other words we can neglect the diagrams that the 
incident particle interacts twice or more with the photon field. In cases in which the 
incident particle is an electron, it will be necessary to take into account the diagrams not 
considered in our treatment, though for the pair creation by an electron we have 
shown that the contributions from the diagrams of type 2b can be neglected”. 
Next we shall discuss on the assumption A. When a target particle is very heavy 
for example a nucleus, it can be considered to be at rest during the collision and e 
action on the incident particle can be replaced by an external field. A pair creation b 
a charged particle is this case. The reader will see that such a case is included in 
treatment. Furthermore, we can see that the condition (15) holds not only for such a 
case, but also for cases where some of particles created in the final state have non-relativistic 
enengics: Because the main terms of B, arise from P,,’s of the particles having relativistic 
energies, not from those having non-relativistic energies, and the argument given in 
Appendix is valid for such main terms. ° 
se me si del eaitoca meatier aene as the F-D method at long auatne condi- 
st be noted that the main contribution to 
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the cross section arises from the region satisfying (15), i.e., the region where the trans- 
ferred energy is small. For €4/E,m>1 the terms containing the factor (1/E,E,) (4°+p}) 
can not be neglected both in the numerators and the denominators in B,. The increase 
in the denominators due to addition of these terms is larger than those in the numerators, 
as shown by the dimensional analysis of matrix elements. Furthermore the factor AlAs 
in (12) suppresses the integral value over p, more largely in such region than in the 
region satisfying (15). Therefore, the cross section derived by the W-W method will 
give the correct order of magnitude even if we take into account the contribution from 
the region where the condition (15) does not hold. This fact was explicitly shown in 
the case of pair creation by charged particle in I. The condition, (15), gives a rough 
measure of the most probable value of the transferred energy. The heavier the mass of 
the created particle, the more extensive is the region which gives the main contribution. 
For example, when a //-meson is incident, the rate of transferred energy €/E, in that 
region lies between zero and nearly Temp for the pair creation, but between zero and 
nearly one for 7-production. 

In conclusion the authors should like to express their gratitude to Prof. T. Inoue 
for his encouragement and also Drs. H. Tanaka and H. Hasegawa for their advice and 


discussions. 


Appendix 


Since B, is a component of a tensor of rank one, S} |B,|° (not summed over /4) 


spin 


becomes that of rank two and is expressed as a sum of tensors of four types, i.e., 
ey eae 2) eer wee) a qe) eee 1) s 
aa spill pqee’ 
Gs: ( call ener eee (A1) 


where P, 7, 7,... are four vectors of particles in the final state or that of the virtual 
photon and e, e’, e”,... are polarization vectors of photons in the final state if emitted. 
ees se vee’! Je consist of, thesscaler products of 7,-5,..e., @ a. except P,9,,€ 


and e’ and are independent of the index 4. >} means the summation over all the 
pyee! 


combinations of two energy-momentum four-vectors and two polarization vectors extracted 
from vectors involved in B,. 
Now what we want to know is how the order of magnitude of >) |B,|’ changes 


$n er 


when we replace /“=1 or 2 by 3 or 4. This is nothing but to know the relative order 
of each term contained in the braces in (Al) by chenging the index py. Using the 
assumption A and the fact that the order of magnitude of the eee ae ae 
of each particle is 0(m), we cbtain the relative order of magnitude of each term in (A1) 


Pig oo ete a 
as given in the table 1, where the order of the magnituce of the polarization vector 1s 


* If no photon be emitted, (A1) becomes 
ya |B, /7= > a {un (PD EP Gu per (’, Sj"), 


spin spin £g¢ 


and our following arguments are not changed. 
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taken as 0(e,) =0(e,) =0(1) and 0(e,) =0 (m/€). Therefore considering that the main 


terms of longitudinal and scalar parts are 0(€°) and that of transverse part O(m"), we get 


0|B:, 4/B,, 9|° = 0 (€°/m*) . (A2) 


In a similar manner we obtain the relative order of B,+iB, by replacing 7, by 7s+17s 


in the main terms of B,, thus giving table 2. Hence we get 


0| (By +iB,’) /B,/|?=0 (m'/€'). (A3) 
Table 1. 
a =ear ee 2 3 4 
Buy (PQ) Cee’) 0(m") 0(m*) 0(m*) 0(m”") 
Pudu (ee) 0(m?) 0(m*) O(e*) O(e*) 
Ppeu (Ge’) 0 (m*) 0(m*) 0(m*) 
een. (PI) 0(m*) 0 (m*) 0(m'/€") 
Sr lcci nn 
Table 2. 
T32t+ 174 | 73 
Duy (PQ) (ee”) (Pq) (ee’) (1? +) =0 | 1 0(m?) 
Pudu (ee’) (P3tiPs) (Is+i9,) (ee?) 0 (m'/e*) Psfs  O(e*) 
Puey Je’) (es++iey) (Pst+iPs) Ye) 0 (m'/e*) esPs 0 (m?) 
eeu’ (PY) (ex t+ie,) (ex tie’) (PJ) Om /e*) | esex =O (m4 /€*) 
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The generation of #C, 1©O and °*°Ne by successive @-capturing processes in the helium core of stars 
is calculated under the condition at temperature~10*°°K. The rates of forming iC and 2°Ne are 
found to be much larger than the previous calculations by Salpeter, Opik and Hoyle, due to the 
resonance levels recently discovered. The production rates of Mg to Ca are also estimated. The 
formation of these nuclei is found to be negligible at temperatures below 4X10°°K. The luminosity 
of such stars of globular clusters belonging to the horizontal branch in the H-R diagram that are 
supposed to be burning helium is accounted for in terms of the above thermonuclear reactions at the 
central temperature of (1.40-+0.10) x108°K and the density of about 10°gcm~*. The lifetime of a 
star in this evolutionary stage is estimated roughly as 10’ years. In this course of evolution °°Ne is 
formed more abundant than others, in disagreement with the average cosmic abundances of °C, 1*O 
and Ne. The modification of the abundances after this stage is suggested as necessary. 


§ 1. Introduction and summary 


The energy generation in stars belonging to the main sequence has been accounted 


‘ 92) 


for in terms of the “carbon-nitrogen cycle’ and the “ proton-proton chain’ Owing 
to these nuclear reactions hydrogen is converted into helium, so that the concentration 
of helium in the cores of these stars increases, as they evolve. The helium nuclei thus 
produced can hardly be converted into heavier nuclei by the reactions involving light nuclei 
alone, because the nuclei of mass numbers 5 and 8 are unstable and even stable isotopes 
of Li, Be and B return rapidly back to “He and ‘He due to the absorption of protons 
which are rich in the core of such stars”. However, the synthesis of carbon and heavier 
nuclei is regarded as necessary in view of the evolution scheme, as emphasized by a number 
of authors.” Some stats belonging to the “giant branch”’ are believed to undergo such 
a nuclear synthesis that “He nuclei are converted into ‘°C and heavier ones. The synthesis 
of ®C seems to be required also to explain the ovet-abundance of '°C observed on the 
surfaces of R, N and Wolf-Rayet stars. 

A possibility of such a synthesis process has been suggested by Salpeter” as to take 


place in hydrogen exhausted stars, when their central temperature becomes higher than 


*) Now at Institute for Nuclear Study, Tokyo University 
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10°K. At such a high temperature an appreciable amount of “Be nuclei is formed under 


the thermal equilibrium with ‘He nuclei: 
4He+‘He +96 kev "Be. (1-1) 


A ‘Be nucleus thus formed can be converted into "C by capturing a 4He nucleus: 
SBe + ‘He "°C +7 +7.37 Mev. (1-2) 


These processes are supposed to supply a sufficient amount of energy for about 10° years 
and may explain the existence of the '“C-rich stars. He has further suggested the synthesis 


of heavier nuclei as due to successive @-capturing reactions : 
C4 4He>5"O +7+7.15 Mev, (1-3) 
and 6’O + 4He>"Ne +7 +4.75 Mev. (1-4) 


In those days the knowledge about the properties of these nuclei was rather poor, 
so that his arguments were obliged to be qualitative. Since a level of "°C at 7.68 Mev 
and some properties of other nuclei were observed, Hoyle” tried to calculate the reaction 
rates of (1-2) and (1-3), taking into account the resonance capture. But the lack in 
knowledge of the spins and parities of the levels forbade him to deduce reliable reaction 
rates, so that he rather predicted them in reference to the mean cosmic abundances of 
"C and "O. Lately Salpeter” noticed the role of the 7.68 Mev level, which was supposed 


to have zero spin and even parity, and proposed a process, 
‘Be +*He + 0.31 Mev>"C*5”"C-+ 27 +7.68 Mev. Cis) 


But its details and results are not reported yet. 

In order to obtain a quantitative answer of the synthesis of heavy nuclei, we attempt- 
ed to calculate the reaction rates of (1-1) to (1-4), on the basis of recent nuclear data." 
We also made a rough estimate on the capture of ‘He by “Ne to “A. Based on our 
calculated reaction rates and the rates of energy generation, we briefly discussed the syn- 
thesis of elements as well as the evolution of stars. 

In § 2 the general method of treating the thermonuclear reaction is presented, taking 
account of the contributions from resonant as well as non-resonant processes. For a resonance 
energy near the Gamow peak, the conventional method of the Gamow peak is modified, while, for 
the sufficient separation between the resonance and Gamow peaks, the contributions from these two 
are carefully examined. Our formulas are not qualitatively different from conventional ones, 
but are useful for quantitative studies. In § 3 the formation of “Be, and the rates of for- 
mation of °C, "O and "Ne and also the tates of the energy generation are calculated. 
The result is summarized in Table 3 and in Fig. 5. In § 4 the formation of *'Mg to “Ca 
is discussed. This is found to be negligible at temperatures below 4X10°K. In §5 the 
luminosity of such stars that undergo the helium burning processes is interpreted in terms 
of a polytrope model of stars. For the stars of globular clusters in the horizontal branch in 
the H-R diagram, the central temperature and density are found to be abovt 1.4X10°K and 
10°’gcm™. The reason why these figures are much smaller than expected by Salpeter” is due 
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mainly to the resonance level of C. The relative abundances of “C, “O and “Ne are 
calculated for given temperatures. In contrast to Hoyle") the abundance of “°O is much lower 
than that of *’Ne under the above conditions. This is due to the newly discovered level’) of 
“Ne. The modification of the abundance after this evoluticnary stage is suggested as necessary. 
The mean lifetime of the helium burning stars is estimated as about 10’ years under the 
same condition and this is in agreement with the observed abundance of the stars in the 
giant branch. Our result is in essential agreement with that of Obi et al. In § 6 our con- 


clusions are summarized and discussions are made on related problems. 


§ 2. General formulas 


Let us assume a gas composed of two kinds of nuclei 1 and 2, each of which is 
uniform in space and obeys the Maxwellian distribution of velocities at given temperature 
T. Suppose that these nuclei of respective densities, n, and n., collide with one another 
with reaction ctoss section o(E), where E is the kinetic energy in the center of mass 
system of the colliding nuclei. Then the reaction rate per unit time and per unit volume 


is given by 


eae ee a8 |B) exp(—E/AT) EXE, Goi) 
where k is the Boltzmann constant. // is the reduced mass and is expressed, in terms of 
the masses of the respective nuclei, m, and m,, as —=my,m,/(m,-+my). 

The reaction is regarded as to form a compound nucleus. The energy level of the 
compound nucleus is measured from the sum of mass energies of the colliding nuclei and 
is designated as E,. The property of a level is implied in the widths for the absorption 
and the subsequent emission, /’,, and J’, respectively. S, and S, show the spins of 
target and incident particles, respectively. By employing these quantities the cross section 


is expressed as 


— 1 ah CAB ae 1) fy ls) , (@ 2 2) 
(28, +1) (28,+1) 2HE® (E—E,)?+1,2/4 


ao (E) 


The summation is extended over all possible levels corresponding to spin Jny which can 
consist of any particular orbital angular momentum [,, but one needs in most cases to 


take only one level into account. The total width J”, is practically the sum Of and 


Doth 


The absorption width /’, can be expressed by a classical formula as 
P= G, expe 2 Cz) (2-3) 
with 


C= —2V 2p Z,LeR/P4RZ Zee V p/bY 2EFU(L+1)b/ (2Z,Z Re), (2-4) 


id G,=2D,/n-V (BV) /V FE) =2D,/2- V B/V. (2.5) 
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Z,e and Z,e are the charges of the respective nuclei and B the height of the Coulomb 
barrier between them. D, is the mean level distance for the levels with the same spin 
and parity as the absorbing level and V the depth of the potential for one particle against 
the other. These two quantities are rather uncertain, but their influence on the final 
result is relatively unimportant. We evaluate D, from observed levels and choose V for 


the helium capturing process as 
V=K2 0 /2M.=5.1 Mev, (2-6) 


where K,=1X107%cm™' is supposed to be the wave number of an @-particle just inside 
the nuclear surface.” The largest uncertainty in the cross section arises from the channel 


radius R. In reference to vatious induced reactions we use the expression 
R=R,+R,, (2-7) 
with uncertainty of 0.5X107% cm. R,=1.6X10-% cm is chosen from the a—a¢ scatter- 
ing and R, is 2.4 107-" cm for *Be, 3.8X10-"cm for “C, 4.3X10-% cm for ®Q) and 
1.3 A}! 107% cm for “Ne and heavier nuclei of mass number A,. 
Among various quantities introduced above, E,, and /’,, are regarded as independent 
of energy, because the energy interval under consideration is relatively narrow. Taking 


such energy insensitive quantities out of the integral, (2-1) is reduced to 


V 27 bnn, 24 ts (2uZ,Z.eR 
al> = ey 2, n al l Gates 4 / - ie 2f 
(kT )*” (2S, 4-1) (28,+1) = ( Jn 1) f nGon XP ( \ i 


eende AF] eM ee (LEP SSE PET SD 
SL) er (22.2 ce Re)"*| x | a ae po dk 
: EE) +P 3/4 is 


where 


b=22Z,Z,/b-V p/2=1.00 Z,Z, V A,A,/ (A, +4.) Mev” 


=1.27 X107°Z,Z,V A,A,/ (A, +4.) erg’. (2-9) 
The numerator in the integrand has the so-called Gamow peak at 
E,= (bkT /2)*?¥= 0.0264 [4,A, Z,°Z,°/ (A, +A.) | T** Mev, (2-10) 
and the width of the peak is 


fg= (4E,kT/3)7?=0.0178 (4,4, Z,°Z,7/ (A, +A.) ]°T 8 Mev. (2-11) 


Here and hereafter T is measured in 10°K and all energies are in Mev, if not specially 
mentioned. 

In the presence of the resonance denominator in (2-8), the integrand may have 
another peak at about E=E,. In the integration of (2-8), therefore, we have to take 
One comes from the peak similar to the G 
amow peak 
but is modified slightly due to the denominator. The other is the resonance peak dia 


plays a dominant role for |E,—E,|<kT Sy, The approximate methods used in respec- 
tive cases are described in what follows. 


at least two peaks into account. 
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Modified Gamow peak or non-resonance peak. A peak appears at E, which is close to 
E, and its width is 7, E, and 7, are given by 
bkT ast 2 (E, =n) klish (ip E,,) Periheng ( 4 
Zen (Ey Ey) ale iA. 
1 3 Ati Es) “= Liss Oe 


and = ee 


oe a eee ee 4 


(2-12a) 


(2-126) 


Then the integral is evaluated as 


| exp (—b/ VE—E/kT) dE~ exp (—b/VE,—E,/kT) fe (EB 
ee ee re 


or 

et oe) 
(Ey=E,)? +1 /4 

It is readily seen that E, and 7, approach E, and 7, respectively for |E,—E,,| Syke 

>I. In this case the Gamow approximation is subject to the following errors : 


l= (2-13) 


oe ART 
E {1— le : 2-12a! 
‘ 3 (E, Fey en Peay 
D Ril 
d = {1+ ly ; 2-12b! 
a NG ae 


The contribution from distant levels is of the order of (E,—E,)°/D, in comparison with 
that from the nearest level at E,. If the contribution from the non-resonance peak is 
important, |E,—E,,| is far smaller than D,, so that the contribution from distant levels 
is negligible. 


Resonance peak. The integration in this case can be evaluated as 


Lexp(—b/VE,—E,/kT) | (E—E,)?+P2/4)" dE 


=(4)|- — tan (2 )| exp(. =D — E, 
ake ie TG 1a 


Since E,,>J", in most cases, this can be approximated as 


I.= (2/T’,) exp (—6/“E, —E,,/kT). (2-14) 


The contribution from distant levels is also negligible, because the exponential factor be- 


comes extremely small. 

In order to compare the contributions from the resonance and the non-resonance peaks, 
we consider three cases, according to the magnitude of |E,—E,,|. 

(ale, [Ea E,| <li. To. Lwe peaks overlap with one another and 7,~/",/2. Hence 
either of (2:13) or (2-14) gives us essentially the same result. 

(29 ae fre |E,—E,|S7o There is a sharp resonance peak in 9 broad Gamow peak. 
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Since 7,>|E,—E,,| and the exponential factors in (2-13) and (2-14) are of the same 
order of magnitude, we have L/ Ll fe egeale Hence the resonance peak represents 


an essential part of the integral I. 
(eid BR A ed RB te) peaks are separated from one another. The contribu- 


tion from the non-resonance peak approaches the Gamow approximation, as E,, becomes 
far from E,, so that E,~E, and 7)2<7,- Comparison has to be made with the numerical 
values of J',, 7, and |E,—E,|. With increasing |E,—E,,|, I, becomes more important 


than I, because the exponential factor in [, decreases more rapidly than (E,—E,)~° 


thay Th 

In the resonance reaction the following approximation is worth remarking. There 
often occurs either [,,>I', ot Uin<lIm- Consequently, one may set either Lf 1 
or /',=I',,. Since the reaction rate is proportional to Pon Vin Day only Ty, 0t- Te pemann 


in either of these cases. In the former case the ambiguity due to the a-width is eliminated, 
while in the latter case one need not know the radiation width. 


Keeping the above remarks in mind, we express the reaction rate as 


P=. V 2nh? nyny 
(QS: +1) (28,+1) (ukT)*? 


x [Si ap 1) ee ke (E,) To e Moikr 4s An ar 1) 2Teliee hey (E,,.) 


2 : : eB ne A 2a15 
Gs (E,—E,,) ‘ =e if E: = he (E,,) ( ) 


S% ele | 


The first summation is due to the non-resonance absorption, while the second one due 
to the resonance absorption. In almost all cases one has to maintain only one term in 


(2-15). For the nonresonance absorption 


n 


—12 3/2 a ce 
an 223.0 x 10 (ee +A, ass (2J, alle 1) ls bie (E,) Fo T8241 9-50-40 FolkP 


(28, +1) (28,41) \ 4,4, (EVE) 
cm™* sec™* (2-16) 
and for the resonance absorption 
= S816 R10rF A,+A, \*” el ate) 
— é Dyes 2 Sa 2) 1) —int sn\nl) —5/2 —50.401 Ko/k7? -3, —1 
COEST (259041) AA, >i ( 4 a ) ie (E,) fe 10 cm sec 
(2-16) 


where T is measured in unit of 10°K. In each part we usually have to leave only one 
term. 
To this we have to add the effect of screening. According to Salpeter,” the weak 


screening is a good approximation in our case. Then the reaction rate must be multiplied 


by exp(—U,/kT) with 
—U,fkT= 1,88 X10 ZZ, (2242) A eT (2-17) 


. . . —3 
where p is the density in gcem*. Zand A are the atomic number and atomic weight of 


. . . . 4 . 
the main constituent, which is ‘He in most of our cases. As we are mainly concerned 
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with the case in which 0 ~ 10° gcm™*® and T™10°K, --U,/kT is of the order of 1071. 
Therefore, the correction due to the screening is of the order of 10% and will not 
exceed 30%. Since this order of magnitude is implied in the uncertainty in various 
quantities as well as in our method of approximation, we will not include this correction 
in our numerical results. As soon as a mote accurate calculation becomes possible, the 
correction will easily be taken into account. 

The rate of energy generation is obtained by multiplying the Q value, Q, by the 
reaction rate and by dividing it by density p, as it is usually expressed in unit of erg g' 


sec: 


€=QP/p. (2-18) 


§ 3. Synthesis of “C, “O and “Ne 


~~ 


As pointed out by Salpeter,” an 
fr appreciable amount of “Be can be 
‘bo formed from ‘He in the core of a 
ik star, in which both temperature and 
x density are very high. The con- 

centration of “Be is of primary im- 
10715 portance in a series of the helium 
capturing reactions. This together 
with the formation of °C essentially 
determines the rates of forming 
subsequent nuclei, “O and “Ne. 

Since an extremely small fraction 


. of "Be nuclei formed in @—a’ reaction 
1077 
i) 10 20 


Fis. 1. 
T in unit of 108 °K the conditions under consideration, 


undergoes further @-capture instead 


of disintegrating back into 2@ under 


Concentarttion of ®Be in equilibrium with *He the detailed balancing is realized to 
xpelox-ue is plotted against T in unit of 10°°K ac- 
cording to the formula (3-2). xg¢ increases ra- 
pidly as temperature increases to 3X10*°K, but is 


a good approximation in the 
reactions 2a 77Be*. Then, the 
nearly constant above 4X 10°°K. concentration of “Be, n,., can be 
expressed in terms of that of “He, 


im, on the basis of the statistical equilibrium as*) 


1 ne/ (Me) = (278? /kT )"? mile /mine exp (— &)/kT ) 
Sy Bonal0n | a! ec (3-1) 


where m,, and my, are the masses of “Be and ‘He respectively, and €=0.096 Mev. is 


the Q value for the disintegration of “Be. 


*) nge/(nue)? given by Hoyle® is smaller than (3-1) by factor two. 
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Expressing the concentration in terms of the relative concentration defined by 
x=nm/? , 
we have 
ijl ge O02 107 ook or (3-2) 


This is plotted against T in Fig. 1. ye increases rapidly as temperature increases to 3 X 
10°K. Above 4X10°K Caaf CX) 00s nearly constant. At T=10°K and p=10%g 
cm’, Be® with concentration *p- of about 107” can be formed from the assembly of ‘He. 
If the capture of an a-particle by *Be is fast enough, an appreciable quantity of EGican 
be generated, as is seen in the following section. The steep dependence on temperature 
explains why the synthesis of heavier nuclei via “Be is negligible in other stars of lower 
temperature, for example in the main sequence stars. 

The syntheses of “C, “O and “Ne from ‘Be thus formed can be discussed separately 
because the formation of “Mg becomes comparable only above 4X 10°K, as shown in § 4. 
The process which takes part therein is the radiative capture of an @-particle : the particle 
emission is energetically impossible and the formation of an electron pair is less probable. 
Hence our first task is to estimate the radiation and a-capturing widths, /’, and [’,, res- 
pectively. For these reactions the knowledge about energy levels can be obtained from 


existing experiments.” 


(ee be +*He>"C+7.374 Mev. 


Bh 
Spin 
Mew parity 


(T=1) 7, 149 
BC +a 


7.374 "Beta 
——— 
7-278 34 


20No : ot 


Fig. 2. Level scheme of WC Fig. 3. Level scheme of !°O Fig. 4. Level scheme of 2°Ne 


The level scheme of “C is shown in Fig. 2. It is by all means certain that the 


7.65 Mey level is only one which contributes to the absorption of an a-particle. 
parity of this level are assigned as O',' so that an S wave a-particle is captured. 


The spin and 


In calcula- 
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ting the reaction rate we are allowed to use the resonance formula, based on the follow- 
ing. For 0.7< T < 30 the contribution from resonance peak is larger than that from 
the Gamow peak. At T=21 E, lies in between 7.65 Mev and 9.61 Mev levels. At 
the resonance energy, E,,=0.28 Mev, the a-width /’,(E,) is found to be about 1 ev, 
more than three order larger than the radiation width. Consequently, /’,~/’, and /’./1’, 
disappears in the formula of the resonance absorption. Thus we have only to evaluate 
Le 

Since the spins and parities of both the absorbing level and the ground state are 0*, 
the transition to the ground state by emitting one photon is forbidden. The radiative 
transition to the ground state can take place by emitting two or more photons. It is 
usual that the internal pair formation is more probable than the two photon emission in 
a zero-zero transition. In competing this process, the radiative cascade transition through 
the 4-43 Mev level with 2* has to be taken into account. In the last case only the 
width for the first E2 transition plays a role in the reaction rate. The widths for these 
processes are calculated in the following way. 

In the conventional formula for such widths the nuclear matrix element is expressed 
jn terms of a ‘nuclear radius”, A’R,.” For the 0‘ —0* transition the matrix element 
is estimated by Schiff." In reference to this we estimate R,=1.1X10~"*cm. For the 
two photon transition we take the 17.22 Mev level with 1~ and isotopic spin unity as 
an intermediate state and adopt the same value of R,. For the E 2 transition the nuclear 
matrix element is different and so is R,. The analysis of excitation to the first excited 
state by high energy electrons results in the E2 width of 10°ev for the transition 


from the first to ground states.) 


Taking only the energy dependence into account 
the E2 width under consideration is predicted as about 10~°ev. Since the overlap of 
nuclear states is considered as poorer in the latter case than in the former case, this may 
be an over-estimate. It may be a reasonable estimate to choose ReS13 X07" an. 
Consequently the E2 width is estimated as 7X10~‘ev. These results are summarized 


in Table 1. 


Table 1. Radiation and electron emission for 12C 


ee ene 


Process | Transition energy (Mev) | Ry (10-13 cm) Width (Mev) 
a2 7.65-—>4.43 1.3 Po = (743) X 10-1 
Internal pair 7.65—>0 1.1 T patr =3 X10 
27 emission 7.0)—>0 Te Top =5X 10-2 


Ee tee ne 


From Table 1 we conclude that only the E2 transition needs to be taken into considera- 
tion. On account of the uncertainty in I~, we shall leave [7 in the final formula. 


Now we are able to give the reaction rate for 0.7<STS20. This is presented at 


an arbitrary value of T in this interval. 


Ms sans 6.08 X [0a es Re at (3 -3) 
Peer ar€ a 7 x 10729 wen TH : : 
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This together with (3-1) leads us to 


PGB 4He>"C) =p (“Be a *}Te—"C) 1 He 1 pe=P3a->c (nye) G3 i 4) 
with 
7 —54—18.75/7 
p> == ! se _ 2 Cn Seco (3-5) 
aah 7X 10729 9 fe 


The effect of the screening increases the reaction rate, but the correction is within the 
uncertainty in 1’j». 

It is interesting to compare our result with Salpeter’s.. At T=2 and y=2.5X 10! 
gcm~* (3-5) and (2-18) gives us 


E= ("y»/7 X 107" Mev) (0/2.5 X 10")* 1.5 X 10°(T/2 X 10°K) *™ (xm) *® erg g' sec’. 


This is about 10° times larger than that given by Salpeter. Such a great difference is due 
mainly to the fact that he did not take the effect of the recently discovered resonance level in °C 


into account. This is one of the most important conclusions obtained in our work. 


(ii) '"C+4He>"O+7.149 Mev. 
There are several levels of "O near the zero energy of the a@-particle, as shown in 
Fig. 3. Among these levels the contributions from 7.12 Mev (1~) and 6.91 Mev (2°) 
levels need to be compared: The E1 radiation from the former level with zero isotopic 
spin would have a far greater width than the E2 and the E1—53 cascade radiations from 
the latter, if the selection rule with regard to the isotopic spin were not taken into ac- 
count. As the Z component of the isotopic spin is zero in the system concerned, the 
El transition is possible only because of the mixing’ of a state with isotopic spin unity. 
The probability for the mixing is believed as about one percent," so that the El width 
is smaller by about factor several hundred than in the case where such a selection rule is 
irrelevant. Even so the E1 width is nearly several times larger than the E2 width. Moreover, 
the resonance denominator in (2-13) is about four times larger for the 2* level than 
for the 1” level, on account of E,=0.2 Mev. Therefore, levels other than the 7-12 
Mev 1” level contribute to the reaction rate no larger than one percent. The El radia- 
tion width must be larger than 0.1 ev, because the lifetime of the level is observed as 


shorter than 8107" sec." Since the mixing of the isotopic spin states is regarded to 


be smaller than 1% it will be safe to limit the El width as 


Os eve [ieee (3-6) 
For convenience we tentatively fix the value of 
Py,=3.1X 1077 Mev (3 -6’) 
in the final formula. 
Then the partial wave which contributes to the absorption of an a-particle is a P 


wave. The absorption width is calculated for D~4 Mev and R=5.4X107% cm as 


L’, 1-1 (E,) =1.62 X10'° 107/27" Mey, (3-7) 
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where E,=0.2 Mev at 10°K. Hence the total width is practically equal to /’,, and is 
negligibly small compared with E,—E,™~0.278 Mev at T=1.4X10°K. This allows us 


to use the non-resonance approximation (2-13) under the condition E,—E,, > ee ea Ee. 
Now we are able to give the reaction rate 


P(PC st He") = Pe->ro N re Ney GB : 8) 
with 


4.23 X To" Pg relics If . 
P50 — = 7 ies th hel cm® sec’. (3-9) 
Is SIS 1077 Mev 


The reaction rate is much faster than that for 3-*He—>”C under the stellar conditions 
under consideration. 

These formulas are valid for temperatures below 5.210°K, at which E, lies at the midst 
between the 7.12 Mev level and the 8.6 Mev level. Above this temperature the contribution 
from the latter level has to be taken into account. 


(iii) 'O-+ "He-Ne +4.746 Mev. 


A recent experiment” has revealed a level scheme of “Ne different from that given 
in reference 11. The new level scheme is shown in Fig. 4. The most important level is 
the 4.95 Mey one, but its spin and parity are not yet undetermined. We calculated the radiation 
width, assuming the spin and parity of the level as 0°, 1” or 2°. The result is shown 
in Table 2. Although its value strongly depends on the assumed spin and parity, the uncertainty 


does not come in the final formula, because of the following reasons. 


Table 2. Radiation and electron emission widths (ev) for 2°Ne (4.95 Mev level) 


a — 


Assumed spin and parity of 4.95 Mev level 

Re: — — 

ot i 2+ 

3 : 1.1 a(—>4.2Mev level, 
Tm 1.1 a(—>4.2 Mev level, 17) 61.4 a (ground) 1 a(->4.2Mev ae 3-) 
pair : 
Tor ((10-6 (—>ground) 
Pic 
T 772 5.4X1074(—1.6 Mev level) 3.7X1072(->1.6 Mev level) 


aa LS ee a 
The decay widths of possible modes are estimated for the 4.95 Mey level of *%Ne, assuming its spin 
and pairty as Ot, 1~ and 2*, and using Weisskopf’s formula”? 
The factor a in widths shows a constant. If the El transition is partially forbidden by the isospin 


selection rule, a=10-°~10-%, while otherwise a=1. 


At 10°K E, is estimated as about 0.25 Mev and, consequently, E,—E,,=0.05 Mev. 
Since this is as ball as 7, there appears a resonance peak in a broad Gamow peak. 
Hence we are allowed to use the resonance approximation, in which only a aiaales one 


of radiation and absorption widths appears. The radiation width lies between 10~° and 
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1 ev, as seen in Table 2, while the absorption width is estimated as smaller than LOsh 
ev. The latter is expressed for the spin of the level, /, R=5.9 X 107! cm and D3 Mev 


as 


LI’, (E,) =1.6 X 107% -10-° 4) Mev. (3-10) 


Now one sees that the absorption width 1s smaller than J’, and thus 1’, P’./ PAL) = 
I’, is a very good approximation. 
Using the resonance approximation (2-14), the reaction rate is calculated as 


Fe +"He*'Ne) = Po>rne™ He" o> (31 1) 
with 
l 1 2.19 Ones 10710-8/7 : 
po+Ne— ne x TR cm? Bre 1 G 12) 


This is rather insensitive to the value of /. The reaction rate 1s much larger than that for 
the formation of °O at T<2.6. This is due to the recently observed level at 4-95Meyv. 
Since the spin and parity of the 4-95 Mey level are unknown yet, this level might be 
ineffective to absorb an a-particle, though this is very unlikely in view of the nuclear structure 
of Ne. In order to consider such a case as well as to see the competition with other 
levels, we calculate the reaction rates and the rates of energy generation due to 4.20Mev 


and 5.62Mev levels by using the non-resonance formula : 


Table 3. Summary for the synthesis of C, *O and *°Ne 


Reaction 3 4He>"2C+ 7 tHe+ PC>1604 7 
Q(Mev) 7.278 7.149 
Main absorbing level 7.65 Mev (0*) 7.12 Mev (17) 
E,, (Mev) 0.28 —0.03 
E, (Mev) 0.146 T2/3 0.199 T2/3 
|E,-E,| at T=1*) (Mev)}| 0.13 0.23 
¥g(Mev) 0.0419 T/6 0.0489 T5/6 
Resonance or resonance at non-resonannce at 
non-resonance 0.75 T<30 Ts 


I"; (Mev) 
I’, (Mev) 


Pisecs* os) 


s(for €=aX (T/1.4) 5) 


Uncertainty factor from 


I; and I’, 


Contributions from 
other levels 


T'r2= (723) X 10710 


(Ey) =1.3X10-5 


3.66 X 1018—18:75/7" 


27.8 
—~2 


9.61 Mev level 
at T2=21 


I'x71= (0.1~1) X 1075 
3 (E,)=1.6x 10° 
x 1072012/71/8 
3.16 X 10538-80-15/71/3 
T2/3 


X0XHe XG 
20.0 
~6 


8.6 Mev level 
ace so 


tHe+ 6O>Ne+ 7 


4.746 
4.95 Mev (?) 
0.20 

0.247 T2/8 
0.05 

0.0544 75/6 


resonance at 
0.5<T<6 


I',=10-9~10-6 


Le (E,,) =1.6X10719 
319-0192 (241) 


_(al+ 1) 
1.542 (241) 
1.23 X 1015-10-28/7 


T3/2 


OXH eXO 


15.4 
—~2 


5.62 Mevlevel 


*) T is measured in 10°°K. 


a is the value of ¢ at T=1.4X10°°K. 
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po>Nne= 


Tae d) ye 9 LESHCTO TS Oe 


1. s4eee \q 97 


for the 4.20 Mev level; 


0>Ne— 


or cm® secu’ (3-13) 


1.5474) \ 19-8 


for the 5.62 Mev level. 


— @l--1) ie ape x IMO Ss 1Q737-85/7u8 


Ti cm® sec? (3-14) 


In obtaining (3-13) and (3-14), we have evaluated the reso- 


nance denominator (E,—E,)~* in (2-15) with E,~E, at T=1.4X10°K. J and J; 


1015 


1010 
Ge 
f 
8 
n 
mt 
aR 
“a 
LY 
@ 
* S108 
8 o 
+ |e 
Laws Q 
RS 
10° 
I 2 3 4 B) 
T in unit of 10°K 
Eig: 
PBa>"C) 103 PC2C+a—>'6O) 
0° xHe® , 0” XHe Xe 
P(6O + 4He->*"Ne) 
0” Xie Xo 


The factor 10% in the case of 3-4He—>!°C is applied for 
the central density of our star, 10° g cm™*. 
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Oo 
10° 
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10720 
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Fig. 6. 
Energy generation per gram per second for the syn 
thesis of 12C, 16O and *°Ne. 
This is obtained by multiplying 2.63 by the energy 
generation rate for the synthesis of 1°C. Further 
correction will be made by multiplying a correction 
factor f shown in Fig. 10. 
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are unknown buts lie may" bevoretie order of 1 to 107° ev in both cases. Even if we 
make maximum estimates of the reaction rates, the contributions from these levels are negligible in 
comparison with that from the 4.95 Mev level, as far as the latter level is effective for ab sor p- 
tion; at temperatures ghoves6 K.1 0K, athe moni onMer level becomes more important than the 
4.95 Mey level. 

Necessary data for the syntheses of 2C, %O and “Ne are summarized in Table 3. 
In §5 we shall see that the temperature and density of interest lie about (1.3~1.5) 
X%10°K and 10°~10' g/cm’, respectively. Under such conditions, the formation rate of 
“Ne is much larger than those of 2C and “O which are comparable, as seen in Fig. 5. 
Therefore, the whole series of the element synthesis is essentially determined by the for- 
mation rate of 2C, most of “O formed from C being quickly turned into “Ne. Hence 
the abundance of 2°Ne should be larger than that of SQ, in contrast to the conclusion of 
Hoyle. This problem will be studied in more detail in § 5. 


The rate of energy generation due to the whole series is expressed as 


1 
€ —— (Qss->0 Daw ata Qes0 Posx0 ae Qo>ne Po>ne P 


(1.64X LOMAS 


=f (Qse201 Qe>0+ Qo+ne) Pree o~ 7 T3 ia ‘7 x Hels G3 : 15) 


f= Qha+e Xe + Qes0 Pe-r0%e/ Par + Qo-e Poone Xo/ Pra>t f 3 rs 16) 
(Qs as Qo-+xe 1: Qe->0) Xie 
Here f is a quantity of the order of unity which varies slowly as Xi) Xo and Xye change 
in the course of the element synthesis. The temperature dependence of E/fxuc’’ is 
shown in Fig. 6. The exact value of this quantity will be calculated also in §5 in 


connection with the problem of the element synthesis. 


$4, Synthesis of “Mg to “Ca 


Mg e7 Si, SSA, and "Ca can be synthesized by capturing a@-particles successively 
from "Ne. The formation rates of these nuclei have never been observed. From experi- 
ments of neutron scattering, in which excited energies are higher by a few Mev than 
those of interest in the capture of @-particles, the average level distance is expected as 
about 0.1 Mev. At high temperatures this is smaller than the width of the Gamow peak, so 
that the statistical theory is applied to evaluate the absorption cross sections. In order to obtain 
the reaction rates applicable for a wide range of temperatures, however, more careful exa- 
mination is required. (2-15) indicates that the ratio of the non-resonance to the resonance 
contributions is approximately given by 


P,/P,. = 7, P/D". (421) 


Here the Gamow width 7, is at most ten times the level distance D~0.1 Mev and the 
total width J” is practically equal to the radiation width that is at most 107‘ Mev. 
Hence (4-1) is estimated as not larger than 107°. Consequently, we have only to take 


account of the resonance contribution. As energy levels are unknown, the Gamow energy 
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Fig. 7. Production rates of *4#Mg, *Si, °S, A and 4°Ca 
P(1+4He>2+ 7) /p? x1 xHe- 

The dotted curve shows P(16O+4He>29Ne) /o? x76 xe 
of 20Ne with the assumed spin 0* of 4.95 Mev level. 


10 


may be substituted in place of E,, 


in the resonance formula. 
Diss (2% / pk Te) a0: nyt, Li 
exp (—E,/kT) 
8.01057] (4. +4,)/ AAP 
fi Rel Ce) Leen ee OLEAN 412) 


The formation rates of “Mg to 
"Ca are calculated by the use of 
(4-2) and are shown in Table 4 
and Fig. 7. Comparing those rates 
with the formation rates of ‘°C, 
®O and Ne shown in Fig. 5, we 
find that the formation of “Mg and 
heavier elements in the synthesis of 
elements by helium capturing processes 
can be neglected in a _ temperature 
range T<4X10°K, unless the density 
is appreciably lower than 10° g/cm’. 


Table 4. Summary for the syntheses of *Mg to *°Ca 


P(+He—2) “Prva (TI) 
Reactions E,(Mev) | rg(Mev) fib) DN a ane Sea ao ‘ 
da 5 

Brana 0.280 T2/3 |0.059 T'5/6 | 108+ 30-29. 8o7—2/8 28x ee a : 

: 2 
ee 0.331 T2/5 |0.0629T 5/6 | 109 42-33. 417-118 sx 1.1x10-"5| 24.2 

y 2 
a, 10.509 f 21 0.0005 Tel? | 160 Aen siatd ™ ox 2410-8 | 27.1 
eee 0.406 T2/3 |0.0699T 4/6 | 1011+ 69-41. 2072/8 42 sea SulpalOms 30.1 
ce, 0.441 72/3 0.07267 8/6 | 1012+ 47-44. 7072/9 ea ee os Beige 32.3 


Production rates and necessary quantities for them are listed for "Mg, **Si, 


expressed in unit of 10°°K. 


“2S, A and Ca. T is 
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§ 5. Application to astrophysical problems 


The results obtained in the foregoing sections will be applied to estimate the tem- 
perature in the core of stars belonging to the horizontal branch in the H-R diagram and 
to calculate the relative abundances of =O MCand “Ne which are formed in the interior 
of these stars. 

A. The central temperature. In a recent study, Hoyle and Schwarzschild’ has shown 
that stars of globular clusters with mass slightly larger the solar mass evolve from the 
main sequence to the red giant within a time of about 6X10" yeats, increasing their 
central temperature. In the core of such stars hydrogen has been converted into helium. 
As the temperature in the core increases as high as 10°K, helium nuclei should begin to 
react with themselves, forming carbon. As soon as this reaction starts, the stars are 
presumed to evolve from right to left along the horizontal branch in the H-R diagram.’ 


The luminosity of stars in this branch is given by 
L= (40~1600) Le (5-1) 


corresponding to the absolute photo-visual magnitude 1~—3. This luminosity is to be ex- 
plained in terms of the helium reactions which are assumed to be the main energy sources 
of these stars. 

In order to derive the luminosity on the basis of the rate of energy generation ob- 
tained in § 3, one has to know the structure of the stars. Since the energy generation 
occurs only in a small central region on account of its steep temperature dependence, 


which is expressed from (3-15) as 
E=E xp fp Tl" (5-2) 

with s=40~26 for T=(1.0~1.5) X10°, we can take a polytropic model with index n 
for the structure of this region. Then, neglecting the radiation pressure compared with 
the gas pressure and also the electron degeneracy, distributions of temperature and density 
are expressed in terms of the Emden function @(¢) as follows :"” 

Til oats pfe,=o", yas ds, (5-3) 
and *= (n+1)kT,/47G 2m 77%; 


where G is the constant of gravitation and /¢ the mean molecular weight of gas. For 


the present, T’ is expressed in ordinary unit. The total energy liberation is given by 
L=(Ep4rrdr=47Exne foe Te ao erds. (5-4) 
Evaluating the last integral in (5-4) by approximating G(€) for €<€1 as 


" Ho seti {1+ {iy ee et +} : 
6 20 120 yf) © a 


and by extending the integration limit to $=©o, which produce no appreciable errors for 
3n+s>1, we find 
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L=€, ssi = Np ve ae as (5-6) 
\ 3n-+s 2Gumy : 


Noting that (5-6) is rather insensitive to the value of n so long as s>n, we take 
as the appropriate values of n and s 


=e cance 2 38 (5:7) 


which correspond to the polytropic index for the convective equilibrium and to the tem- 


perature 1.4 10K, respectively. Further, expressing T, in unit of 10°K and putting 
Peale wh (5-8) 

we have from (5-6) 
LiL 290 Pe te FCT tet yew (5-9) 


The value of a defined by (5-8) depends on the whole structure of stars, but it is known 
to be of the order of unity for stellar model of helium burning stars studied preliminarily 
by Hoyle and Schwarzshild.’” The determination of T, from (5-9) is not sensitive to 
the value of (a@/4)"”’ x}, f so that we fix it as 


(0/1) x ire f=1 (5-10) 
on account of @>1, x71, f1 and 2>424/3. Then, we find from (5-1) and (5-9) 
T,= (1.40+0.10) x 10°°K (5-11) 


for the stars belonging to the horizontal branch. Since the rate of energy generation around 
this temperature depends very steeply on T., T, is determined within a rather narrow 
range, even if other quantities @ and xy, are varied in a wide range. For example, 
decreases of (a x7,7/p)*?f by factor 10 and 10° results in the increases of T, by 7 
percent and 20 percent, respectively. 

As has been stated in § 3, the value of T. obtained above is far smaller than that 
by Salpeter.” This is very important in discussing the synthesis of elements in the stars, 
as shown in what follows. 

B. Abundances of ‘He, °C, “O and™Ne. Since the central temperature is determined 
as rather low, the formation of “Mg and heavier nuclei can be neglected in discussing 
the synthesis of elements in the stars under consideration. 


The time variation of relative abundances is expressed by the following set of equations. 


dX r7_,/dt = — 3 (0/My)? Prasc X1te (Ke +#X0/3 +K'X0/ 4), (5+ 12a) 

dx /dt=3 (0/Mz) Parc ® rte (Xe — Xe) » (5-12b) 

dxy/dt=3 (0/My)° pra->o Xie ( (4/3) KXo— KX) 5 (5-12c) 

and dxy,/dt=3 (/Ma)” Prarc Xite (5/4) #'%o. (5-12d) 
Here « and «’ are dimensionless quantities defined by 

pee Ce pe jel = Poone Me (5-13) 


3 Pse>e P 3 Parc ? 
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The values of ax and ak’ are re- 
presented in Fig. 8 with possible uncertain- 
ties. As the temperature specifying « and 
x’, we can take the central one on account 
of the steep temperature dependence of 
reaction rates. Indeed, the integrand in 
(5-4) has its maximum at 1—0=1—-T/ 
T{=1/ (30s) =1/32:5. Then, we have 
K1 and x/~100, if we adopt the most 
probable values represented by solid curves 
in Fig. 8. At the same temperature (3-5) 


leads us to 


Ya=3 (0/Mz)iassg 10, SC aus ea 


I 2 3 4 
T in unit of 10° °K We shall first examine the qualitative 


; i . 
Fig. 8. ax and ar nature of the solutions of (5-12), assum- 


Dashed curves show their domain of uncertainties 7 F ; 
ing that changes of « and «’ are small in 


arising from/"; and I°,. / indicates the assumed 
spin of 4.95Mev level of *°Ne which has not the course of the element synthesis. For 
been determined yet. t<1/K’~10" sec, Xe can be regarded as 


unity and (5-12) are solved as 
KoleUt, Xp (Mt)? and xx,~KK! (vt) *. (5-15) 


At t™1/v«’, (5-15) shows that we have KxpK/xp and x,-~xy- in order of magnitude. 
For t>1/%«’ we can put an approximate relation, 


4/3 -KxoK! Xo, (5-16) 


on account of the high values of «’ and «’/«. The relation (5-16) states that the 
number of '"O formed from 'C per unit time is nearly equal to that converted into *’Ne. 
Solving again (5-12) with (5-16) for 1/r«’<St<1/¥, we have in order of magnitude 


Kove, xo (ie/e!) VE and xye~He (HE)?. (5-17) 


It is found in this way that the abundance of "O remains very small compared with 
that of "C and also that of “Ne except for a short period t1/%«’. This result is in 
contradiction with that of Hoyle” who discarded the formation of “Ne and determined 
the stellar temperature based on the cosmic abundance of '°C and "O. 

A more detailed study of the relative abundances is carried out by the numerical 


solution of (5-12). For this purpose we eliminate time ¢ from (5:12) and obtain a 
set of equations for xp, x) and xy, against Xjp. 


bi dig ——__ a ae 5 18a 
Xe + («/3) xo+ («'/4) Xo ( ) 

aoe) 
kg | Er pp = ee EL Bas 


X re. + («/3 )xo-+ («'/4) xo” 
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5/4) x! 
and ft An om el Ts ,' (5+ 18c) 
ne + (He /3) ot (0/4) Ro 
Fig. 9a Fig, 9c Fig. 9d 
10° 
10' 
NOS 
60 
10° 
10° 
10° _— — ear 
9 Ola Khe 10! 9 0.5=Xi,-— 1.0 05° 2—Xyl.0 0 O59 Xe 10 
Fig. 9. Relative abundances of *C, *O and *’Ne « and x’ are chosen respectively as follows: 
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The solutions of these equations are given in 
Fig. 9 for a number of given sets of K« and 
x’. It is found in the interesting cases, «’> 
1 and «/S>«, that the final abundance of Eo) 
is very small compared with those of °C and 
Nie and that the final ratio x¢/xx. is less 
than 0.6 percent for k—0.6. In the same 
interesting case, the factor (3-16) in the 
total energy generation is also plotted against 
eit bigeeL U. 

As the helium reactions proceed with 
x, decreasing, the central temperature of the 


stars must increase in order to give the 


nearly constant luminosity of the horizontal 


T in unit of 108°K branch. However, (5:9) together with Fig. 
Fig. 10. Correction factor for the energy 10 shows that the required increase in tem- 
generation perature is rather small unless *z, becomes 


very small, say, ten percent. Therefore, results obtained above are not altered essentially 


‘f the variations of « and «’ are taken into account in solving (5-18). 
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At TX1.4X10°K, most of helium nuclei are found to be converted into "Ne, in definite 
disagreement with the observed cosmic abundances. It will not be correct, aes if one ase 
that the cosmic abundances of C, *O and ™Ne are accounted for merely in terms of the helium 
capturing processes. For the elements thus formed will be converted bite heavier we in ie later 
stages of stellar evolution. For example, *Ne(a@, 7)**Mg and leks, 7) Na pou ee 
important processes to eliminate abundant "Ne, if there occurs some mixing of the Enceuea 
composition. ~Na(/#* v)"Ne and “Ne(a, n)"Mg are considered as sources of pails 
ing up heavier elements by W.A. Fowler et al.” On the other hand, if there is no 
mixing “Ne+*"Ne>"Ca+7 will be expected at the temperature =>10°°K. The heavy 
elements thus built up may be broken up through spallation reactions caused by energetic 


s : = 20)21) 
particles, when stellar matter is scattered into the interstellar space. 


§ 6. Conclusions 


We have calculated the rates of thermonuclear reactions caused by successive helium 
capturing processes in the helium core. The rates obtained by us are much faster than those 
obtained previously by Salpeter”) and Hoyle.” This is mainly because the resonance levels are 
discovered for "*C and Ne. Our results are in essential agreement with those calculated by Obi 
et al.® 

If the rate of energy generation is applied to interpret the luminosity of the stars 
belonging to the horizontal giant branch in the H-R diagram, the central temperature is 
estimated as (1.40.10) X10°K for the density of about 10°g cm~*. At about this tem- 
perature the formation of ~'Mg and heavier nuclei can be neglected and there occurs a series of 
syntheses from helium to neon, In this series the formation of ""C from three *He nuclei is 
the slowest reaction, so that this determines the reaction rate of this series. The lifetime for 
the giant stars to reach the stage of R.R. Lyrae type variable stars is estimated as 
about 10’ years. In this course of evolution “Ne is formed more abundant than others. 
This suggests that the element abundances determined by the helium capturing processes are 
considerably modified in later stages of evolution. 

Our result can also be applied for the primeval synthesis of elements in the a-B-7 theory. 
The most serious difficulty in their theory lies in the point that the successive formation of 
heavier elements is locked at unstable nuclei with mass numbers five and eight. However, 
the large reaction rate of forming "C from three a@-particles may remove such a difficulty. 
This problem will be discussed in a separate paper by one of us (C. H.) and his  colla- 
borators. 

We should like to express our sincerest gratitude to Professors T. Hatanaka, Z. 
Hitotuyanagi and M. Taketani; their view of the stellar evolution motivated us to work 


in this subject. We are also grateful to Professor S. Nakamura and his collaborators, 
with whom we have had constant discussions on the same problem. 
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Letters to the Editor 


Charge Independence Hypothesis 


and Leptons 


Tadashi Ouchi and Kei Senba 


Department of Physics, Hiroshima University, 


Hiroshima 


March 9, 1956 


The purpose of this note is to present 
a tentative scheme for leptons on the basis 
of the Pais-Nishijima-Gell-Mann theory” to 
find out some good selection rules concern- 
ing lepton processes. One of the most 
important features of the P-N-G theory is 
in our opinion the assignment of 7-charge 
to each hyperon and meson co-operated 
with the conservation laws between the 
charge independent strong interactions. If 
n-charge really has the sense of “ attribute ” 
for the leptons as Sachs”’s anticipation, 
we are obliged to look for the charge 
independent interactions hidden among the 
lepton processes to assign 7-charge to leptons. 
Fortunately Cini and Gamba” have found 
the interactions between nucleon and leptons 
apparently charge independent, if two kinds 
of neutrinos such as /4) and e, are introduced. 
Moreover many authors” have pointed out 
that there exists some regularity among 
the weak interactions realized in nature. 
Thus we may postulate, taking into accout 
the study of D’Espagnat and Prentki,” that 
all of the fundamental particles have the 
definite transformation properties in the 
isotopic spin space and that all the ele- 


mentary interactions concerning leptons are 


charge independent. And we suppose that 
all deviations from the charge independence 
are due to electromagnetic effects and there- 
fore slight. According to the research 
made by several authors assuming the 
interaction form as e(i,j‘,/’24, for all the 
fermions, this seems to be a reasonable 
possibility. But it remains unexamined 
whether the consistent interpretation of the 
mass difference between e and e, would be 
given or not. 

Introducing two kinds of neutrinos (e, 
and ¥) with vanishingly small rest masses, 
we assign to each particle the definite 
transformation property in Lorentz- and 
isotopic spin space and 7-charge as listed 


in Table. 


Table I. Types of (normal) fields 


Name | Lorentz space | Isotopic spin space | y-charge 
we spinor | pseudo-vector —1 
e spinor spinor of Ist kind 0 
y spinor scalar =I 
K boson spinor of Ist kind 1 
B, boson spinor of Ist kind 1 
By boson pseudo-vector ) 


* The existence of metastable jy meson does not 
cause any trouble. 


If the weak lepton interactions are 
assumed to be deduced by the true scalar 
Lagrangian having only the Yukawa-type 
interactions (HH) B+ (LL) B, where H, L 
and B denote hyperons, leptons and the 
auxiliary boson fields, which are required 
to guarantee the charge conservation of the 
transition processes automatically”, we can 
derive the conservation laws such as 


conservation of iso-fermions and fermions 
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(leptons and hyperons) by the same pro- 
cedure as D’Espagnat and Prentki used. 
These B fields should be considered, if they 
really exist, to be of the similar properties 
as those proposed by Ogawa,” which have 
the masses heavier than about 1000 m, 
and the interaction constants of the inter- 
mediate magnitude for all fermions in ac- 
cordance with the observed universality of 
hardly 


In applying our scheme to 


weak interactions and thus are 
discovered. 
classification of the existing lepton processes, 
it is necessary to distinguish e, from » in 


each process in such a way as; 


N>P+e +e T pty 


(A) 


po+P>N+» Kt opt +e4+7°. 


Then by the use of the conservation laws 
we can deduce the following selection rules 
for the lepton processes; (1) transitions 
having 47=0 are allowed and (2) transi- 
tions having 47=1 should be forbidden. 
Thus our 


neutrinos produces the good selection rules 


scheme with two kinds of 


except that the following processes cannot 

be ruled out, 
Kt e* +», Ktortt+ete, 

< (B) 


ce ea, Kiet +h 


and several p/- and [-decays of hyperons. 

Finally let us show that processes (B) 
do not present any difficulty to charge 
independence hypothesis for leptons by 
taking tentatively as the primary interac- 
tions the universal Fermi ones, which ate 
limited by our Lagrangian and can change 
their coupling form from one process to 
another, keeping their coupling constants 
in the same order of magnitude. As was 
often remarked,” 7-meson can decay not 


into e and e, but into # and » if f-decay 


of nucleon contains only S- and T-couplings 
and (n, p) fat (4, v) 


coupling etc. 


interaction has PV 
This example suggests that 
the similar prediction is possible for the 
decay processes of K-meson if the coupling 
forms of f- and [-decays of hyperons are 
suitably chosen. As our decay scheme for 
K-meson corresponds to the case 6) con- 
sidered by Costa and Dallaporta,” it will 
be evident that the consistent interpretation 
of Kus, Knsy Ky; and K,s-decays is possible 
and that #- and (decays of hyperons have 
too long lifetimes compared with the normal 
decays of hyperons to be observed. The 
unwanted. processes Ktoatt+et+p- and 
K*—e*-+p, can be forbidden if we assign 
the types in space reflection” to each 


fermion as follows ; 
ENeA, SAB, et eft EC, p-veED, (C) 


where € teads “belong to type.” The 
parity of /& is taken as conjugate of /4* 
to distinguish s from the antiparticle 
p-(€C) of p* and such a consideration 
is not required, but automatically satisfied, 
to » (€B)*, which exhibits a striking 
contrast between C or D type fields and 
On the other hand 


the consistent explanation of the observed 


A ot B type one. 


decay process can be expected due to the 
existence of the so-called universal Fermi 
Thus the 
obtained can be expressed briefly after Sachs 


interaction. selection rules 
in that the weak lepton interactions are 
limited to involve at least one neutrino 
»Y ot @. The arguments so far given will 
be enough to show that the consistent 
lepton scheme with P-N-G theory is in 


* This may be regarded as an extended use of the 
concept of parity doublets first introduced by Lee 
and Yang (Phys. Rev. 102 (1956), 290) and as 
consistent with our assumption. 
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is in principle possible* and compatible 


with the existing experiments. Further 


discussions including the electromagnetic 
interactions** will be given in detail in 
future elsewhere. 

In conclusion the authors wish to express 
their sincere thanks to Prof. K. Sakuma, 
Dr. S. Ogawa and Mr. M. Yonezawa for 


their useful discussions. 
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Integral over Path Formulation 
of Statistical Theory of 
Irreversible Processes 


David Falkoff 


Brandeis University, Waltham, 
Massachusetts, U.S.A. 


September 4, 1956 


A statistical theory of irreversible processes 
has been proposed by Onsager and Machlup” 
and, independently, by Hashitsume.”?” 
The mathematical structure is similar to 
that used in the theory of Brownian mo- 


58 and of thermal noise in linear 


tion 
passive electrical networks” in that one 
deals with differential 


equations, and the resulting probability 


linear stochastic 


distributions are stationary, Gaussian and 
Markoff.” 
case, the conditional probability for a 
fluctuating variable a(t) to have the value 
a” at t’’, given that it had the value a/ 
at t’/=¢//—rt, t>0, has the form* 


Poy (a't!|ac!’t!’) 


-| A |: —A(a!— ate)? 
a : Eeace [ise =) SAR 
to (1 —¢ 4) ao” (1—e**) 
(1) 
In the application to irreversible processes, 
A=s/R, 0°=2k/R where k is Boltzmann’s 
constant and R and s are parameters relating 


to dissipation and entropy in the phenome- 
nological equations. 


Thus, for the one-dimensional 


Onsager and Machlup 
have shown that (1) can also be cast in 


the elegant variational form : 


* The subscript OU refers to Ornstein and Uhlen- 
beck (ref. 5) who first obtained this solution in 


their extension of Einstein’s theory of Brownian 
motion (ref. 6). 
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—1((0" ‘ 
Poy=N (ct) exp aH L (a, a) dt nin 
(2) 
where N(t) is the same normalizing 
coefficient of the exponential as in (1) and 
4 (a, &) is the “ thermodynamic Lagran- 


gian ” 


meni Ros eae 
£(a,@)=2(w+5a) (3) 


They did not attempt to paths a(t) for 
continuous range of ¢ since the measure of 
a single such path is zero. However, 
Hashitsume” (see also Falkoff, ref. 8) has 
shown that by making the heuristic as- 
sumptions a) that one 


probability to each path, a(t), 


can assign a 


1 


rob {path, a (#)} ~ exp —— 
prob {pa (t) } Suge 


wr 
| L (a, a) dt 
wu 
(4) 
and b) that the transition probability from 
a’ at t! to a” at t’” can be gotten by 
summing over all paths having these initial 
and final values, one may again obtain (1). 
His proof uses the Fourier series “‘ method 
of Rice ”® due to Einstein™ which assumes 
the process is Gaussian.* 
In the present note we shall explicitly 
relate the integral over path formulation 
of irreversible processes to Wiener integrals.’” 
In so doing the following insights are gained : 
i) the Wiener integral provides a rigorous 
mathematical means for expressing 
integral over fluctuation paths; at 
the same time the pathological nature 
of these paths is put quantitatively in 
evidence. 
ii) the Wiener integral may also be 
obtain expectations of 


applied to 


* A similar proof has also been given in unpublished 
work by L. Tisza and I. Manning. 


functionals of paths. 

iii) it provides a rigorous classical analogue 
of Feynman’s integral over path form 
of quantum mechanics.’ 

iv) it provides the means to extend the 
statistical theory of irreversible proces- 
ses to non-Gaussian but Markoff 
processes cortesponding to non-linear 
phenomenological equations. 

v) the perturbation expansions of quantum 
mechanics may be adapted to irreversible 
processes with Boltzmann’s constant 
k, playing the role of ih/2. 

To make more explicit points i and iii 


we state the Theorem : 


Pou = | S (paths) prob (path) 


is al! w 
=| exp ee ada ||| dya 
o Jal allar’ 


x fexp— 4 | avat} | ae (5) 


Do ae, 


The intermediate expression is to be 
interpreted in the same way as Feynman’s 
integral over paths, the probability of a 
path being given by (4). In the last 
mathematically rigorous form the second 
square bracket is a generalization of a much 
treated Wiener integral’? in that here 
both initial and final values of a are fixed.** 


It has the value :’? 


A ) /2 
\270°sinh At 


— Al (a’” + a!*) cosh At — 2a'a!"| 
se (6) 
207 sinh At 


° exp 


This is exactly the same as the transform- 


ation amplitude (a’t’ lat"), for the 


4 (6) reduces to the Wiener integral treated in ref. 


13 when a =0, o2=1/2 and the integration over al’ 


is performed. 
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quantum mechanical simple harmonic oscil- 
lator?) if one sets @=x, A=iw ond 
o°=ih/m. Thus the formal correspondence 
between parameters of the irreversible process 
and the harmonic oscillator is: 2k<—>i, 
Rem, s/R<>iw. This connection is not 
unexpected" in virtue of the “ Markoff 
structure’ for the transition amplitudes in 
quantum mechanics and the similarity of 
the harmonic oscillator Lagrangian to (3). 
Indeed one may also evaluate more general 
Wiener integrals corresponding to Lagran- 
gians other than (3) by the techniques of 
quantum mechanics, e.g. as Green’s functions 
for partial differential equations analogous 
to the Schrédinger equation. 

More surprising is the fact that in the 
first bracket in (5) ome must use the 


relation 


ada= eof 8 ; (7) 


The extra term, o°t/2, appears because the 
random functions, @(t), are not of bounded 
variation and hence the ordinary integrals 
do not exist. However, a “stochastic 
integral”? may be uniquely defined’ for 
such functions and yields the unexpected 
result (7). Using)» (7)w andy (6)' mnys(5) 
one obtains (1). 

A more detailed account of the above 
points, with applications, is now in prepara- 
tion. 
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On the Bethe-Salpeter Fquation for 
the Sealar-Spinor Particle System 


Reiji Sugano and Yasuo Munakata 


Department of Physics, Kyoto Untversity, 
Kyoto 


August 25, 1956 


The relativistic two-body problem can be 
treated field-theoretically in terms of the 
Bethe-Salpeter (B-S) equation.” A recent 
study made by Wick” shed (some) light 
on the properties of this equation, especially 
on the boundary condition at t=-+ co 
(t being the “relative”? time variable). 
He showed that B-S equation in Lorentz 
space can be transformed into that in 
Euclidian space and solved the equation 
for the scalar-scalar system in the case of 
“ladder approximation” thus getting the 
On the other hand, 


discrete eigenvalues.” 
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the analysis by Goldstein? shows that the 
equation for the spinor-spinor system has 
no discrete eigenvalues also in the case of 
“ladder approximation”? and the _ total 
energy P=O (the binding energy equal to 
the total mass), because of the strong 
singularity in the interaction kernel. 

It is of some interest to study the 
equation for the spinor-scalar system the 
singularity of which lies in the middle of 
We follow the pro- 
cedure by Wick and take “ ladder approxim- 


the above two cases. 


ation’ with the total energy P=0. The 
equation for our system coupled through 


the scalar photon field is 


LO (p) = (Cu Pu—ik) (P+) 9(P) 
iA( $@) p77 
+ a 9 |dq| 0, (1) 
= (p—9)? 
where [dq]=4q,dq.4q,dq, is real ; 9, a spinor 


function; 4 the coupling constant (the 
eigenvalue of the equation) and p, q are 
the relative energy-momentum four vectors. 
For simplicity, we put the masses of both 
particles equal to x. 

In order to separate the angular variables, 


let us introduce the following operators; 
Ji =(i 


Ket Si ewes (4; v=1, 2, 3, 4) 
yy 


60) Lip weeio .» 
—ig Pa) + Gy Oats IEE 


E P 
3 v 
Pu eS 


M*=4 Bat): th G, k=1, 2, 3) (3) 
i,k 
M,=J;2- 


All these three operators and the operator 
L defined in (1) commute with each other, 
so that there exist common eigenfunctions 
of the operators M., M? and K?’, and 6 
is represented by the linear combination of 
them. Possible eigenfunctions are, in, terms 


of the polar coordinates p, By 0, @s 


v os tin 1) POs j-42(cos Bhd, ~) 
i P20 541/2(cos 2G" (tH, G7 


(4a) 
v = (k+j+1)P21p2,3-1:2(cos 2)P5'4, 9) 
pes —i PE y2,5+1)2(cos B)G;'(4, oy) 
(4b) 


™ 


where ¢/%' and 9" are the well-known eigen- 
functions of the total angular momentum 
operator M? and its z-component M, belong- 
ing to the eigenvalues j(j+1) and m, and 
P® (cos 2) is the function in the four 
dimensional spherical harmonics for angular 
variable f°. The eigenvalue of K” is 
k(k+2) +4, (R=3/2, 5/2,...)- 


If we assume 


b(p) =—i(2k+3)fi(p) F: 
+ (2k+1)fo(p) Yo (5) 


we can separate the angular variables. 
Furthermore, according to Lévy” we project 
the four dimensional momentum space onto 
the five dimensional sphere by the stereo- 


graphic projection. Putting 


p=etanl] 2 (6) 
and 


1 (Pp) = Ci eee (cos 0) 
- (7) 
fr(p) 25 b;,Pret yeaa/2 (cos ea) 


and substituting (6) and (7) in (1), we | 
can easily integrate it by making use of 
Heck’s theorem”. 


efficients of each P{”, equal to zero, we get 


Then, putting the co- 


homogeneous equations with respect to 4, 
6, and finally get the following discrete 


eigenvalues of the equations : 
A= («/2)¥(V+1), YR+3(=2, 3,---)- 
(8) 


Thus we reach the conclusion that each 
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state degenerate with m, j and k, and the 
situation is the same as the scalar-scalar 
system.” 

When P<0, the operators M., M®? and 
K? do not commute with L so that the 
common eigenfunctions do not exist. We 
can, however, infer that the degeneracy 
will be removed because of the asymmetry 
of the equation projected onto a five 


dimensional sphere. 
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Constraint in a Quantum System 


Yoiti Watanabe 


Physics Department, Osaka University, Osaka 


September 14, 1956 


Let us consider a system of atomic nucleus 


with Hamiltonian 
A A 
A= (1/2m) >) pit > V,(~%,—R). (1) 
i= i=l 


We assume a _ uniform, single-particle 
nuclear potential about the centre of mass 
R=))}x,/A. The sum of two-body nuclear 
interactions (1/2) > V4, j) is here re- 


id 
placed by the average field. Both of them 
are translationally invariant. There is no 


approximation between them when they are 


of the type of harmonic oscillator, othet- 
wise some consideration would be necessary. 
In this note, however, these discussions 
will be set aside though they are of a 
certain practical interest. 

The total momentum 5} p;, a constant 


of motion, may be put to vanish 


py Pi=9 (2) 
by an initial condition so as to fix the c.m. 
at a point. In the classical theory there 
is another way to fix the c.m. motion. It 


is called constraint and expressed by 
a= 0; (3) 


an opposed to the subsidiary condition (2). 
(3) is rather stringent than (2) in spite 
of their same results. (2) is deduced from 
(3), but the reverse does not hold. In 
the quantum theory subsidiary condition is 
usually interpreted as a restriction on the 


state vector like 


>i p.¥=0, (2)’ 


which is consistent with the equation of 
motion, while constraint has hitherto had 
no such a correspondence. 

Now, the constraint (3) has effects also 
on the operation of displacement of positions. 
In as much as (3) is taken into account, 
the displacement operator 0/0x; is replaced 
by a form 


(0 /dx,— (1/A) S10/dx;). (4) 


On this standpoint the momentum operators 
are also modified as 


P= — 1b (F.—(1/A) DP 5), (4)’ 
and then the modified Schroedinger equation 
yh. =4—?/am) > a DV gf A)” 

i 3 


FV) PL EDn (5) 
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with the condition Ry/,=0, has the similar 
solutions and eigenvalues to those of 


A, Pn = En (6) 
‘with the condition (2)’, except the 0-factor : 
that is to say 

$=, (x—R)O(R). (7) 

Conventionally we have the shell-model 
equation instead of (6) 

HY, = {— (/2m) SWI4+ We}, 

=E,¥., (8) 


for it yields easily so-called Hartree solu- 
tions. (8) involves, however, spurious c.m. 
They should be eliminated. In 
this case, the condition of the type of (2)’ 


motions. 


is not available owing to translational asym- 
metry of H,, but by the use of (3) Eq. 
(5) is obtained. Thus our aim is perform- 


ed. Relation between the set {Y,} and 
{on}, or {dn} 5 is given by 


Ci I C..0"). (9) 
SM(E,—E.) Cus Tas} C,,=0 > (10) 
a pS Co a Ca Onn ° (al 1) 

je fs 


Accordingly the secular equation 
det |O.s (E—E.) +To|=0 (12) 


Ber E aincdewhere 

T.s= —(82/2Am) ir | (VE (SVs) 
PON adh 4) 1S) 

gaa |-| VEC) ary, (ARERR) 
Bathe OO 


For light nuclei it is deemed important to 
mix the configurations of shell-model upon 
this standpoint. This is pointed out by 
Elliot and Skyrme, and the result of our 


theory agrees with that by them in the 
same circumstances.” 


In general a number of constraints of 


Pfaff’s form 
N 

dyed (ude OO — area N (1) 
n=1 


are taken into account by modifying the 
commutation relation after the manners of 
Dirac’s generalized Poisson bracket.” Cor- 
responding to 7, let us define suitable linear 


forms of conjugate momenta Pp, of Qn 
N 
bo (p, q) = D140" (9)Pn ? (16) 


where a’s are chosen so as to satisfy 
det|/ | = det|>}a § (q)a(q)| #0 (17) 


and to be consistent with the given 
dynamical terms, viz. the Hamiltonian. 
Then the canonical commutation relation 


is modified to 
Par Gin |* = —tbO ny, +ibay (q) P°*ak” q), 
Eat om. (18) 


Or, in general, the commutation relation 


for any variables ¢, 7 is modified to 
&, )*=L5, a) + G/A)[S, bolL*LXe 2] 
— G/6)[§, xolP'*[b,, gy]. 19) 
[&, Yo] means S}(0¢/0q,)as”. (19) satisfies 
the same algebra as the usual commutator. 
Particularly (3) yields 
[ Pus ale = — id, (05— 1/A) ? 
# v=1, 2,3 (20) 
which automatically gives (4). 
We can now quantize the internal system 
in the theory of collective description in 
which a number of constraints, holonomic 


and non-holonomic, appeared to eliminate 


the redundant degrees of freedom derived 
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by the use of auxiliary variables.” More 
generally the present theory is applicable 
to systems with any constraint. (18) shows 
that part of dynamical variables would be 
treated as if they were classical numbers. 
Such a procedure, dequantization, seems 
inconsistent with the fundamental concept 
of quantum theory but in the cases that 
the suppressed variables are redundant (1) 
as those introduced owing to a certain 
postulate of invariance, or (2) as those 
accidentally mixed on account of a con- 
ventional model. Such variables possess no 
physical significances and should be essen- 
tially suppressed. The example of c.m. 
motion meets with the latter category, 
while that of internal motion on collective 
description meets with the former. 

However, the procedure may not be so 
unique. For instance, we have known the 
free electromagnetic field whose two com- 
ponents are redundant owing to gauge 
condition. One of them is suppressed by 
the Lorentz condition 


0A,/dt-|-div A=0, (21) 


and another by one of Maxwell’s equations 
div D=0. (22) 


On our standpoint (21) corresponds to 
constraint. It is taken into account by 
means of modified C. R., for example such 


as gives 
[A, (x, #) Dy (x’, 4) J*=0 (23) 


as a result instead of | A,(x, t), D,(x’, £) | 
The old-fashioned Q.E.D. 


involves it under tacit understanding. Then 


= ibd (x—x’). 


the straightforward canonical theory shows 


that corresponding to (22) 
div D¥ =0 (24) 


becomes then a subsidiary condition in- 
dependent of (21). 
are never important in the Maxwell field 
but in other kinds of field (e.g. Born- 
Infeld & c.). 


These considerations 


1) J. P. Elliot and T. H. R. Skyrme, Proc. Roy 
Soc. A 232 (1955), 561. 

2) Y. Watanabe, Prog. Theor. Phys. 16 (1956), 
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3) Y. Watanabe, loc. cit. 
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On an Extended Framework for the Description of Elementary Particles 
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An attempt is put forward to formulate as exactly as possible the basic assumption proposed by 
Pais in his w-space theory, and a wider framework for the description of elementary particles is 
obtained which involves that of Pais as a special case. It is found necessary to introduce some field 
which characterizes the structure of the total manifold. The b field equations introduced by Yang 
and Mills give one of the admissible forms of the field equations for this new field. Finally the 
b field is put in comparison with the electromagnetic and the gravitational fields, and similarities 
and dissimilarities between them are pointed out. 


§ 1. Introduction 


It is shown from scattering experiments at low energies and from the study of 
mirror nuclei that the nuclear forces between any two nucleons are very nearly equal. 
This has led to the charge independence hypothesis of nuclear force and there has so 
far been no evidence against this hypothesis. Mathematically this hypothesis is expressed 
as an invariance for rotations in the isotopic spin space. It seems also highly probable 
that z-mesons contribute to the nuclear forces, hence it is quite natural to assume that 
the nucleon-meson interaction is also charge independent. We know that recent experi- 
ments on Z-nucleon scattering have confirmed this assumption. 

Hitherto the introduction of the isotopic spin has been done in a somewhat con- 
ventional and formal way. Recently Pais? has noticed that, in order to intrinsically 
incorporate the isotopic spin into the theory, the customary description of fields within 
the framework of space-time is too restrictive. Thus he considered an extension of the 
framework and made the following basic assumption : 

“ An element of space-time is not a point but a manifold (‘“ w-space”) which is 

carried into itself by transformations of the 3-dimensional real orthogonal group.” 
This w-space corresponds to the isotopic spin space in the customary theory. It may be 
expressed as a 2-dimensional sphere embedded in a 3-dimensional Euclidean space. But 
in the definition of w-space the group plays an essential role, while any geometrical notion 
has little meaning. This line of thought is full of interest because it may yield a method 
of incorporating the isotopic spin in the wave equation of nucleon. Moreover, it seems 
to present one of the possible forms of the framework suitable to.such an attempt to 


classify a number of elementary particles and to describe their productions, decays and 
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other reactions in a unified manner. 

As a model of possible frameworks founded on the above basic assumption he adopted 

the following one :* 

P. 1. The total manifold is a direct product of space-time and w-space. 

P. 2. The group of the total manifold is a direct product of the full Lorentz group and 
the group in w-space. 

Yet, as was noted by Pais himself, this framework is of a tentative character, and does 

not seem to be a perfect realization of the above basic assumption. It will be of great 

interest and of much importance to investigate the possible framework which closely follows 

the original idea of Pais. 

The main part of this paper is concerned with an attempt to formulate his basic 
assumption as exactly as possible. In the resulting framework, the total manifold and its 
group are wider than P.1 and P.2 respectively, involving them as special cases. On 
enlarging the framework, we find it necessary to introduce some field which characterizes 
the structure of the manifold in a somewhat similar way as the gravitational field does 
the geometrical structure of space-time. This field is described by the quantities that 
transform like b, introduced by Yang and Mills,” which fact shows that we may Possibly 
admit the b field as our new field. If, on the other hand, we limit the transformations 
in the manifold only to P.2, it is equally possible to admit the field equations of 
different type (e.g., vector meson type equations with isotopic spin 1) for the new 
field. 

It will be interesting to investigate the properties of the new field thus introduced 
also from another point of view. A number of new particles have been discovered in the 
last few years and various attempts have been made to give a unified description of their 
properties. Under such circumstances, it is very likely that we may adopt our new field 
as one of the models for a Bose particle with spin 1 and isotopic spin 1. The remaining 
part of this paper is devoted to the investigation on properties of the new field especially 
of YM type, the similarities and dissimilarities between the b field and the electomagnetic 
and the gravitational fields being pointed out. 


§ 2. Mathematical formulation of the basic assumption 
The basic assumption proposed by Pais states that an element of space-time is not 
a point but a manifold (“ w-space””) which is carried into itcelf by trensformations of the 


3-dimensional real orthogonal group. In order to distinguish this concept from the cus- 


tomary one, we denote by P an element of space-time regarded as a point, while denoting 
The elements of space-time must be of the same 


If two elements of space-time are different from each 
other when regarded as points, they should be different also as w-spaces. The index P 


the one regarded as an w-space by wy. 


. 4 . . 
number, 1@€, CO in either case. 


* By the word “ framework” we mean the total manifold in which 


the group of coordinate trans- 
formations is defined. See reference 1, p. 873. 
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in Wp indicates this circumstance, which tacitly implies a one-to-one correspondence between 
P’s and wy’s. 

Now we denote by G, a realization of the 3-dimensional real orthogonal group by 
means of transformations in w,. Its irreducible representation of degree 3 is faithful, 
and in this section we confine ourselves only to this representation. Denote a basis in 
the representation space under consideration by E/ (i=1, 2, 3), and an arbitrary element 
in it is expressed in the form 


E?=E?u'(P), (2-1) 


a > . . 
where u’(P)’s, the coordinates of E”, are dependent on P. In particular, the transforms 


‘Ey of E? by a transformation of G, can be written as 
(Ee = ae (RP). (222) 


This is a representation of G, and under a suitable choice of the basis E? the coefficients 


a; satisfy the equations 
aj (P) ai(P) = (2-3) 


Eqs. (2-2) give a transformation of the basis in the representation space, which can also 


be written in terms of coordinates as 
u' (P) =a;(P) 'u)(P). (2-4) 


Since wp is a manifold which is carried into itself by the 3-dimensional real ortho- 
gonal group, it can be represented as an invariant manifold in the representation space. 


As is well known, such a manifold is given by 
ne) ae (P) =R PY) (223) 


The right-hand side can arbitrarily be chosen for a fixed P, so there exist co’ invariant 
manifolds. In order to get the one-to-one correspondence between P and w, we take R(P) 
to be a one-valued function of P. If we adopt R(P)E;’ as a new basis,* the right-hand 
side of (2-5) can be taken to be unity, so that 


R(P) =1.** (2-6) 


Then E,” can be interpreted as forming a basis in wp, itself, and u(P) are coordinates 
of the element of w,, of which only two are independent since there exists a relation 
(2-5) with (2-6). 

So far each of co’ w-spaces stand quite separately, having no relationship with each 
other. The framework is too wide as it stands to have any interesting results worthy 
of special mention. Here we try to establish some connection between them which 


otherwise remain quite independent. For this purpose we shall assume that wp.gp can 


* We assume R(P)=40, otherwise wp reduces to an ordinary space-time point P. 
** The assumption (2-6) is concerned with the choice of the basis in the representation space and 


does not refer to the structure of w-space. We may do without this assumption, when (2-7) becomes an 


infinitesimal conformal transformation. 
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be superposed on “p so that every element of the former may lie upon the latter. Then 
. . P . 
the basis elements E,?+dE,” in Op,ap can be expressed linearly in terms of E,”? in wp. 


Since the coefficients of the expressions must depend on dP as well as on P, we assume 
E?4+dE,?=E,?+E72,'(P, dP), Le dE P =EF O2(P, 4P), (2-7) 
where 2/'(P, dP) are Pfaffian forms of the coondinates.xc (A=1,, 55,4) oltadnes 
Q,'(P, dP) = 253 (x) dx (2-8) 
By using (2-7) an arbitrary element in Wp.gp can easily be written down to be 
EPut(P) +d[E,Pu'(P) |=E,” [uw (P) +du' (P) +2,'(P, dP) (P) ]. (2-9) 


The expressions in the bracket on the right-hand side satisfy (2-5) with (2-6). Neglecting 
infinitesimal quantities of second and higher orders and taking it into account that u’(P) 


are arbitrary, we obtain 
Qi (P, dP) +.2,3(P, dP) =0. 


This implies that the infinitesimal transformation (2-7) is an orthogonal transformation. 

By (2-7) we can define a one-to-one correspondence between elements of wp and of 
Oprap It should be borne in mind, however, that this can be done only between wp 
and wa when P and Q are at an infinitesimal distance. For two points at a finite distance, 
the correspondence is determined by specifying some curve which connects P and Q and 
by superposing w-spaces along this curve successively. The result may depend in general 
on the choice of the curve. We can prove that a necessary and sufficient condition for 
it to be independent of the curve is given by (2-11). 

Th 


first into the case in which 2,{ identically vanish in some detail. In this case it is clear 


oO 


quantities 2,/ do not appear in the original theory of Pais, so we shall look 


that dE,/=0 for every P. Therefore we can choose the basis in w-space quite inde- 
pendently of the coordinates x* of P. This fact results in that a point in the total 
manifold is specified by x* and the coordinates u' (with (2-5) and (2-6)) in one par- 
ticular w-space, and the total manifold can be considered as reducing to P.1. The 
conditions 2,;=0, however, are not invariant under the transformation (2-4) in w-space, | 
as can readily be seen from 


04, =apOkas+ajd,at, af ai =O. (2-10) 
v 


This has been obtained from (2-7) in the primed system by using (2:2) and (2-7) 
and by taking into account the fact that dx* are quite arbitrary. If, however, we restrict 
the transformations in the manifold to P. 2, then a/’s do not depend on x’ and the above 
conditions remain valid after the transformation. In the work of Pais, the group of the 


total manifold is restricted only to such a case. Thus the framework originally assumed 
by Pais is characterized by {2},=0. 


Throughout this paper Greek indices stand for the values 1, ---, 4 corresponding to the space-time 
coordinates, while Latin ones 1, 2, 3 corresponding to the coordinates in w-space. 
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Finally, we look for a condition that the given 2), be reducible to zero by a suitable 
transformation of the basis in w-space. For this it is necessary and sufficient that there 
exist a} for which the right-hand side of (2-10) vanishes. The conditions of integra- 
bility turn out to be 


#25, =0, (2-11) 
where 


Oi =0,.05 3,0) 4.01 0k 08 03. ee 


we 


We can easily ascertain that (2-11) are invariant with respect to both (2-4) and the 
Lorentz transformations. 

It need hardly be stressed that, from the standpoint of the geometry of connections, 
the results in this section can be interpreted in the following manner: -space is as- 
sociated with every point in space-time regarded as a basic space, and 2}, and Qi, can 


be identified with the coefficients of the connection and the curvature tensor, respectively.” 


§3. Interpretation of 2}, 


The quantities 2;, did not appear in the original theory of Pais, while they have 
played an essential role in enlarging the framework of description. In order to see the 
structure of the enlarged framework more clearly, it seems necessary to make a further 
examination of these quantities. 

Now, of any theory in physics, we take it for granted that if two sets of quantities 
are connected by a transformation admitted in that theory, they should describe the same 
physical object and are physically equivalent even though they have different expressions. 
Therefore, 23,, for which (2-11) holds good, can be considered to have no physical 
meaning, since we are able to make them vanish by the transformation (2-4). On the 
other hand, for 2), for which (2-11) is not true, we fail to make them vanish whatever 
basis we may choose in w-space. Consequently, such 2;, must no longer be merely 
auxiliary quantities, but need to be regarded as quantities of some physical meaning. 
Below we shall study this case in some detail. 

In the isotopic spin formalism every kind of particles is associated with some of 
irreducible representations of G>. -Here we consider the one associated with a repre- 


sentation of degree n. If we denote its wave function by ¢, then the transformation 


(2-4) of Gp is represented by 
p=S(x)'¢, (3-1) 


where S(x) is an mXn matrix and depends on x” in general. Similarly, (2-7) can also 
be represented by an nXn matrix, which is shown to have a quite simple expression as 
follows. 

Since (2-7) is an infinitesimal otthogonal transformation, it can be expressed. linearly 
in terms of three independent infinitesimal transformations. Therefore, if we write 2, in 


a matrix form 2, rows and columns being indicated by i and j respectively, we have 
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Q(P, dP) =0'(P, dP)O,, (3-2) 


i t adi i infinitesimal transformations 
where O, are the matrices corresponding to three indeperdent infin 


of G,. They can be chosen independently of both P and dP; e.g., 


0 oO 70 eee Bo! | o=—1 20 
One| Oa Oma ine On Oe Oasis Oz) tea 
Oe — 1 On p 0 oO 0 


Moreover, we find by (2-8) that w’ are Pfafhan forms of x’, i.e., of the from 
ui(P, dP) =o} (x) de. (3-3) 


Now, in the representation under consideration the matrices O, are represented by Xn 


y ; 3 . : tik 2= ijk? 
matrices I, which satisfy the came relations as O, ie. €"LL=1, Mee « 


s mean 
permutation symbols. Then the matrix (3-2) is represented by ‘I, Eventually, of n° 
elements of the matrix « which represents (2-7), only three are independent regardless 
of the value n. Moreover, the coefficients w’ by which the matrix w is expressed linearly 
in terms of I, are common to every 7. 

As has been mentioned previously, it seems quite reasonable to consider that 25,’s 
which do not satisfy (2-11) will represent something of physical reality, which we shall 
assume here to be some field. Then, in the presence of this field the total manifold is 
of a type different from P.1, while it reduces to P.1 in the absence of this field. 
Therefore we can assert that this field characterizes the structure of the total manifod.* 
This rather interesting conclusion reminds us of the fact that the gravitational field 
characterizes the geometrical structure of space-time. From our foregoing arguments, this 
field is described by twelve w;. Since they are common to every 7, this field can be 
considered to interact with particles which belong to any irreducible representation. 

The transformation (2-4) in w-space or its representation (3-1) corresponds to the 
isotopic gauge transformation in YM. We can see that the matrix field B, in YM trans- 
forms under isotopic gauge transformation just in the same way as do the matrices /",== 
(i/€) aT, under (2-4). In fact, we have from (2-10) 


I Pee SH PLS GE) SOAS; 


by replacing a} and 2}, by the matrices S and —ie/’, respectively. This is nothing but 
the one obtained in YM for B,. The similarities between /’, and B, can also be seen 
as follows. Consider an arbitrary element (2-9) in Wp,,ap. Replacing u* and 2), by 


the wave function ¢ and by —iel’, respectively, we find in (2-9) the following ex- 
pressions : 


0, p—iel’, db. 


The appearance of derivatives of ¢ in such a combination is just what was assumed at 


re Gee Tr : 
Notice that no specific assumption is made concerning the structure of individual w-space. 
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the beginning of YM. Since (i/2€)w;’s are to [', what in YM by’s are to B,, we have 
the possibility of admitting field equations for the b field in YM as those for our new 
field. Therefore, our framework can be said to contain the framework adequate to the 
YM theory. 

Nevertheless, we have still another possibility of admitting field equations of different 
type. As was mentioned above, our new field characterizes the structure of the total 
manifold. Consequently, even if we confine ourselves only to those transformations of 
P. 2 as tentatively assumed by Pais, the introduction of the new field is still necessary in 
general in our enlarged framework. Under such a restriction, field equations of linear 
type can also be admitted for the new field (e. g., equations of the vector meson type 
for the field with isotopic spin 1), whereas they cannot in YM. 


§4. Properties of the field of YM type 


As has been shown in the foregoing sections, it is necessary in general to introduce 
a new Bose field in our enlarged framework. 

Meanwhile a number of new particles have been discovered in recent years and many 
attempts have been proposed to give them a unified description. In view of these cir- 
cumstances it is vety likely that this new field may be adopted as a possible model of 
these new particles. As was mentioned in the last section the b field equations in YM 
can be admitted for the new field. Since properties of the field of such a type have 
hardly been clarified up to now, we study them hereafter. 

The field equations of the b field interacting with the nucleon field are, after YM,” 


Oy fig F2ee by FP I=, (4-1) 
a (On —1€7, 61) f +mp= (4-2) 
where 
=e ta, (4-3) 
Fic Ovbe— lab 2 er bt bY. (4-4) 
Further, it is assumed that 
Oy bi =0. (4:5) 


By using (4-5), (4-1) can be written as 


Dai= Jehu 
=—Jj—4e eb .0, bt —2€ 60, b,I- by +4? (65b,9 by’ —b) b,7b,’). (4-6) 
On the other hand, as is well known, the electromagnetic field is described by the 
field equations 
LJ A, = Jus (4-7) 


with the supplementary condition 
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DpAs0, (4-8) 


where j, is the current 4-vector. Also it was shown by Gupta” that the field equations 


of Hinstein’s gravitational field 
RY — 9" R/2= —e T* 
can be written in an alternative form as follows : 
grace ae (Te 4") (4-9) 
with the coordinate conditions 
d,g°”=0, (4-10) 


where T®” and t*” are the energy-momentum tensor densities of the matter and of the 
gravitational fields, respectively.* 

If we may regard the right-hand side of (4-6) as some physical quantity of the 
total system, thea we are able to say that (4-5) and (4-6) have a remarkable similarity 
to (4-8) and (4-7) and to (4-10) and (4-9). In fact, we shall show in what follows 
that the expression J +j, in (4-6) can be defined as the isotopic spin current density 
of the total system. For this we use a method similar to that of Gupta” by which 
he obtained the Lagrangian density in flat space for the gravitational field. This 
method may seem at first to be a detour to our purpose. Nevertheless, similarities and 
dissimilarities between the electromagnetic, the gravitational and the Bb fields will be seen 
more clearly by this method. 

We start from the following Lagrangian density : 


Q,=—1/2-3,b5-3, 6; +3,5-3,05 9 (1.9, +m) (4-11) 


Using (4-5), we can see that the field equations resulting from &, are 


CL] 6s=0, (4-12) 
(7.0, +m) f=0. (4-13) 


Now, we define, after Bludman,” the isotopic spin current density {j, of the system by 


Ci 


Yi= ie [(0L/Ig,) —Pe! (OV/Ipy) |+2ee"b (OL/9biy), (4-14) 


Aw 


where ¢,=0,¢ and b},=0,6). Then &, gives the isotopic spin current density 


ied, TP +4ee* 5-0, bk —2ee* hI -0, bf == Ji tj. (4-15) 


We now have to modify %, in such a way that in the resulting equation the quantity 
(4-15) appears on the right-hand side of (4-12). For this we take 


Li=%, +, (4-16) 


a ae * : es 
t#¥ is not the energy-momentum pseudo-tensor density of the gravitational field with which we are 
familiar in general relativity, but is the symmetrical one which is obtained through Belinfante’s method.4)» 
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Sea bi +2€€%9,b)-b,7by. (4-17) 
However, then %, gives 
Jitjo%—4e 16,76, — bib tb) =jitje wee (4-18) 


Again we have to modify @, in such a way that in the resulting equation the quantity 
(4-18) appears on the right-hand side of (4-12) For this we choose a Lagrangian of 
the form 


Q=L,+U nes (4519) 
Q" = — 2 (bbb b,J— 565 5,2 by’). (4-20) 


Since @” in &, does not contain bi, we find from the definition of Sj! that the isotopic 
“pin current density derived from &, is the same as that derived from %,. At the same 
time, the field equations resulting from @, are easily seen to be just (4-2) and (4-6). 
Therefore our procedure comes to an end here. After all, B, gives the Lagrangian density 
of the total system: the resulting field equations turn out to be (4-2) and (4-6), and 
the right-hand side of (4-6) can be interpreted as the isotopic spin current density of 
that system.”* Consequently, the formal similarity mentioned above is established. 

It should be remembered here that although there is such a similarity among these 
three fields, there are also some dissimilarities between them. The above derivation of 
the Lagrangian for the b field shows that the non-linear character of the b field equa- 
tions is due to the fact that the b field has its own isotopic spin current density, which 
can again serve as a source of the field. This situation is quite similar to that in the 
gravitational field. Indeed, it was shown by Gupta” that the non-linear character of the 
gravitational field equations can be attributed to the fact that the energy-momentum 
tensor of the gravitational field acts as a source. This is different from the case of the 
electromagnetic field, which is itself chargeless, and consequently satisfies linear equations 
in the absence of a charged field. 

Furthermore, we have shown that our procedure to get the Lagrangian density for 
the b field comes to an end after a few steps. On the contrary, for the gravitational 
field the Lagrangian density in flat space consists of infinite series of terms, as has been 
shown by Gupta.” This is because t*” ate of the same degree as 2 with respect to 
derivatives of the field variables, whereas j, of «bu ate lower than & by one. In this respect 
the b field seems to be more akin to the electromagnetic than to the gravitational field. 
It is quite interesting to observe that such a specific feature of the individual field comes 
from the different physical nature of the source (e.g., such as the charge-current, 


isotopic spin current) of each field, rather than from the 


the energy momentum of the 
4k 


different values of the spin of the isotopic spin. 
Thus we have seen that there are several similarities between the electromagnetic, the 


* Q, differs from the Lagrangian density given in YM only by the second term in Zo. 
«x Cf reference 5, p. 1685. ,; 
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gravitational and the b fields on the one hand, and that there are also some dissimilarities 


which come from the character of the source of the individual field. The b field shares 
the common properties with the gravitational field in that they both satisfy non-linear 
equations and that their non-linear parts can be treated analogously. It also shares the 
common properties with the electromagnetic field in that their Lagrangian densities are 
given in closed forms.* To sum up, the b field seems to have a character intermediate 


between the electromagnetic and the gravitational fields. 


§5. Concluding remarks 


In order to intrinsically incorporate the isotopic spin into the theory, Pais proposed 
a basic assumption how to widen the customary framework for the description of elementary 
particles. However, the actual framework devised by him does not seem to be a perfect 
realization of his original idea. In the present paper we have tried to realize his basic 
assumption as prefectly as possible. The framework thus obtained involve: that of Pais 
as a special case, and except this case it is necessary to introduce some field, which 
characterizes the structure of the total manifold in the enlarged framework. It is even 
possible that this new field be the b field of YM. If, however, the group of trans- 
formations in the manifold is restricted only to P.2 as tentatively assumed by Pais, then 
not only the Bb field equations in YM but some linear equations can also be admitted 
for the new field. Finally we have compared the new field of YM type with the electro- 
magnetic and the gravitational fields, and similarities and dissimilarities between them have 
been pointed out. 

The fact that the structure of the total manifold is characterized by a new field is 
of much interest to the present authors. It is true that the arguments based on the 
requirement of invariance as was given by Utiyama” provide one way of introducing a 
new field, but it will be promising as well to consider a new field from the standpoint 
of the structure of the manifold. Thus it will be of great importance to construct a 
geometry of the enlarged manifold. 

The authors wish to express their sincere thanks to Professor Y. Mimura and Pro- 
fessor H. Takeno for their continual encouragement and helpful discussions throughout 
this work. They are also grateful to Professor S. Machida for his valuable discussions 
at the preliminary stage of this work. 


* (4-1) with J,#=0 can be solved when the field b,* is static and invariant under spatial rotations. 
Its general solution is given by 


b,t=0 for A=1, 2, 3, b,t=i(at/r+ pt), 


where at and §* are constants which satisfy a@#Bt=0. (The proof is omitted here.) This also shows 
another similarity between the b and the electromagnetic fields. 


1) 
2) 
3) 
4) 
5) 
6) 
7) 
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The scattering length a for the s-wave of the process nt+pont+p is calculated by tracing the 
experimental data for as. Comparing the value of 4xa2 with the theoretical value of cross section in 
the Thomson limit, it is found that the coupling constant f?/47z is nearly equal to 1. 

Because of the importance of meson-meson interaction inferred from the analysis of meson reaction 
at 1.5 Bev, the scattering cross sections by this interaction are estimated and are compared with those 
by the usual meson-nucleon interaction. When the (2/16) (dz ¢z)° -interaction is adopted as a simple 
model, the effect of this interaction is very small in the case of the value of (A/4z)°<=1.5 which has 
been adopted to explain the z-2z process at 1.5 Bev 


§1. Introduction 


At one time, the strange behavior of @, in the neighbourhood of 30~50 Mev was 
reported and discussed from various points of view, but this problem has been resolved 
by the increasing accuracy of experimental data. It is now important to explain the rela- 


tive sign of a, and a, from the standpoint of meson theory. Bosco and Stroffolini,” 


adopting only the interaction of 7—2N +N and making use of the method employed by 
Lee,” have recently shown, with the reasonable cut-off momentum, the possibility of ex- 
plaining the experimental result. In this case, moreover, the effective coupling constant 
f'/4x=1 was taken in order to obtain the agreement with the phase-shift analysis given _ 
by Orear®. This fact may be interpreted as due to the s-wave damping ; however, there 
may be controversy about that effect from field theoretical point of view, since their method 
is based on the Tamm-Dancoff approximation and a special choice of type of interaction. 
But it is not our purpose to give a thorough discussion of this point. 

First of all, let us trace the reason why the calculated result obtained by Bosco and 
Stroffolini agrees fairly well with the experimental result. Which is more essential of 
the two approximations : 


(i) Only the interaction T22N-+N is taken into consideration ; 
(ii) the ladder approximation and cut-off theory are used ? 


A simple examination shows that (i), is more essential. Then we will assume the system 
with Bosco-Stroffolini’s choice of interaction for a model to describe the s-wave scattering 


without introducing the meson-meson interaction, and roughly estimate the cross section 
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in the Thomson limit for 7*-+-poz*-+p. On the other hand, the scattering length 
for the s-wave of this process will be calculated by tracing the experimental data for @;, 
Making use of these results, it will be found that the coupling constant is f°/47=1. 

Although a number of approaches to meson-nucleon scattering have so far been done 
mainly through the meson-nucleon interaction, we think it worth-while, for an extensive 
view of meson reaction, to take into account of the effect of meson-meson interaction in 
low energy region, because of the importance of meson-meson interaction inferred from 
the analysis of meson reaction at 1.5 Bev”. 

With regard to *—7 interaction, several approaches have been tried from various 
points of view by many authors,” and, as a simple model, the interaction of 2 (by bu) * 


has been examined mainly in the process of gt — 27), 


With the purpose mentioned 
above we intend to study the contribution of this /(¢, 9,)*-interaction to the meson-nucleon 
scattering. In § 3, the scattering cross sections by this interaction will be estimated and 


be compared with those by the usual meson-nucleon interaction. 


§2. The phase shifts of s-wave and coupling constant 


In order to examine the method employed by Bosco and Stroffolini, let us take only 
the approximation (i) and leave out the approximation (ii) mentioned in Salitadny this 


case, the simplest way to know the result is to perform the calculation by means of the 


perturbation theory adopting only the interaction of 72°>N+N. 
When the Rmatrices of the states [=3/2 and I=1/2 of the isotopic spin are re- 
presented by the notation of Ry and Rjj2 respectively, the amplitudes of the meson-nucleon 


scattering, as is well known, are expressed as follows : 


ie pon +p Rs, 
Tee paps aD, (1/3) (Rsje+2R,)2), (1) 
a p->n i (V2 /3) (Rop— Rip)- 


The graphs corresponding to 7° and =~ meson scattering by proton (except charge ex- 
change) are Fig. 1 and Fig. 2 respectively, but the contribution from Fig. 2 must be 


Fig. 1. Fig. 2. 


550 D. It6 and S. Minami 


7 ae . . -_—> = . on 
neglected so long as the transition through only the interaction of 72N+N ic taken | 


into consideration. 


Therefore 
R32 +2Rij2=0. (2) 

As our attention is here directed to the phenomena in low energy region, 

Rojo exp (2ia,) —1=2ia,, 

R, jo exp (2ia,) — 1 2ia,. 
From eq. (2) we see that the sign of a, is different from that of a,*? Although the 
quantitative agreement cannot be obtained, we may infer from the above discussion that 
the approximation (i) is more essential than (ii). 

On this standpoint, let us study the meson-nucleon scattering in low energy region 
from the phenomenological point of view. Since the transition 77 +p ox” +p may be 
neglected and, as the result, the relation between Rs. and Rj is given by (2), we have 
only to consider the process of 7*+p—x*+p. The description of the 7—N scattering 
phenomena may be more or less different from that of N—N scattering. But if we refer 
to the idea of the potential giving rise to the 7—N scattering as is shown by Saweda™, 


the treatment of the 2z—N scattering can be performed along the same line as in the 
case of the N-—N scattering. 


Thus the s-wave phase shift at low energy can be expressed approximately as 
k COU (1/a) ae (k/2) “To. (3) <a 


We will here adopt the values both of a@,=—4.9° at 58 Mev obtained by Rodansky et 
al.” and of a, —2.5° at 23 Mev obtained by Orear’®. Putting these values into eq. (3)3 


a=1.05 X 107“ cm, 
%)=1.48X 107% cm. (4) 


Then the energy dependence of a, becomes as Fig, 3. It fairly agrees with the experi- 
mental data up to the energy of about 100 Mev, in spite of the fact that the assump- 


tion of shape independence is considered to be effective in lower energy region. We may. 
think that this circumstance is due to the following reason. 


In the nuclear scattering, as is well known", there is the following relation : 


k cota,=—1/a+ (k°/2) (0, E) 
with (172) 0(0, £) = , (b, g—u, u) dr, (a) 


where u is the radial wave function multiplied by r and ¢ represents the asymptotic be- 


*) It is easily found that a iS negative. 

**) If we follow the formula of Chew and Low,!) k cot a3/w*= 
undergoes some change in high energy region. 
the same as in eq. (10). 


A+ Bo*, the graph shown in Fig. 3 
However, the value of coupling constant f 2/47 is 1.1, nearly 
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Fig. 3. The values of ag 
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havior of u for large distance. Let us consider the expansion of (0, E) in the neigh- 
bourhood of E=E, (in our case E,40 Mev) instead of E=0. Then 


(0, E) = (0, E,) + 


LO, 2) (E—E,) coeeece fs, (5) 


Taking only the first term of eq. (5), we set the following approximation : 
p(0, E)=(0, E,). (6) 


Then eg. (6) is not a very good approximation for the energy far apart from E=E,. 
In the lower energy region (k is of the order of 107 cm™), however, the roughness of 
this approximation does not become so serious in examining the amount of k cot @,, 
because the first term of the right-hand side in (3) contributes predominantly (10~100 
times), rather than the second one multiplied by &. 

Moreover, in lower enetgy region where the second term of eq. (3) may be neglected, 


a, is approximately expressed as follows : 


EEG O75 (7) 
This relation is more or less different from that of a,=—0.117 given by Orear”, but 
is nearly equal to that of &,=—0.083 % obtained by Spry or the experiments for mesic 


17) 
atoms”. 
Employing the value of a thus obtained, the cross section for 7° +p—7* +p in the 
Thomson limit can easily be calculated by 
o=4na’. (8) 


On the other hand, it is also estimated straightforwardly by the perturbation theory 
and its amount turns out to be 
om47 CG ° s —, (9) 
m® +p /m)?(2—7]m)? 
where m and #2 are the masses of nucleon and meson respectively. When we call to 


mind that the calculation may, as is shown above, give qualitatively correct prediction if 


*) From eq. (2), it is easily seen that a,=0.037 7. 
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only the assumption (i) is satisfied, this result may be considered to be probably reliable®. 
By putting (8) and (9) equally, 
f//421.07. (10) 


It is very interesting that this value is nearly equal to that of the effective coupling con- 


stant f?/47=1 obtained by Bosco and Stroffolini. 


§ 3. Contribution of Kovacs term to z-N scattering 


Even if the importance of 7-7 interaction is suggested from the analysis of the 
meson reaction in Bev region, it does not necessarily follow that the (6, 6,)*-term 
(Kovacs term) plays an important role. But it is worth-while to examine this interac- 
tion as one of the simplest models. For 7-27 process, the calculations taking this term 
into account have been done by Kovacs” and Ito, Mori and Yamazaki."” We intend 
to examine the effect of the Kovacs term in low energy phenomena (Z—WN scattering). 
For simplicity, let us estimate the order of the contribution by the lowest order calcula- 
tion. We think it necessary to compare this value with that obtained by the perturba- 
tion theory under the assumption (i) because, in § 2, we have seen that the latter tells 
us the correct order of magnitude for the cross section. 


Assuming the following interaction Hamiltonian 
Hy =if P75 Ta ba P+ (4/16) (bs $)*, (11) 


we write down, first of all, the result for 7° +p-oz*+p. The necessary diagrams are 
shown in Fig. 4 and Fig. 5, and the differential cross sections in the center-of-mass system 
are expressed by the following equation, 


eS 1 (P/4R)2G/4n)(B/22)2 (+8) 
EE — i (a +- aS) ——— a ff = / secs. et of 
dQ \ [ (VY 1+-p'/m? + V E+ p/m’)? 8m” (22) 


b=—(IF)/m, €=2/m’, 


Bee ee ee ee 
ON percep ey the 


where I and F represent the four-dimensional momenta of the nucleon in the initial and 


final states respectively, and p is the magnitude of the meson momentum in center-of-mass 


ot 
a 7 
a eae 
ve 
+2 


Fig. 4. 


* : : 
) It is useful to remember the conclusion deduced by Deser, Thirring and Goldberger'), 
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system. The coefficients 1 and 1/4 in the factor (1+1/4)° in eq. (12) show the 


contributions from the transition matrices corresponding to Fig. 4 and Fig. 5 respectively. 


Now, 


b= — (IF) /m*=1+p"(1—cos 0) /m’>1, 


therefore, the integrand in eq. (13) is definitely positive, and the calculation can easily 
be carried out. The results are shown in Table 1. 


Table 1. The values of (da (+) /d®)/(f?/4x)2(i/4x)2 in center-of-mass system (107°9 cm?/sterad.) 


“~__ Angle | 
oe 0° 30° 60° 90° 120° 150° 180° 
Energy —~| | 
{ 
24 Mev 0.46 0.45 0.45 0.44 0.43 0.42 0.42 
58 Mev 0.43 0.42 0.41 0.39 0.37 0.36 0.35 


For the convenience of comparison, the results derived from the perturbation theory are 
also given in Table 2. 

It is easily found that the differential cross sections do (—) /d2 for 7 +pon” +p 
are the same with do(-+) /dQ. For 2 +p” +n, on the other hand, the contributions 
from Fig. 6 and Fig. 7 come to cancel each other, and the matrix element turns out 


to be zero. 


n°? 
Te Ww 
a . . n 
mt 
Fig. 6. 


Therefore, from eq. (1) 
(V2/3) (Rop— Rip) = 0- 


This result clearly contradicts with the experimental data. Although any definite conclu- 
sion may not be reached through the calculation of the lowest order, it may be found 
from the above consideration that if the Kovacs term plays an important role the behavior 


of s-wave in low energy will be hard to explain. This difficulty, however, will make 
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no problem in the case of the value of (4/47)°=1.5™ which has been adopted to ex- 
plain the 7—27 process at 1.5 Bev. (c.f. Table 1 and Table 2) 
In conclusion, the authors express their sincere thanks to Prof. Z. Koba, Prof. Y. 


Yamaguchi and Dr. H. Hasegawa for their valuable discussions. 
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The quantum theory of Einstein’s linear gravitational field interacting with the elementary particles 
is formulated without using the coordinate condition. The canonical formalism is built up by the 
Dirac method of generalized Hamiltonian dynamics. It is necessary, for the requirement of being 
quantized in a consistent way, that the operation of creation of a spinor particle must involve the 
simultaneous creation of a spinor particle and of the gravitational potential around it. We show that 
this procedure of the quantization corresponds to the method extended from the Yang-Feldman’s in the 
previous paper. In the Heisenberg representation, we decompose, in the usual covariant way, the 
gravitational field into three parts: the transverse graviton, the gravitational potential between the 
matters, and the part which cannot be quantized. And also the formalism in the Heisenberg 
representation is transformed into the one in the interaction representation, and the same interaction 


Hamiltonian is obtained as in the previous paper”. 


§ 1. Introduction 


The previous paper” (referred to hereafter as [I]) dealt with what role the graviton 
plays in the problem of the interaction between the elementary particles. There, by 


adopting the coordinate condition 
O7uvl =0 (1-1) 


after Gupta”, we decomposed the gravitational field into the part containing the trans- 
verse gtaviton (which behaves like a particle with spin 2) and the part giving the 
gravitational potential between the matters, and investigated their effects upon the micro- 
scopical and macroscopical phenomena. The equation (1-1) is of the same type as 
Lorentz condition in quantum electrodynamics. Then, when we use (1-1), the divergence 
difficulties of the norm of the state vector % appear as in the case of quantum electro- 
dynamics. To avoid these difficulties, we must quantize the gravitational field by using 
the indefinite metric in Hilbert space. But, the concept of the indefinite metric seems 
to us artificial and inadequate. It is the aim of the present paper to quantize, without 
using the coordinate condition, the approximate equation of the Einstein gravitational 
field interacting with the e'ementary particles. As the physical properties of the quantized 


gravitational Geld and its effects on the interactions between the elementary particles were 


556 T. Kimura 


dealt with in [I], we shall not here give an account of these points. 
The formulation of quantum electrodynamics without Lorentz condition has been 
proposed by Valatin®, Dirac? and Ozaki”. They started from the equation 


i) A, “tat 00,4. = af 


which is invariant under the general gauge transformations (A,—>A, +0,A, DA40). The 
electromagnetic potential A, satisfying the above equation has only three independent 
components, though Lorentz condition is not imposed. Therefore, taking out Coulomb 
potential by the suitable method and ignoring the undetermined component, we can see 
that the formalism without Lorentz condition is equivalent to the usual one after the 
longitudinal part is eliminated by the canonical transformation and Lorentz condition. 


’ is nothing 


(We can show that the gauge invariant Dirac operator of one electron emission’ 
but that obtained from the usual one by Schwinger’s canonical transformation." 

Analogously, we can show also in the gravitational field that the formulation without 
using the coordinate condition gives the same description as that in [I], when we start 
from the gravitational equation which is invariant under the general gauge transformation. 
In contrast to the case of electromagnetic field, complicated features will appear, when 
the graviton interacts with Fermion, owing to the fact that the interaction Lagrangian 
containing the same rank of derivatives as that of Lagrangian of the free Fermion case. 
(If we use Kemmer’s §-formalism for Boson, the interaction term between the graviton 
and Boson does not contain the derivatives of the field quantities. See [I].) 

Since we have dropped the coordinate condition (1-1), no restriction is imposed on 


A, (U=1, 2, 3, 4) which appeared in the usual gauge transformations” : 


Tuy Tuy +0,4,+0,A,—0,y9,A). (1-2) 


In other words, our theory should be invariant under the general gauge transformations. 
In § 2, we obtain such a Lagrangian density which satisfies this requirement. 

The coordinate condition has been needed to express the time derivatives of field 
quantities in terms of the independent functions of momenta. Accordingly, so long as 
this condition is dropped, the time derivatives of field quantities can not be expressed in 
terms of the independent functions of momenta and therefore the usual canonical formalism 
is not applicable. But, we shall show that the canonical formalism can be built up by 
the Dirac method”. This is the main aim of § 3. As mentioned already, when we take 
Bose particle as the matter field interacting with the graviton there occurs no more 
complicated feature than in the case of the free graviton. So we omit the canonical 
formalism for the system of the graviton and Bose particle, and shall discuss the formalism 
for the system of the graviton and the spinor particle. It is shown that we must take 
a creation operator of spinor particle which accompanies its gravitational potential (not 
the transverse graviton!) in order that the procedure of quantization may be proceeded 
consistently. We can also see that this procedure corresponds to the method extended 
from the Yang-Feldman’s” used in the previous paper, [I]. In quantum electrodynamics, 


div E=—J, can be regarded as Dirac’s y equation (the field equation which contains no 
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time derivative of field quantity, see §3) and is used as the generator of the general 
gauge transformations. On the contrary, for the gravitational field we have no ¥ equa- 
tion except in the case of free graviton owing to the existence of time derivatives in the 
source density. However, replacing the time derivative by space derivatives with the aid 
of field equation for the spinor particle, we are able to obtain 7 equations. 

In § 4, starting from the Heisenberg representation end using the familiar covariant 
formalism, we decompose 7,, into the transverse part and the gravitational potential with- 
out using the coordinate condition. We obtain the same interaction Hamiltonian in the 


interaction representation as in [I]. 


§2. Gauge invariant Lagrangian density 


We shall find the Lagrangian density which is invariant under the general gauge 
transformation (1-2), with the aid of the ‘vier Beine’ Hz,” (the index a represents 
the a-th leg, whereas the index 4 represents the 7th component of the vector with 
respect to the coordinate system in the curved space with the metric Oe FLA The 


usual Lagrangian density for Einstein’s gravitational field 
Le= (1/«") Vg 7 (Ol 3 Pl as yl ee) (We : 1) 


where I}, is the Christoffel three-index symbol and «°=167G (G: Newton’s gravitational 


constant), can be expressed in terms of Hz, as* 


Le=— (B/@) (80 Hep Pty Hrs Hy He* Hg" — 29 Hee Py. Hip He * He 


— 40) Hp )0 ty Hen Hy He" Hs* Hs} + (2/1?) 9, {H5"0, (He?) } (2:2) 


zp] 
where H=/g. To investigate the quantum theory of the interaction between the 
graviton and the elementary particle, it is convenient to regard the Einstein theory as a 
theory of gravitation in a flat space with a Lagrangian density containing an infinite 
number of terms. Since (2-2) is invariant under the general Lorentz transformation 


(the parameters of transformations depend on the coordinates) in @-system, we can assume 


temporarily Hy, having the form 
Ei 0 a, oie ayes (2-3) 
Expanding (2-2) in powers of x, we obtain in the lowest order approximation 
Lg=— {Ae sbicarPtePovy— FO can roma — 2 Oro hp Prohieat (2-4) 


apart from the divergence term which contributes nothing to the equation of motion for 


hz. The Lagrangian density (2-4) is evidently invariant under the gauge transformations 
hz, =0,A, (25) 


where A, are arbitrary functions. 


* In the following, we make use of the symbols: Aq-y)-=Ayv:+ Avy» Atuey= Ap: — Aven > and 
take the units /=c=1 and space-time coordinates x, x2, x3, X47. 
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In order to proceed in parallel with the discussion in [I], we introduce 7,, by the 
equation . 
Tpy =hz, bs, — 0, py). (2 . 6) 
: 5 : debe + 
The 7,, is related with Jyy by the relation Juv =O py +KQ wv — 2 Opal Ad).- Let ay be the 


antisymmetric part of hj, i-e., 


a (2-7) 


LY =hz, Ps 


u Be 


In terms of 7,, and a,,, (2-4) becomes 
Ly; ae Ow c Ou aa ZO es ® 0.7 ua as 4937 pp OF sc 5 0, bee 7. 4.) 0, (Taw +4y) 


= 0, Moe + dy.) 9, Fa “he d),) if (2 ¥ 8) 
In what follows, we take 7,, and a,, as field quantities. The above Lagrangian density 
is invariant under the gauge transformations : 
Of ww=IuAy —0.,9,A3; Gay, =O, Ay (2 -9) 


which are the consequence of (2-5). 


In the presence of matter field, we add the interaction Lagrangian density L, to L,: 


L,= =a («/2) (Fuv—FO unr) des (2 : 10) 


where T,, is the symmetrical energy momentum tensor for the matter field. The field 


equation for 7,, is derived from the Lagrangian density (2-8) with the interaction term 
(2-10) 


CL) uv = CRB Ba ahh =e 40, tet [2 KT yy aa («/2) Gy dx : (2 ra! 1) 
By contracting “ and », we have 
7. +29,9,7.,=KT aa. 


Inserting this equation into (2-11), we obtain 


C] Vu i. cg p aay 6 Rie yt 3 0, VOD oT dp — BE yy. (2 x 1 2) 


For a,, we obtain only a trivial equation O=0. That is, a,, are completely undetermined. 


§ 3. Canonical formalism 


As we have dropped the coordinate condition, the time derivatives of the field 
quantities are not independent functions of momenta. To such a dynamical system the 


usual canonical formalism is not applicable. Therefore, we refer to the Dirac’s method 


of generalized Hamiltonian dynamics’.* We shall first summarize the Dirac’s method 


with a few modification so as to be applicable to our problem. 


* R. Utiyama once attempted to give a different method for the quantization of Einstein’s linear 
gravitational field interacting with the vector meson field.) 
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On the analogy of the particle dynamics, the field quantities y,(A4=1, 2,..., p) and 
its space-like derivatives 0),y, are called coordinates, and time-like derivatives ¥4=(n9)y4 
velocities. Momentum densities //“ which are canonically conjugate to y,4 are introduced 


by the ordinary definitions from the Lagrangian density L(y, 9,4) 
IT*=0L/Oy,. (D-1) 


If //* are not independent functions of the velocities, the velocities can be eliminated 


from equations (D-1) and some equations (called ¢ equations) involving only coordinates 
and momenta 


We lena Od), Osy4)—=0, m= 1;'2)...,°q (D-2) 
can be obtained. 

The equations are distinguished in two kinds. One is called strong if it remains 
valid after the infinitesimal variations of coordinates, velocities and momenta are performed 
independently of each other. Weak equations are those which in general do not remain 
valid after such a variation. Strong equations are written with the sign =, weak equa- 
tions with the usual sign =. (D-1) and (D-2) are weak equations. If we multiply 


two weak equations together the resulting one turns out to be strong. For instance, from 


(D-1) 


(II4—AL/33,) UI4—8L/8},) =0. (D-3) 
Hamiltonian density, defined in the usual manner : 
H= [I*y,—L (D-4) 


can be expressed in terms of 9,, as 
A= Giles V A> Ona) +n Bm (D- 5) 


where v,, ate functions of the coordinates and velocities. By taking the time ¢ to be an 
extra coordinate y, and using the equation y,=1, the Lagrangian density can be regarded 
to be homogeneous of the first degree in all velocities, including y). In this case, H 
can be expressed as 


iy eee Umi Pmt . (D i 6) 


Among the field equations, the one which can be expressed in terms of the momenta 


and the coordinates is called 7 equation: 
u=0. (D7) 


A $,, is defined to be a first class $ if its Poisson bracket (P.b.) with every @ and 
7 vanishes, and a @,, which does not satisfy this condition is called a second class ¢. 
As the equation of motion is not consistent with the equation 6=0 where @ is the 
second class, the Hamiltonian form must be modified. For this purpose, the following 


P.b. is introduced : 


& 7/)*=6 7) +\\ dix!!dx!" (E, 0!) Con (8, 1) (D-8) 
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where J, are the second class 4, (5, 7/) the usual P.b. and 


Coy == co-factor of (4, Hi") /D (D-9) 
with 0, thes Gis) 5 (G4; BNO WS . 3 (4,", Gf) | 
— (Oe. ES > 0, (a, Git) >. Nite (es. Geo 
ee 
| (Gide Day 0 


By using the above Dirac Pb. instead of the usual one, each of the second class ¢’s can 
be regarded to vanish in the strong sense, and the degree of freedom can be reduced. 

The quantization is carried out on the following principles. 

i) New P.b. relations between the classical variables, (y.4(x), /1*’ (x’))*, correspond 
to commutation or anticommutation relations between the operators : —ilys(x), 114” (x’) = 
==—i(y4(a) II" (w’) FIT (%') ya ())- 

ii) The first class 6 and 7 equations between the classical variables, 6(//*, ys) =0 
and 7(//", y.4) =0, correspond to linear conditions on the state vector /: O(//*, y4) ¥ =0, 
7 UI", ya) ¥ =0. 

We shall now apply the above Dirac method to the case of free graviton. The 


canonical momenta //,, and A,, conjugate to jy, and a,, are derived from (2-8), 


respectively 
y= — OL Gg /9 (x7 pv) =3 — 2.2.97 un + OF py — 39% Tyn Fyn) (3-1) 
—$n05 Fy + 4,y)) — 40,9722] - 
Aw =4[9f. ing t ain) — 2.98 Fira ah) — Wary nn] (3-2) 
where 


Tun=MF urs Tran uvr Ton =P an TT nme 
Tv Sv =f Nal nv) ar NM an =) wv % Nut nv) 1 MWVrns (3 3) 
O==(nd0), 0% =0,-+n,0. 


Equation (3-2) is clearly @ equation because of involving no time derivative. We denote 
it by 


Pav = Ay ney A Of (Fav} at ay) td ney, Hv sis ay) a fu 7 nn] =0. (3 4) 
From (3-1) and (3-2), 
Ags ae Aas = ral iad ey + OF Fas er dou) i (3 é 5) 


Then we obtain § equations 


Met Ay =0. (3-6) 
Similary 


$,= 17}, FHC. (3:7) 
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We can show that 7 equations exist. From the equation (2-12), we obtain 


SF pn — POF pr + 9.97 nn — WOM an HM PAIGT 3p =O (3-8) 


where 4==030;==[]+90°. Expressing 974, and 97,,, in terms of momenta with the aid 
of (3-1), we obtain 7 equation 
9) UL As.) Od] oa 0. (3-9) 
Similarly 
Ue = Ain Oo 0g — O- (3-10) 


Thus, requisite @ and y equations are obtained. 


We shall next transform the Hamiltonian 
i= Openly... ca 2076, 1a Ss eit tee, om 20 diy Any am Oa Ans ae Le (3 at 1) 


into the form of (D-5). For this transformation, we must use the strong equation 


alone, such as (D-3). Adding the strong equation : 
OU + A ry + ) (rey ad Ot. < Oa, bey 30:07) F + [ilar “oe 137i a Ora — 20° (rs = dn) } P 


—3[ITE, — Tan — 4 {37 an — O12 — 295 (Tn don) } P= (3-12) 
to (3-11), we obtain after straightforward calculations 
H= 9-9, mu On — 207 ar Pit Pdur’ Pyv (3-13) 
where 
© =CTf, +A, £65, Tan) 83 Fin + Gin) + Dg iy — TERT + A Ay — Le 
$4 (B87 nn 87 nn — 2987 rin * O87 rn 1 LOK me * nT na TF O47 nn” O97 pp) (3-14) 


in which L’, means the term of L,, having only the space-like indices, i.e., 
$= — AO, - O57 by — 288 ep * Oona — BOAT pp * OM pp 
+35 (78, +45.) 98 7h, tah) — 96 Von + tu) 8 hy. + the) i) (Gats) 
In order to study whether the above ¢’s belong to the first or to the second class, 
we define P.b.’s at t=?" 
U7, ? Tip) =— 40 wr O(x—x"), 
ie’ hit bake (3-16) 


(A, ee) se 3 Opy 29,0 (x—x’). 


As is easily seen, each @ has zero P.b. with every ¢ and x. That is, all ¢ and 7 belong 
to the first class.* Therefore, the quantization is easily carried out by putting ¢ and 


* y,° defined by (3-9) and ¢, by (3-7) play the role of the generator of gauge transformation. In 
fact, if we take the generator as 
G=—{ (dx) [24 {0, rs + Avs) +p Too} +9,.4y Ter + Meo} 
in the special reference system ny = (0, 0, 0, 4), Orej= (11g G) and da4j;=(aij,G) are nothing but the 


gauge transformations (2-9). 


562 T. Kimura 


y equations as the linear conditions on the state vector 7: 


IEE Tl? =0, Giz) 
[i +4,,|)% =0, (36179) 
[Any —4 88, ivy + tiny) — up pra F avy) — Ofna} JP =0, (3-173) 
[8 Tj, +A) +95 unl? =0, (S-178 
[47un— 95,0875, 17 =0. (3717,) 


We shall here introduce a new field quantity, 7, because of the following two reasons : 
i) Among the 6 equations, only ¢, defined by (3-7) is the relation among JT, them- 
selves, while the others contain 4,,. So we should like to change the weak equation 
(3-7) into the strong one. ii) It is desirable to develop the theory in parallel with 
[I]. The new 7 is defined through y” equation 


12 ==7—7n=0. (3-18) 

And further, we assume that the canonical momentum density conjugate to 7 is 
A=—07). (3-19) 

Since the P.b. of ¢, with 7 is not zero, the 6, and y° belong to the second class. 


Therefore, we shall use the Dirac P.b.’s. By taking 6,=¢, and 6,=y for @’s in (D-8), 
C, defined by (D-9) are expressed as 


0 40 (x!’—x!"’) 
40 (x! —x!”) 0 ) 


WO 


Hence, the new P.b.’s defined by (D-8) become 
GER Trp) ‘== ~ 4[O ur, —3,, (O,, 2n,n,) jo (x —x’) > 3 ° 20,) 
(A, w d),) ‘——— AOrprOvjp9 (x =e.) ’ 3 : 20,) 
(A, Tp) ‘= — 3[9,, a 2n,n, | 0 (x — x’) > (A, ge +=—¢ (x —x’) . (3 20.) 


The other new P.b.’s not presented here are zero. Thus, if we work only with the 
? 9 . . 

new P.b.’s, we may assume that @, and 7 vanish in the strong sense without getting 

a contradiction, because new P.b.’s of 6, and y” with any dynamical variable are zero. 


Accordingly, we can reduce the freedom of //,,,, 7, and supplementary condition (3-17,). 
Putting 


Hy = IT Fey A; (3-21) 

A=A— y= — Tony (3 ° 22) 
we have 

Civ Tig) *=—404.0),0 (x4— 2’), (3-23) 


(A, 7%) *=0, (A, 7) *=—8 (x2). (3-24) 
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These new P.b.’s have the familiar forms. 

Hitherto we have discussed only the case of free graviton. We shall next consider 
the case where the matter is present. When we take Bose particle as a matter field, 
there occurs no more complicated feature than in the case of free graviton and the 
quantization procedure is followed in the way similar to that in the free case. This 
corresponds to the following fact. For the system of Boson and graviton, there exist 
unitary transformations which connect the canonical variables in the interacting system 
with those in the free system, while such transformations do not exist for the system of 
Fermion and graviton. Then, we shall deal in detail with the case of the graviton 
interacting with the spinor particle only. 


As the Lagrangian density we take 


L == L¢ a 4 (fa,O,0 ie 0, ay =e 2m’) i («/4) ides ($a,A,p a 0, pay) (3 © 25) 


where h,,==7yv—3ew7 and =a, (¢* : Hermitian conjugate of ). The momentum 


densities, /J and /]*, canonically conjugate to ¢ and * are 
I= (1/2) f° [1 — (e/2) (@n@avna +37) 1, (3-26) 
IT* = — (i/2) [1— («/2) (Anata +37) NY (3+ 26,) 


As the equations (3-26) do not contain time derivatives, they are also 9 equations. 


We write them as 


ppan.—*| (1 ie 7) =: («/2) (f* a,@) atu = 0, (3 ‘ 27;) 


gf =I +il(1 — 27) bo ODI (nated) | =) (3-272) 


The ¢% and ¢,, have the same forms as those in the free graviton case. Setting up 


the P.b.’s 


Ue, i) SUT, $8’) =— 998 —*') (3-28) 
we obtain 
(6 (x), © (x')) =— iE? (x—2x’) (3729) 
where 
E == Il («/2) {QT nr a aT 2 G3 30) 


The ¢f® and 6 are then the second class ¢’s. And further they have non-vanishing 
P.b.’s with ¢5 given by (3-6). Therefore, it is necessary to turn @=0 and ¢f°=0 
to the strong equations. For this purpose, we shall adopt the Dirac P.b. (D-8). 
Taking 

6= 62%, Op =OP (e31) 


as U,, we obtain 
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i(1/E) 490 (x —%'"), 
Cod s/6)ud(a-#", SED Sar Sis a a we 

New P.b.’s are then 
(Pus $3") *==—i(1/E) 99 (X—*’), (3 -33,) 
(IT ,, Is,) *==i (2/64) $ ayety, (1/E) 00,99 (x 2"), (3-33,) 
U1 5,5 6") *=S («/8) (1/E) ene (x—*’), (3 -33,) 
CT ,, 6°’) *= («/8) p* aa, (1/E) 9 (x— x’), (3-334) 


(A, $f’) *==— («/8) (1/E) $2 (x—x’), 
(A, o*') *==— («/8) $* (1/E) 8 (x—2’). (3°339) 


The other new P.b.’s not presented here have the same forms as the old anes. The 
above new P.b.’s have forms different from the usual one, because each right- hand side 
of (3-33) involves 7,, and 7 through E and further //;, have not zero P.b.’s with 
and JJ, Therefore we must extend the Dirac method so as to give the familiar P.b.’s. 
For this purpose, we shall use the following quantities instead of the original one : 


g=svEyd, p= VE (3 +34) 

with 

SE =1— (/4) (eegetatan +1) — (0/32) (neat +37)? +0), (3-35) 
and. 

Ty. = Ty. — (47/64) Pt LQ, QyT np * Uy Qy — Ay Qy* MAT nr} $Y +O (K°). (3-36) 
For the new field quantities ¢, ¢* and //,;, we have the familiar P.b.’s 

ar $f!) "= — id (x2), 

CT yas IS) *=U 6) es Pee 030499) 7=0. G-377 

Thus, the quantization is carried out by replacing the Dirac P.b.’s in (3-37) by the 


anticommutator or commutator. But, there appears an undesireable feature. Owing to 
the existence of non-vanishing P.b.’s among //,;, (in «° order term), the supplementary 
conditions (3-17,) become inconsistent with each other. However, since we confine here 
ourselves to the first order term in «, we do not take this fact into account. 

We shall consider the physical meaning of (3-37). This means that we must take, 
as the creation or annihilation operator of the spinor particle, the one which involves 7,,, 
and 7 through VE given by (3-35). As will be shown in the following section (ste 
also [I]), Yn, and 7 give the gravitational potential. That is, in order that one may 
quantize the system of the gravitational field and the spinor particle consistently, it is 


necessary to take the creation operator of spinor particle accompanying the gravitational 
potential, 
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At first sight our procedure seems to be different from the usual formalism, but 
essentially this is not the case. In order that the usual quantization method of Heisen- 
berg-Pauli may be applied to the spinor field with the interaction term containing its 


derivatives, we must choose the canonical variables ¢ and /J so that 0,¢ and 9,// are 


7 


not contained in the interaction Hamiltonian, and that iJ//=—y*. So far as we take 
the original ¢ as ¢, we cannot eliminate time derivatives, while we can do so by using 


our ¢ and a given in (3-36). Also, according to the method extended from the 
Yang-Feldman’s in [I], Heisenberg operator ¢ is expressed in terms of fb (x/o) 
Y (x) = (x/o) + (4/4) (@,0,7 nr +37) PF (0/32) (Qi Qivnr +37) °b /o) +O), 
(3-38) 
and ¢(x/c) is used as the canonical variable. The ¢(x/c) is nothing but our ¢. 


Finally, we shall mention about 7 equations in the presence of spinor particle. 


Equations (3-9) and (3-10) are replaced by 
of = 98 IT FAS) $9. — (He/8) { (Ga, — Oi, aenh) + (Gajag—dpaih) } =0, 
(3-39) 
n= Any — VIE — (1/4) (Ga, — Dfiar,gh) =0. (3-40) 


Since the equations (3-39) and (3-40) involve time derivatives, they ate not 7 equa- 
tions. But, using the field equation for spinor particle, we express time derivatives in 


terms of space derivatives : 
Jas ap—dfaiy—=Fa,jp— Afar, 
Ja,ap — dpa, = apy (3-41) 


where the first order term in « is neglected. Therefore we can regard (3-39) and 
(3-40) as ¥ equations in the approximation up to the first order term in «, and regard 


them as the generators of the general gauge transformations. 


§ 4, Covariant decomposition of field quantity 
Now in this section, using the usual covariant formalism, we shall develop the theory 
in the Heisenberg representation. The field equation for 7y.* is given by (2-12): 
C) Tpv a OF Tw aa OP Toit ae B99 Trp SKM tye (4 4 1) 
In order to separate the transverse part from fy, we introduce the projection operator 
Rae : 


K,,=0, 91,0140, + (n, 13,9) 0,4“ — 0,047 (4-2) 


py 


* In this section, the bold-faced type letter stands for the operator in the Heisenberg representation. 
+ : a kh ( = 5 i 
** Tn quantum electrodynamics, Ozaki has used Ky’ =Kyyt 264) {n,n 4—0,°0,*} ). Since the 
additive term does not affect the physical effect, we drop this term here. 
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which satisfies the following equations : 


OK ——— n Ky =0, KyaKuy = Ky, : (4 ‘ 3) 


wy 


The transverse part 7,, is defined with the aid of K,,: 
yet KK Pe (4-4) 
Then the gravitational field can be decomposed into a form 
Tv = Tur TE - (4-5) 
Multiplying Ky, Ky, from the left of (4-1) and summing over the indices /#@ and v 
respectively, we obtain 
Fav t+Kyv9,9,€,=KT yy +4 (ny) —9q9) 4?T,,,) +«(n, 0 —9,9) (n,0 —9,9) 4-°T yn 
(4-6) 
by putting p/=y and =», From (4-1), (4-5) and (4-6), the equation for &,, 
becomes 
[1 8,y—9,.9 Fry — PvP. Eua + (On, —Kyr) 99,8, 
ela] 9 yo) [4 Teg higl= Oud) Atak (4-7) 
The solution of (4-7) can be expressed in the form: 
Ey =&,, (x, «) —Knyd’T,,, —Knn, 4" T+ (¢/2) 244-0), 9T 
=6,,(x, o) +Kn,n,4“T, 


nn 


ae KN, ae f 46 («/2) ny, 4~°03,05, ys (4 = 8) 
where €,,(x, o) satisfies the equation 
C] Env iz, o) =O O1Gxy (x, o) —90,0,E. (x, o) i (O,v—Kyy) 0,064, (x, co) =0. (4 5 9) 


The terms in the right-hand side of (4-8) containing the energy momentum tensor of 
matter give rise to the gravitational potential between the matters. 
We shall next find the solution of (4-6) in the integral form. Taking into account 


the relation J-'D=9-"D, we obtain the commutation relations for incoming field 77% 
from the result of |I| 


[Tits Tie |=idieD(x—r’) (4-10) 
where 
di == 04.0%, — 9.930344 — 0t,,05,05.4-" +.20),05050%4-°, (4-11) 


The appropriateness of (4-10) is also confirmed directly from (3-23). Using d??, we 
obtain 


Tuy =T uv (x, o) rte | (dx’) (AiO tA) De (x, x’) 0,9,Ex, (x, o) 


— (%/2) \ (dx’) de (x, x!) T,, (x’) (4-12) 


where 7,,(x, o) satisfies 
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7%, «) =0 (4-13) 
and D°(x, x’) =4 {€(o, x’) —€(x, x’)} Dx—x’). 

From the definition of 7,, and the property of K,,, 7,, has two independent 
components. After transforming (4-1) into the momentum space, we regard them as 
the simultaneous algebraic equation which determine ten 7,,. We can show that the 
rank of the matrix constructed from the coefficients of 7,, is six. Therefore only six 
components of 7,, can be determined, while the remaining four are undetermined. The 
solution (4-8) shows that €,, contains four components of energy momentum density 
T,,, for the matter field. Since T',, is subject to the conservation law, only three 
components of T',, are independent. On the other hand, 7,, has two independent 
components and 7,,, is replaced by the new independent field quantity, 7, introduced in 
§3. Therefore the four undetermined components must be contained in &,,(x, 7). 


The solution for &,,(x, o) can be expressed in terms of A, (“=1, 2, 3, 4) 
eu. (x, o) =0,4Ay ~ (uw— Ky) 0,A, (4 = 14) 


where A, are quite arbitrary functions. It seems, therefore, that they have some con- 
nection with A, in the general gauge transformations (2:9), and play the similar role 
as d,, introduced in § 2. 

Finally, we shall transform the above formalism in the Heisenberg representation 
into the one in the interaction representation. This can be done by the same method 
that used in [I]. For instance, taking the scalar meson field V as a matter field, we 


obtain the interaction Hamiltonian 


H= («/2) Fes —407|T ys “+ («°/4) [el peel 43 Ta OS dae lags He ae Oe Tes 


ue 


ee ; 1 a! ‘ 
+«[0,4,— 404,9A, Ty + (17/2) 1 o[2d4,49, 4, (OA, +9,4, n,0,M)) AV] 
(4-15) 
where 
T y= 3 [Ou OV —9,,{ (OV)? +mV"} |. (4-16) 


The interaction Hamiltonian is then decomposed into the terms containing 7 and 7 
(whose commutation relation is given by (3-19) and the second equation of (e20)5 
[7,7 Je —4D(x—*’)), the gravitational potential given by the second term of (4-15) 
and the terms containing A,. Using — («/4)7Taa and the second term of (4-15) we 
obtained in [I] the equation of two-body problem in general relativity found by Einstein, 
Infeld and Hoffmann. As A, are arbitrary quantities, they will be unquantizable part of 
the gravitational field. Then, either putting them to zero or making use of the suitable 
canonical transformation, we can drop the terms containing 4,. Thus, we are able to 
show that our formalism without coordinate condition gives the same descriptions as [I]. 
It seems to be interesting to compare the present formalism in this section with the 
canonical formalism given in § 3. Integrating by parts the first term of ) given by 
(3-14) and using %, equation (3-39), we can drop the interaction terms containing Tate 
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Though we cannot drop the term containing 7nn, it can be absorbed into the term 


containing 7. Therefore, also in § 3, 7, are not contained in the interaction terms. 


§ 5. Concluding remarks 


We have shown that we are able to formulate the quantum theory of the gravitational 
field without using the surplus coordinate condition which causes the mathematical 
difficulties, so as to give the same result as [I]. So we may conclude that the present 
formulation is a more reasonable procedure than the one with the coordinate condition. 

In § 3, it is shown that the Djrac’s canonical formalism is very useful for the system 
with the interaction Lagrangian with higher derivatives for which the unitary transforma- 
tion connecting the free operator and the Heisenberg’s one does not exist. Therefore, 
on the analogy of § 3, the quantization for the system with non-local action may be 
carried out consistently by using the Dirac P.b. instead of the usual one. Detailed 
accounts of this point will be given on another occasion. 

The author wishes to express his sincere thanks to Prof. Y. Mimura for his kind 
interest in this work. 
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A lattice model is proposed in order to explain the peculiar properties of liquid helium II. In 
the present model, liquid is regarded as a lattice composed of atoms and holes. Each atom can migrate 
by exchanging its position with an adjacent hole if the latter exists. In terms of opetators which 
create or annihilate an atom at each lattice point, the kinetic and potential energies are defined so as 
to have a correct form in the limit of vanishing lattice spacing. Then it is proved that the grand 
partition function of our lattice liquid is equal to the partition function of a system of vector spins 
subjected to an external magnetic field, provided a proper identification is made between correspond- 
ing quantities of both systems. Various approximation methods used in the problem of ferromagnets 
are applicable and enable us to attain the results which explain most of the characteristic features of 
liquid helium. 


§1. Introduction 


In recent years, many attempts have been made to explain the peculiar properties of 
liquid helium II from the view-point of atomic theory.” For the equilibrium properties, 
to which we shall confine ourselves in this paper, two quite different approaches have so far 
been adopted. One is the attack made from very low temperature side, looking for the 
ground state and low-lying excitations of liquid helium as a whole, and the other is the 
quantum statistical treatment of many Bose particles, aiming at elucidating the mystery 
of the /-transition. As to the first approach, the concepts of phonon and roton excita- 
tions, originally introduced by Landau in somewhat phenomenological way,” are now 
not only successful in explaining the equilibrium as well as dynamical properties of 
liquid helium near absolute zero, but are also well scrutinized from the first principle 
of quantum mechanics.” On the other hand, the quantum statistical interpretion of the 
j-transition seems far from being complete. Since F. London, the Bose-Einstein condensa- 
tion of ideal Bose gas has been a leading idea to explain the j-transition, and how 
to include the interatomic interaction into ideal Bose gas has been a main problem. 
Although many ingeneous mathematical tricks have been invented to overcome the dif- 
ficulties encountered in dealing with quantum statistical many body problems, most of the 
theories so far presented on this problem are essentially such ones that treat liquid helium 
as an imperfect Bose gas and accordingly fail to take account of the large atomic ous 
tion in liquid phase.” This is the reason why the gas-like treatment of the /-transition 
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cannot afford but results which reveal serious descrepancies when compared with the real 
phase transition of liquid helium. One may cite, for instance, the following points, of 


which all Bose-Einstein condensation theories could not give a satisfactory explanation : 


(a) The /transition is of the second kind. 


(b) The transition temperature 7 decreases with increasing pressure p or density 
fey ses 


dT,/dp<0 ot dT,/dp<0. 


(c) The specific volume under constant pressure increases with decreasing tempera- 
ture below 4 point. 
In order to settle these questions, it would be necessary to make a liquid-like treatment 
of many Boson system. 

Beside these unsolved questions, furthermore, there remains another problem of how 
to reconcile the two approaches or the two concepts of phonon-roton excitations and Bose- 
Einstein condensation. A few attempts are reported on this point,” but the interrelation 
between the two different approaches does not seem to have received a good elucidation. 

In these circumstances, it would not be meaningless to confine ourselves for a mo- 
ment to a simple model which keeps the essential features of actual liquid helium and 
yet is easily dealt with, leading to a definite conclusion about the behaviors over the whole 
range of temperature. The aim of this paper is to work out such a model as is capable 
of clarifying all the peculiarities of liquid helium as simply as possible. In § 2 a lattice 
model is proposed for liquid helium and the Hamiltonian of the lattice liquid is set up. 
It turns out in §3 that the grand partition function of the lattice liquid defined in § 2 is 
proved to be mathematically equivalent to the partition function of a system of vector spins 
and thus the problem is reduced to the study of the thermodynamical properties of a ferro- 
magnet in an external magnetic field. In § 4 a molecular field approximation is adopted 
in order to examine the nature of the phase transition expected in both systems. In a 
crudest approximation (Weiss approximation), our model provides a second kind phase 
transition, transition temperature of which having a correct dependency on the density. 
In §5 the nature of the states near absolute zero is studied by making use of spin-wave 


approximation in the problem of ferromagnets. This approximation affords us in a natural 
way the phonon excitation of lattice liquid. 


§ 2. Lattice model of liquid helium 


The lattice model for classical liquid is a well-known method which provides an ade- 
quate approximation for the purpose of taking into consideration the large atomic correla- 
tion in liquid phase. Each atom is assumed to occupy only discrete lattice points and 


the configurations of liquid are described by the distributions of atoms and holes among 
the lattice points. By choosing a proper magnitude of lattice constant, and excluding the 


multiple occupations of atoms on each lattice point, one can account for the effect of the 
strong repulsion between atoms. 


‘se 
a) 
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In extending this idea of lattice model to quantum liquid such as liquid helium, it is of 
primary importance to take account of the effect of the zero point motion of the atoms.” 
Since considerable increment in kinetic energy will be caused by localizing each atom in 
a lattice configuration, it must be reduced by mixing various configurations. This means 
that, in the lattice representation on which our lattice model rests, the kinetic energy 
has large non-diagonal elements such as to produce transitions among various lattice con- 
figurations. Taking consideration of this effect of the kinetic energy on one hand, and 
of the excluding effect of the strong repulsion between atoms on the other hand, we shall 
construct a lattice model for liquid helium in the following way. 

For simplicity of presentation we take a simple cubic lattice with a lattice constant 
d. It is convenient to adopt the scheme of the second quantization, and define operators 
a;* and a; which creates or annihilates an atom at the i-th lattice point. For Bose par- 


ticles, we assume the commutation relations 


[a,*, a;*|_=[a,, a;|-=[4, a;*|_=0 (1) 
for i*<j, and to exlude the multiple occupation of atoms at each point, we impose for 


i=; the restrictions 
[a:*, a*],=[4, a:],=0, [4, af ],=1. (2) 


In other words, the operators with different lattice indices are commutable to each other 
and with respect to the same lattice point they have a character like Fermi particles. One 
might ask whether such operators as satistying (1) and (2) simultaneously could exist, but 
a momentary reflection would make one recall that they are nothing but a set of algebra 
equivalent to the spin with magnitude of 1/2. 

Now first we shall set up the potential energy of the lattice liquid. We consider 


here the following potential energy v between two atoms ; 


P= oO if the two atoms occupy the same lattice point (this case is forbidden by 
(2)), 
v=—v, if the two atoms are nearest neighbours 
and v=0 otherwise. 


Then the total potential energy of the system may be written as 
D=—v, dha;*aa;*4,, (3) 
<i> 
where <ij> means to take the summation over all the nearest neighbouring pair points. 
a;*a; represents the number of atoms occupying the i-th point, and therefore the total 
number of atoms is given by 


D> di\a,=N). (4) 


As to the kinetic energy, we shall make an assumption that each atom can make a transition 
only to one of nearest neighbour sites when it is vacant. Such a transition is evidently 
generated by the operator of the form a,;*a,; where i and j are nearest neighbour to each 


other, and the non-diagonal part of the kinetic energy will be a sum of the operators of 
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this form. In effect, we propose as the total kinetic energy of the system 
K=(7/2md") >: (a;* —a,*) (4;—4;), (5) 
<i> 
which is suggested by inspecting a limit of the kinetic energy of continuum 


daly! 


dx, 
2m J Ox Ox 


where m is the mass of the particles and ¢*(x), ¢(*) are quantized wave functions. 


Making Fourier transforms of a,;* and a, by the relations 


ay* = NS exp (—ikr) a;*, 
j 
4,=N-"Slexp (ikr,) ay (6) 
| 


where N is the total number of lattice points and r; the positional vector of the th 


point, and on expressing K in terms of (6) one gets 
Kj @k/2m) a,* ay, (7) 
Te 
provided kd<1. This agrees precisely with the kinetic energy of free particles and thus 


(5) is proved to have a correct form for long waves. 


After all, we start with a Hamiltonian of the lattice liquid given by 
M,= ifaw) Sate ae) (4;—a,) —v9 Pde a;*a;. (8) 
To know the thermodynamical properties of our lattice liquid, it is most convenient to 
construct the grand partition function defined by 
5 ,=Trace[exp(—a>}a;*a,—f 1) il, (9) 


from which all thermodynamical quantities are readily calculated. 


For instance, using chara- 
cteristic function Y=log =), 


the number of atoms N= — (OF /da) s, (10a) 
internal energy E=— (OV /0P)., (106) 
pressure pV /kT=¥ etc. (10c) 


On the other hand, as was already pointed out, the operators satisfying (1) and (2) are 
equivalent to a set of N spins each of which is localized at each lattice point and has 
the magnitude of 1/2. Indeed, for S=1/2 the spin operators 


Sj =Syet 185, (11) 

satisfy the following commutation relations : 
[Sis Sj. |-=[S,_, §,-]-=[S,_, py pac —4 (iF)) eh 
[Sis, Ser], =[S:-, S:-]4=0, [S,_, Six ],=1. en 


A Lattice Model of Liquid Helium, I Sie 


These are the same as (1) and (2). Furthermore, as the z-component of spin S,, can 
be expressed in terms of S,, and S,_ as 


§;,=S;,5,.—1/2, (12) 


there should exist a certain system of spins equivalent to the lattice liquid with a Hamil- 


tonian (8) by the correspondence a,*<—S;,,, a,<—>S;_. Let us study such a system of 


spins in the next section. 


§ 3. A spin system equivalent to te lattice model 
Let us consider a spin system whose Hamiltonian is given by 


4 p= JEN Ser Sse + 8.y Sy) JS Sie Ss. = HDS (13) 
i <ij> i 
Hy tepresents the energy of spins which interact with an anisotropic exchange coupling 
and are subjected to an external magnetic field. Making use of (11) and (12), (13) 


can be easily rewritten as 
Por 2 (Si S54) (S,_ a) aay >I Sis 5; S55 Sj_ 
<ij> <ij> s 
~ (H+2/2-J—e/2-J) D8. Se +N/2» (H—1/4-2]), 


(14) 


where z is the number of nearest neighbours. Now let the partition function of this 


spin system be 

2 ,=Trace [exp(— 6 ,) ]. (15) 
Then, comparing (8) and (9) with (14) and (15), it is readily realized that 2, and 
=, are equal to each other except for a multiplication constant, namely 

#,=C4,, (16) 

if the following identification is made: 

i /2md*=]/2, mgen] ty (47,) 

a= —B {H+ (2/2) J—(¢/2) J}, C=exp [ (N/2) 8 {H— (@/4) JV} 


Therefore, if we know the thermodynamical properties of our spin system, we can presume 
the behaviours of our lattice liquid by simple translation, and vice versa. 

The relations between the physical quantities of both systems are straightforwardly 
found. First, the density of the lattice liquid is connected with the magnitude of the 


magnetization of the spin system along z-axis. For, by virtue of (10a), (16), (17), 


Nee (oor) 
Oa 


a) = 

=________ | log C+log & 

sappy los C+ 8 $21 
=N/2+<>$,>. 
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Or, if we denote the density of the lattice liquid by N,/N=?; and the mean value of 


the zcomponent of a spin by <S.>=€, then it holds that 
20=1+26. (18) 


It is natural to assume p>1/2 for liquid phase and so we may confine ourselves to the 
case (>0. Next, by (17) the chemical potential of the lattice liquid p=—a/ cor- 
responds to the external magnetic field apart from an additive constant. And the pres- 
sure p of the lattice liquid is identified with a linear combination of free energy per one 


spin f and external magnetic field measured in proper energy unit: 
pd?’ =—f+1/2-(H-2/4-J), (19) 
where f= — (1/8N) log =, and we put the volume V=—Nd°*. In Table I we summarize 


the relations between the corresponding quantities of both systems.” 
It is noted that the kinetic energy of the lattice liquid corresponds to the exchange 
energy of spins which prefer to direct perpendicularly to the zaxis, if external magnetic 


field is absent, on account of anisotropic exchange coupling. In other words, to maximize 


Table I 


Identification of corresponding quantities 


Lattice liquid system of ferromagnets 
volume/d® = number of spins 
number density p = e+1/2 
chemical pot. y = H+2/2-(J-—J’) 
pressure pd® oa —f+1/2-H—-1/8-zJ 


na nina 


the negative of exchange energy by making as many spins as possible point to one direction in 
the xy plane corresponds to minimize the kinetic energy of the lattice liquid by making the 
localization of each atom as small as possible. And when the spin system becomes to 
magnetize spontaneously at sufficiently low temperatures, there appears a long range order 
by which the direction of any two spins, however distant, are correlated to each other. 
Corresponding to this phenomena of long range order in ferromagnets, there would appear 


or. ; a . : 
in the lattice liquid a kind of “long range order of momentum”, which might have a 
bearing on superfluidity.” 


§ 4. Phase transition 


In the preceding section, we have found that there exists an intimate connection 
between the thermodynamical properties of a system of ferromagnets and that of lattice 
liquid. Therefore, one can expect that the appearance of ferromagnetic ordering in one 
system will be related to the occurrance of the 2-transition or of superfluidity in the other. 


In order to examine this relation, it is more convenient to start with the ferromagnetic 
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system, because the physical phenomena involved in this system are more familiar and 


more easily understood by intuition. First we shall classify two cases according as J’ >J 


Bee) ]’. 
The case of J’ > J. 


This is the case where the exchange coupling in the <z direction is stronger than 
that in the x or y direction, and hence at sufficiently low temperatures a spontaneous 
magnetization appears along the zaxis. This implies that in the lattice liquid there ap- 
pears an order of the distribution of atoms and holes such that atoms and holes congre- 
gate separately to each other. This case should rather be regarded as a case whete solid- 
liquid or liquid-gas condensation occurs. To exclude such a phase separation, we must 
impose a condition 


1 an 4 


or 


i? /md?>v). (20) 


(20) should be considered as a condition that the lattice system is a homogeneous 


“quantum liquid”? down to absolute zero. 


The case of J>J’. 


In this case a spin ordering in the xy plane will exhibit at sufficiently low tempera- 
tures. To see what happens in the lattice liquid, we shall first solve the problem of 
ferromagnetism by means of molecular field approximation, and then translate the results 
into the languages of the lattice liquid. 

Replacing the exchange interaction between neighbouring spins by molecular field, the 


one spin Hamiltonian is written as 
= —zJ § S,—(H+zJ' OC) S=—~a5,—b5;, (21) 
where 
a=zJé, b=H+zJ'C, (22) 


and € and © are statistical averages of S, and S, respectively, defined by 


log Trace [exp (— —PX,)], 


i 


“3 7089 Be 


€ a Se slop Traces exp (= Ba, NIE 


0 a 
The eigenvalues of (21) are easily obtained as -+ (1/2) V@+8", and by noting that 
Trace [exp(—f46,) ]=2 cosh i vate 


(23) are reduced to 


— eC p Wf Ae (24) 
2V @+h 2 


576 T. Matsubara and H. Matsuda 


pe ES EIS (25) 
7 2V a+b 2 
Now there appear two cases : 
(i) a=0, ie. ¢=0. 
This is a trivial solution of (24). In this case the spontaneous magnetization is absent 
and from (25) the magnetization along the z-axis is given by 


ee beanie 
2, Ps 


or 


2¢=tanh( #2 c F (26) 


As is proved shortly, this state is stable over all the range of temperature when H exceeds 
a critical field H, and is stable only above a critical temperature T, when H< H.. 


(ii) a0. 
From (24) it follows that 


2_ VEE =tanh 2V EER, 
rd | Zz 


or putting 
X= (2/zNVaei+h, T,=z]/4k (27) 
X=tanh(T,/T) X. (28) 


The equation (28) has a non-zero solution 0 < X(T)X1 when T<T,, in addition to 
a trivial solution X=0. On the other hand, combining (25) with (24) one gets 


€=b/zJ=(A+2J'0) /zJ 
and thence 
#4-¢2= (1/4)X*(T). (30) 
When H is given, € is a constant (independent of temperature) and has to satisfy an inequality 
o< (1/2)X(T) of 2H/e(J-J)<X(T) XA, 
from which the critical field H, is determined : 
#,= (x/2) “JJ. (31) 


For H>H,, € cannot be finite and we should go back to the case (i) where ¢=0. For 


H<H,, € is a constant given by (29), whereas ¢ decreases with increasing temperatures 


according to the equations (28) *nd (30) and lastly vanishes at the critical temperature 
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T, determined by 


2¢ =2H/2(J—J) =X(T.). (32) 


Above the critical temperature T>T,, € remains vanishing and again we have the case 
(i). We summarize these results in Figs. 1 and 2, in which ¢ is plotted as a function 
of T (under constant field H) or of H (under constant T). The physical meaning of 
these results will be quite obvious. We are dealing with an assembly of spins, each of 


which is subjected to two competitive forces. One is the external magnetic field which 
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turns the spins to the z-direction and the other is the exchange force which acts so as 
to put the spins into order in the plane perpendicular to the zaxis. When the external 
field overwhelms the exchange force, the ferromagnetic ordering is impossible, whereas a 
cooperative ordering of spins is established when the exchange force surpasses the decoupl- 
ing effect of the external field and thermal agitation. Once the ferromagnetic ordering 
in the xy plane is set up, it becomes difficult to magnetize the spin system along the 
direction of the field. 

Now let us see what kind of phaze change occurs in the lattice liquid. As the 
density of the lattice liquid is related to the magnetization along the z-axis and chemical 
potential /¢ to magnetic field H, the variation of #2 with temperature will be known by 
seeking for the cross points of the constant field curves in Fig. 1 with a horizontal line 
cotresponding to a given density. The results are shown in Fig. 3, from which one can 


draw out the following conclusions : 


P =0.95 p =0.9 Pp =0.85 


Pp =0.75 


° 
~ 
te 

is) 


T/T 


Fig. 3. Chemical potential s versus temperature curves for various densities. 


(1) A phase transition occurs at a critical temperature T, 
si 


This is of the second kind, because the chemical potential reveals a kink at this point 
(2) The critical point T, decreases with increasing density. 


Making use of (28) and (32), the density dependence of T, is given by 
(2e--1) =tanh (T,/T,) (20—1), (33) 


where 
Ty) =2)/4k= ch? /4md?k. 


If er ad uh : : ee 
we identify this transition with the /-transition of liquid helium, the equation 
> 
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(33) yields a fairly excellent agreement between calculated and observed transition tem- 
peratures. For instance, if we take m as the true mass of He’ (i.e. m=6.68 X10™ gr.) 
and choose a lattice constant d=3X10-°cm with z=6, then 


Lp 


For several values of mass density (y=m/d*-~, the calculated T, values are tabulated in 


Table II together with the observed values. 


Table II 
ne ee le el er ee 
ou 0 | T) (calculated) T, (observed) 
0.15 gt/cm$ 0.61 1.98 °K Dislisy “AK 
0.16 0.65 1595 2.05 
0.17 0.69 1.89 ifs) 
0.175 0.71 1.83 1.8 


All other thermodynamical quantities will be easily evaluated with the aid of Table 
I in the preceding section, if the free energy of the spin system is known. The free 
energy per one spin is in the present approximation evaluated as 


(os Jee pe —ir log| 2 cosh 220/24 ASO)" 1 (34) 
2, 2 TE Calis 
The condition Of/O9S=0 and Of/9€=0 give the equation (24) and (25) respectively. 
One cannot, however, expect a quantitative agreement between theory and experiment be- 
cause of the neglect of short range order. In the next peper we shall adopt a more re- 
fined approximation to calculate various thermodynamical quantities and to compare them 


with observations. 


§ 5. Phonon and spin wave 


It is well known that the state of ferromag- 
nets near absolute zero can be correctly described 
by the spin-wave theory and that of liquid helium 
can be dealt with as an assembly of phonons. 
Therefore, these two kinds of exitations are ex- 
pected to relate to each other in our model. 

In order to derive the spin wave Hemiltonian 
from (13), we assume that the magnetization at 


absolute zero makes an angle @ with zaxis (the 


direction of external magnetic field, see Fig. 4), and 


perform a transformation of the spin coordinates 


Fig 4. 


5,=S, cos 0-+S, sin G 
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§,=S, (35) 
.=—S, sind+S, cos 0, 
where ¢-axis is the direction of the magnetization. Then IE, becomes 
Hp=—D[CJ cos? +I sin? A) Si Sp +JS iq Sq + J sin’ 9+! 003° 0) Sig Sie 


<ij> 


+ (J—J!) sin 9 cos O (Sn Spe +5a Sp) +H sin OS) Sx—H cos 9 3iSx. 36) 
Now we shall assume that in the ground state S,,’s take nearly constant value S=1/2 
and introduce, after Anderson,” the normal coordinates of spin waves by the relations 


Sp=(2N) 7? Sexp (tkr;) Qi Sn= (2N) eexP (—ikr;) P,,, (37) 
Re ; 


Sion 2 (on Poy 2/2) - (38) 
The commutation relations for P;, and Q;, are 
[Qh Onli Pe Pe le=a0, (39) 
[Quy PrrJ-= (2i/N) Sexpli (k—k’)r 5) Siz (40) 
the last of which may be approximated as 
[Qrey Pret | =i peter (41) 


so long as S,. is considered as a constant. 4 should be determined in such a way as to 
make the linear term in S,, and S,, vanish in the transformed Hamiltonian’. Putting 


(37) and (38) into (36), and neglecting terms higher than square in P;,, and Q;, we 
obtain the equation to determine @: 


Hsin 0—z/2-(J—J')sin 0 cos 0=0 (42) 
and the spin wave Hamiltonian becomes 
Hsvin ware —3/4- 2NJ— (1/4) zN(J—J) cos* 
sinz/ 2° baIB Es J+ JJ) sin’ 746 1Q4 Qn +2/2 J: > (1—7'n) Pe Pas (43) 
where 
1h=1/z > exp (ikr,). (44) 


The solution of (42) are obviously 


sin /=0 or cos 0=— AE SR 
z(J—J’) 
and the latter is the desired one for weak field. The procedures of diagonalizing iG 
are well known and need not be described here. 
waves is finally given by 


spin ware 


The energy of the assembly of spin 


Poin ware — C ot Sthoru( me “| —), (45) 
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where C is an additive constant 
C= — (3/4) zNJ— (1/4) zN( J—J’) cos” 9, 


and the energy of spin wave with wave vector k, bw,, is expressed as 


boy=e/2- VJ A—rn) (I~ (J cos OFS sin? 7} (46) 


At very low temperatures, important contributions to free energy will come from long spin 


waves for which kd<1 and 7, may be approximated by 
th=1—- 1/z: (kd)? ++ =a 3 


and hence the energy spectrum becomes 


bane (2/2) sin OV J (J—J') /z-ke, (47) 


which is linear in & just as the phonon spectrum is. This result suggests itself that the 
free energy of our ferromagnets as well as our lattice liquid will be proportional to fis 
and the specific heat to T* at very low temperatures, as actually observed in liquid helium. 
It would be interesting to calculate the speed of sound wave from the phonon spectrum 


and to compare the result with observation. The speed of sound wave c is given by 


ea ae EIEIO. 
he a) : d 


bk 

Bide’ 1h md? v,\!" 
ee o(1— 2"). 4 
Se pare P ne 


Putting J’/=v,=0 and sin 1 for a moment and using the following numerical values 
of constants 


m= 6.68 X 10~”' gr. 
d=3X107°cm, z= 6, 


one gets 
c~200 m/sec 


which is in excellent accord with the observed value 250 m/sec. 


§ 6. Conclusions 


We have proposed a lattice model for liquid helium and studied the equilibrium pro- 
perties of our lattice liquid. In the crudest approximation we have obtained the results 
which are capable of explaining, at least qualitatively, the main characteristic of the 7 


trnasition of liquid helium. In order to proceed to a more quantitative discussion, however, 


it is necessary to employ a more refined approximation in evaluating the grand partition 
function of the system. In the next paper we shall undertake this refinement of calcula- 


tions and present a detailed comparison between the observations and what our model 


provides 
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It is the purpose of the present paper to derive some consequences of the hypothesis proposed 
recently by Sakata for the models of pions and of heavy unstable particles. On the basis of Sakata’s 
model, we propose a semi-empirical mass formula for these particles and obtain some interesting results 
from this formula. 


$1. Introduction 


The knowledge of the properties of hyperons and heavy mesons has grown quickly 
in the last few years. These properties (especially associated production, abundant pro- 
duction, long lifetime and cascade decay) have been fairly well explained by the theory 
of Nishijima and Gell-Mann”. In their theory they introduced a new quantum number, 
“ Strangeness ”’, and made the well-known assignment of the isotopic spin (I) and of the 
strangeness (S) for each particle. The present experimental results may be stated as 
follows: the strong interactions conserve I and S and the weak interactions change the 
magnitude of S by +1. 

D’Espagnat and Prentki” attempted to understand the success of the Nishijima and 
Gell-Mann theory on the basis of the present quantum field theory. They formulated 
the Nishijima-Gell-Mann-model as follows: the strong interaction Lagrangian is invariant 
under isobaric rotations as well as isobaric reflections. Furthermore they noticed that in 
the strong interactions not only the fermion number is conserved but also the number 
of isofermions. 

On the other hand, it has been attempted by Goldhaber®, Markov” and Sakata” 
to understand the success of the Nishijima and Gell-Mann theory from substantial points 
of view. In Goldhaber’s model, nucleons, pions and @ mesons are the fundamental 
particles and the hyperons and other heavy mesons are the composite particles of them. 
Markov assumed that nucleons and hyperons are the fundamental particles and pions and 
heavy mesons are composed from them. 

According to Sakata’s idea, only the nucleon (N) and A particle (A) are supposed 
to be the fundamental particles and pions and other heavy unstable particles are regarded 
as the composite particles which ate composed of suitable numbers of N, A and their 
anti-particles (N, A) as is indicated in Table 1. 

Thus, if we assign to the N, A the isotopic spin 1/2, 0 and the strangeness 0, 


—1 respectively, we can get automatically the composite particles having the various 
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magnitude of I and §. Among them there are the particles which are unstable for the 
strong interactions as well as the particles which are stable for them. 
According to this model, the ordinary charge independent 


Table 1. Sakata’s model strong interactions between nucleon family and pion family 


particles : composition are reduced to the assumed charge independent forces acting 
| eon ice between the constituents of the composite particles’. 

; Soe Therefore, with this model, we can reproduce all the 

0, t (NA) essential points of the Nishijima-Gell-Mann-model for the 

: (NNA) observed particles. Furthermore, from the consideration of 

the existence of the particles which are unstable for the 

= (NAA) strong interactions we may have some further insight into 


the various high energy phenomena. 

In addition, referring to the applicability of the present quantum field theory 
(especially that of the meson theory), we might expect that the compound effect plays 
the role of a high energy cut-off and that this model therefore raises the magnitude of 
the critical energy above which the so-called “Ghost” state appears. 

On the basis of Sakata’s model, in § 2, we propose the semi-empirical mass formula 
for the particles having various magnitudes of I and S. In § 3, we investigate the con- 


sequences which are obtained from the mass formula. 


§2. Mass formula 


On the basis of Sakata’s model, we propose the following mass formula for the 
particles in their “ ground state” having various magnitudes of I and S (except for the 


particle with I=0 and S=0O): 
M=1840X (Nx + Ng) +2180X (Ny, +Nz) 

—3400X (Nyx — Nyn— Nyx) — 3050 X (Nyx + Nga—Nya—Nsa) 

—2500X (—Nyaa—Nja) (1) 
where Nx, Nx, Na, Nx, denote the numbers of N, N, A, A in the composite particles 
and Nyx, Nyx, Nux, Nya, Nya, Nya, Naz, Naa, Naxx denote the numbers of the pairs 
of NN, NN, NN, NA, NA, NA, NA, AA, AA in the composite particles respectively. 
We use the electron mass unit in this paper. 

In (1) we have assumed the following : 


(i) the total mass defect of the rany-body system equals the sum of the two-body mass 
defects of all the bonds involved, 


(ii)* [NN]=—[NN]=—[NN] (=my +my —m,,=3400), 
[NA](=[NA]) = —[AN]=—[AN] (=m, +mxz —m,(=mz) =3050), (2) 
[AA]=[AA] (=my +2m,—mz—2{[NA]=—2500), 


* .T 7a . . 
(NN) ;=0 and (AA) virtually go over into each other through the intermediary of the strong 
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where [AB] denotes the two-body mass defect due to the bond A-B. 
These assumptions are based on the following points : 
(i) the stable particles of fermion number 2 do not exist ; 
(ii) the invariance under the charge conjugation ; 
(iii) assuming [NN]=—[NN] and [NA]=—[NA] and employing the values [NN] 
= my +my —m,,=3400 and [NA]=ms +m, —mz =3050 we find the following relations 


My = (xX) = Ma +my +ms —[AN]—[AN]—[NN] > (3) 


™Mp43/2= (NNN) = 2My -- My — [NN] i 2|NN] ? (4) 


within an error of ~200 which is very small compared to my, ma, [NN] and [NA]. 
Where F,°” is the fermion having I=3/2 and S=0 and we identify it as the resonance 
level of I=3/2 and spin=3/2 which comes into play in t—WN scattering in the region 
of the incident pion energy of 190 Mev. So the spin of F,*” is supposed to be 3/2. 

For the three-body particles, (1) reproduces the mass values within an error of 
~200. For the four- or five-body particles of course, the mass values obtained from (2) 


will be subject to larger errors. 


§ 3. Consequences from the mass formula 


For the particles having various magnitude of I and S, we show, in Table 2, the 
composition given by Sakata and the mass values deduced from the mass formula. 


The characteristic results obtained are as follows. 


i) On the “new” particles which may be found in future 

“New” particles which may be found in future will not be so numerous. The 
mass formulas show that there are bosons B,’, B,', B., and BL, with mass of 1700~1800 and 
fermions F2, and F!, with mass of about 2800. These particles are stable energetically 
for the strong interactions and so they may have the chance of observation. 

Since we are considering four- or five-body particles, errors of the mass formula, 
(2), are probably not small. But we may say that the “new” particles, if discovered, 


may reasonably be identified as the above particles. 


In this case, these particles will decay through the weak interactions as follows, 


interactions. This is not the case between (NN) z=0 and (AA). This contribution to the energy is unknown. 
Non evidence of the existence of the particle (NN) 1-02 (44) in low energy phenomena shows that the mass 
(= 2mn— [NN] 7=0=2ma— [AA]) is much greater than the mass of pions. This is the reason why the mass 


formula is restricted to the particles in their “ ground state” having various magnitudes of J and S except 


I=0 and S=0. 


586 kK. Matumoto 


Table 2. The compositions, the masses and the stabilities for strong interactions 
of the particles having various I and S 


Poson a 
——————eeeeEeEEIEIEIEIE]leEeeeeaeaaee = 
I 0 1/2 1 | 3/2 
Nh 0 —ip~) of Sa) 32 | ip | =12 eae 
S Mend d a] ME vs 
i = 0B) 
‘39 (dip ee 
2 (1740) (AApp) | (AApn) | (AAnn) 
a 
stable for>0t++ 6° (1740) stable for—20 
6* (Ap) | 0°(An) ++B,3/2 | +B,3/2 | °B3/? | ~B,3 
1 965 (970) (Anpp) ( Apnn) 
(1250) >7+0 
x* (pn) | 7° nm (pn) 
jf Jem) 
0 peed, 273 |( iF ) 273 
(280) |264(280)| (280) 
AVETEN | TVD +B_,3/2 | 0B_,8/? | ~B_y3/? | --B_3/* 
EAD Ne) (Apin) (Anpp) 
= 965 (970) iaiaay aon? IasDrami | 
(1250) >z+0 
-B_.° (AApi) Bot | -Bgt_ | ~—Bis! 
SS (1740) (Admin) | (AApa) | (AABD) 
—_—_—_—_—OO OSS 
stable for>++ 6° (1740) stable for—20 
Fermion 
I 0 1/2 1 3/2 
ae 0 72. —1/2 1 0 -1 3/2 1/2 —1/2 —3/2 
; ++RF1/2 | +P,1/2 | +++ F, 5/2 ++F,3/2 | +F,3/2 | OF,8/2 
2 (AAppn) (AAnpn) (AAppp) (AAnnn) 
se a ae 
(4300) ->N-+20 (4300) >N+26 
+F,0(Apn) eat ate OF 
1 (3160) (App) | (Apn) | (Ann) 
_._—_—__ ———_— 
>N+0 (3160) >N+0 
+4 F 3/2 +F3/2 OF 3/2 -F,3/? 
5 p 1840 | n 1840 (pp) ian 
a eee 
2400 (2120) >N+z 
ea si 
A 2180 = PB—m) = 
= (An) (4 rae (Apn) 
RSL 2330 (2460) 
5°(AAin)|2-(AAp) +F_,3/2 | OF_,#/2 | ~F_8/2 |--F_ 8/8 
re, — (A Aniip) (A Appn) 
2570 (2600) al SE es LS 
(2880) >2+7 
-F_s? (AA Apa) | De ae ae bee 
=9 (2800) (AAAnin) | (AA Api) |\( AA App) 
—_ = 
stable for>2+0 (2800) stable for>5+6 
— See eee 


B,* and F,* are the boson and the fermion having 
the parenthesis are the mass values deduced from th 
the parenthesis are the observed mass values. 
interactions. 


I=a and S=b6 respectively. The numerical values in 
e mass formula (1) and the numerical values without 
The arrows show the disintegration processes through the strong 
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BY, B > 6+7, (5) * 

BS, Bog 0 ee (6) 
ALO 

Fee Fege> USO 7) 5% 
F447 


ti) On the O—N scattering 


There exist the particles F,° and F,’ with mass of 3100~3200. They disintegrate 
into N+0 through the strong interactions and so have very short lives. Their existence, 
however, gives rise to the resononce levels of I=0 and of [=1 in Y—N scattering in 
the region of the incident @ energy of about 300 Mev.*** 

For the 4* —p scattering, the cross section is given by the following, 


2Xspin of Fi-+1 | aren (8) 
2X (2Xspin of 0 +1) (€—ef")°4 377,’ 


oo TP +p (€) =7i?. 


where % is the wave length of the incident 0, €/~' the resonance energy and J’); the 
level width. 

The role of F,° and F;' in @—N scattering is analogous to that of F,*” in s—N 
scattering. Furthermore, from the investigation of the excited levels of F,°, F,’, F,°” 
and F,? (nucleon) we may have some further insight into the high energy reactions. 
iii) On the spin of 0 

Since in O9—WN scattering there are two resonance levels of [=0 and of [=1 
in the same energy regions, we cannot 


obtain a simple charge ratio of cross sections Beble 3, une value of Wf 


i uty i i, spin of F;} 
such as the one = z—WN scattering. Pp 1 1/2 3/2 5/2 
But the relation spin of @ moldy 
ec 0 1 2 3 
oo tP78 Be I-I= 3.00 Mev) 
4nke 1 1/3 2/3 1 
2 is, es | 35 


ay 2 Xspin_of Fi --1 (=) (9) 
2X (2Xspin of 0* +1) 


* (5) is consistent with the result obtained by Block: Bull. Am. Phys. Soc. 80 (1955), 13. Wang. 
Hsiao, Cheng, and Lii also discovered such a particle as type (6) with mass of about 1300: Acta Physica 


Sinica 11 (1955), 493. 
** (7) is consistent with the result obtained by Eisenberg: Phys. Rev. 96 (1954), 541. If the masses 


A+0 
of F_;9 and F_,! are exactly 2800 as given by (1), then they do not decay into {5)+0. These particles 
G7 
have not yet been found. Bearing in mind the accuracy of (2) and supposing F_,° and F_s! are stable for 
the strong interactions, the masses of F_3;° and F_;! must be found to be 3000~3500. The mass of Eisen- 
berg’s particle are 3000~3100. - 
**k Tt should also be remarked that the existence of such an isobar level with mass of atout 4000 has 
already been found by the analysis of the energy spectrum of the K-meson produced ky N-N collision 
(Alichanow, private communication (1956) to Sakata). 
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gives us the method which restricts the ie of @ and F,', where %,. is the wave length 
of the incident 7* with resonance energy ef 

For the various spin values of @ and F,', W is given in Table 3 

In z—WN scattering, the relation 


ry 


at+p>n*+p(¢=190 Mev) ___ 2Xspin of Fy? +1 


=2 (10) 
Anak: 2X (2Xspin of z* +1) 


| 


restricts uniquely the spin values of 7 and F,°" to 0 and 3/2, respectively, as is easily 


seen from Table 3. 


The author would like to express his sincere thanks to Prof. S. Sakata for his kind 


interest and valuable discussions. 
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We calculate the canonical partition function of the ideal Bose-Einstein gas by the modified method 
of steepest descent without the continuous spectrum approximation in the cases of periodic boundary 
condition and of perfectly reflecting wall condition. Above the critical point the steepest curve is the 
ordinary one through the saddle point. At and below the lambda temperature the steepest curve is 
such that the singularity of the integrand lies on it as a cusp, and the ordinary saddle point method 
loses its validity. The evaluation of the residual term in the integration, however, justifies the usual 
expression of the extensive quantities per particle and intensive quantities as N and V’ sufficiently 
large. In deriving the above results, a sufficient condition for the justification of the substitution of 
b,° for 6,°(V) in canonical partition function of the imperfect gas is given and discussed. 


§ 1. Introduction 


The problem of the ideal Bose-Hinstein condensation is treated by many authors 
since London” tried to connect it to liquid helium. The theories of Bose condensation 
by grand canonical ensemble without the continuous spectrum approximation were presented 
by Fowler-Jones,” and by de Groot-Hooyman-Seldam.? De Groot et al. state that their 
method is not justified because of the use of the grand canonical distribution. We think 
with Landsberg,” that in these methods, N, which they think as given, is appropriate to 
be considered as the mean number N for the given fugacity z. In the theories using 
the method of canonical ensemble one can count the works by Frazer” and by Schubert.” 
Frazer refines the method of Kahn and Uhlenbeck. Schubert points out that the saddle 
point method loses its applicability below the critical temperature. Dingle” tempts the 
refinement of the saddle point method. There seems, however, to be some room for 
discussions. 

The author treats here the system of ideal Bose particles taking the comparison to 
imperfect gas into consideration. The purpose is the derivation of the thermodynamic 
properties, especially the mathematical grasp of the condensation. 

First a sufficient condition for the substitution of 6,’ for b,V)—the generalized 
cluster coefficients—in canonical partition function is given discussing the theory of con- 
densation of ideal Bose gas and of imperfect gas. Then the modified method of steepest 
descent is applied. At and below the lambda temperature the ordinary saddle point method 
loses its validity and hence the contour is taken so that it indents a singularity of integrand. 


The result justifies the usual expression of the thermodynamic quantities per particle. 
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§2. A remark on the volume dependence of the cluster integrals 


We consider the system composed of N particles in the container whose volume is V. 
The content of this section does not concern whether they have individuality (classical 
statistics) or not (quantum statistics), and whether they have mutual interactions or not. 
Assigning the energy eigenvalue of the whole system F;, we have the canonical partition 


function (abbreviated as C.P.F. hereafter) at temperature T, 
OG, Naeger. (2-1) 
The grand partition function (abbreviated as G.P.F. hereafter) of the system at the 
fugacity Z is, 
E'(T,V, 2) =>} Q(T, V, N)z". (2-2) 
¥=0 


We define the coefficient of z’ in the expansion of 1/V-log =(T,V, z) as the 
generalized cluster coefficient, and denote it by 6/(T,V). 


ENT, V, 2) =exp[V SHV, T) eh (2-3) 


In the case of interacting classical particles 6,)(T,V) is identified with the cluster 
integral in which the volume dependence is taken into consideration. 


Then 2'(T,V, N) is given by 


UCT. ean) =e Cellnet il VbIV, af ga ¢ (2-4) 
t=1 i=1 m,! 
Let 
lin bs (RST) =bp (2). (2-5) 
Po 


The expressions in which 6,’ is used instead of 6,(V) in (2-3) and (2-4) are 
denoted by 2 (T,V, z) and Q(T, V,N) respectively. 


atl V2) =exp eee b(T)z'], (2-6) 
N N ™ 

Q(T, V, N) = SiS lm) ee (2-7) 
1=1 l=] m,! 


Usually (2-6) and (2:7) are treated in place of (2-4) for the sake of simplicity. 
Generally, the results from (2-3), (2:4), (2:6) and (2:7) are not necessarily the 
same” even for infinitely large system. 


Here we give a sufficient condition for justifying 
the substitution of 6,’ for b,(V).* 


We fix the temperature T (which is assumed to exist) such that b)(T) is positive for all I. 
If positive constants a and 0 can be found as: 


* The author is indebted to Ikeda’s paper.10 
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exp(—alV~°) <b! V) /b; <exp(alV-°), (2-8) 
then 
llog 2'(T, Nv, N) —log 2 (T, Nv, N)|=O(N™*¢21-9) | (2:9) 
that is, 
; il ; dL ) 
eee log Q'(T, Nv, N) ee NONE ANU RAN Jie (2-9’) 


Proof: We write 
ir (Vb; O20 s i Me A 


¢=1 m, ! 
il (Vb,') my 


l=] m, ! 


(2-10) 
=T {m}. 


A set of the values of m, which makes T'{m,} a maximum (rather the greatest) subject 


to $3 m= N, is denoted by {m/'}, and that corresponding to T{m} by {mij!"} >* 
Then 
Toes) = Te) TO dee > al} (2-10’) 
llog 2'(T, Nv, N) —log 2 (T, Nv, N)| 
Slog S} Tt {m,} —log T! {m/} | 
+ |log S$} T {m,} —log T © {m/} | 
+ [log T' fm} —log T {mt |. (2-11) 
Since 


T' {m/} <3) Th {mj} <PyT'{m/}, 


where Py is the partitio numerorum of N, 


[log 5} T! {m,} —log T! {m/'} | <log Py~ (2N/3)'”. (2-12) 
On the other hand, by (2:8) 
llog Tt {m/'} —log T® {m/} |= m re aN) 
GN a Ue (2-13) 


Erom(2°10'), (2-11), (2-12), (2-13) and corresponding relations for {m/'\, (2-9) 
and (2-9/) are established. 


* One of the sets of m; is denoted by {mz’}, when there exist more than two sets which make 


Ti{m;} maxima. 
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Corollary. Even when positive constants a and 0 satisfying (2-8) cannot be found for all 
positive V and 1, there results (2:9) for v>Uq, provided that positive constants a, O and Uy 
can be found in such a manner that (2-8) is satisfied for V>lv,. (cf. § 8 and Fig. 3). 


§ 3. Cluster coefficient of ideal Bose gas 


We consider the system of non-interacting Bose particles contained in the cube whose 
each edge length is L(=V'). The periodic boundary condition and the condition of 
perfectly reflecting wall are considered in parallel. The upper indices P and R denote 
the former and the latter case respectively. When the boundary condition is not concerned 


‘is attached. In 


but only the volume dependence is taken into account, the upper index 
this section 6,(T, V) of Bose particles is obtained and (2-9) is proved for 2” and for 2” 
by the theorem in the preceding section and by a slightly modified method respectively. 


The energy eigenvalues in the state (/, m,n) of one particle problem are given by 
Ef = (EP +m? +n”) /2mL* (3-1) 
for the periodic boundary conditions, and 
€nn =F (P +m? +-n*) /8m (3-1/) 


for the perfectly reflecting wall conditions respectively, where [, m, n are positive and 
negative integers including zero for the former case and positive integers for the latter 
case. When we denote the number of particles in the state (l, m,n) by mng, C. P.E. 
and G. P.F. are given by 


iC? PN ae > Minn =N) exp [-—> Cran ied (3-2) 

and. 
E?(T,V,2)=1/H Il I [1—zexp{—2 (I++ m? +n’) /s}], (3-3) 
ad @ ial er a) =1/Il MH H [1 —zexp {—7 (2° +-m® + n*) /45} | (3 -3’) 


respectively, where 
s=(L/4)*, A=h/(2mmkT)”, (3-4) 


Since >) >) >) exp [—2 (1? +m? +n’) /s] converges for all finite s, the infinite products 


in the denominator of (3-3) converge in all domain of complex ¢ plane, and have 
zeros at 


z=exp {7 (1? +m’ +n’) /s\, (3-5) 


Therefore the analytic continuation of = ?(T, V,z) exists in all complex z plane except 


at poles given by (3-5). The similar can be said for BACT A eee 


: From (3-3) and (3-3’) the generalized cluster coefficients bi (V) are expressed by 
Theta function.” In the case of periodic conditions 
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bP (T, V) =[S} >} exp (le C4 mt ot) /3} VV 
=[2,(0, il/s) P/IV. (3 6) 
It can be expressed by the inverse transformation of Theta function 
=[(5/D)'P0,(0, is/l) P/LV. (3-7) 
In the case of perfectly reflecting wall conditions, 
b®(T, V) =[0,(0, il/4s) —1}/8lV (3-8) 
ma(45/1)  0,(0, 4435/1) —1 1/80. (3-9) 
In the limit Vo, 
lim 8° (T, V) lim 6°(T, Vyasa (3-10) 


b?(T,V) and 6*(T,V) are positive for all T and V. The former tends to 6;'(T) 
decreasingly and the latter tends to it increasingly. 
The comparison of the series expansion of (3:6) and (3-7) to e”* yields 


1<b?V) [bp <exp(3 PIV-**) (3-11) 


for 0<s/l<co. Thus (2:9) is proved for the ideal Bose gas in the case of periodic 
conditions. 

On the other hend, one cannot find constants @ and 0 satisfying (2-8) through 
the whole V-[(>0) plane in the case of perfectly reflecting wall conditions. 


For s/[/<1, 
3,(0, 4 s/l) — (l/45)'? > exp(—71/45). (3-12) 
For 1<s/I< ©, 
J,(0, 145/L) — (1/4 s)'? > exp(—7(l/45)'"). (3-13) 
When N and V are large enough, s is smaller than N. 
log T* {m/} —log T {m,'} | 


Ne 
=) m/ \log (6° (V) /6,) | 
(=i 


8 Nn = 
= Ss lm] (37/45) +33 V1 mf (37/ (45)") 
~ (=i les 


Lat 
= 3a N( 2 +): (3-14) 


Calseitution of (212) and (B54) im {2 11) yields 


Be oI N= log 0 (T, Nv, N)|<O(W-"). 3-15) 
N Oo 
| 
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Relations of (3:11), (3:12) and (3-13) are shown in Fig. 1. 


2.0 


1.5 


0.5 


cals © 2 0.5 0.25 fs lis 0.8 0.6 
| 
‘ Fig. la Fig. 1b 
an “etlt e. exp[—7z //4s] 
b. 03(0, is/l) f. exp[—z(I/4s) 1/2] 
Con (tfs) 214 g. 1—(l/4s) 1/2 
d. 05(0, il/4s) — (1/45) 1/2 


§ 4. Determination of the contour 


In this section we evaluate 2 (T,V,N) by the modified method of steepest 
descent. We denote the analytic function defined by a power series $} 2’/l° by $(z, 5). 
i=1 


The properties of this function are discussed by Lindeldf,”” Truesdell’ and others.’?"” 


When C is the contour enclosing g=0 and such that |zZ]<1—0 on it, we have from 


(2-6) and (2:7) 


0 (T, V, N) = n\ eM dz, (4-1) 
271 Je 
where 
f(z) =9(z, 5/2) —¢ log z, (4:2) 
A=Vi%, p= (N41) /V=A/v. (4-3) 


Now the contour is transformed so that the imaginary part of f(z) is zero and the 
real part of f(z) tends to —co on both ends of the contour. Write z=re”, log z=Re®, 
where r, 4, R and @ are real, and the equation of the contour is, 
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Im f(z) =Im46(re®, 5/2) —p0=0. (4-4) 


Lindelof expansion of ¢(z, s)””?"” is well known, 
$(@ ) =P'A=8) (—log +35 660) 8D”, (4-5) 
Then 
$2 —=(6/2) 4G eRe avn: enetor 8 


— 0.730 Re*?— 0.0347 Rf? +0(R). 9,=CG/2). (4-6) 


The shape of the contour and Re f(z) are symmetrical with regard to the real axis. 
When r is large (logr>7), (4:4) is transformed to 


x—O0=3 V2/4-0 (log 1) ~*? +O ( (log r) ~*) (4-7) 
and there, 
Re f(z) =—8/15 V+ (log r)*?—p log r+O((log r)~"”). (4-8) 


(4:7) and (4:8) are established by the asymptotic expansion of $(z,5) given in 
Appendix. 
When we investigate the contour near the real axis, we have three distinct cases to 
consider, in which p is less than, equal to, or greater than € (3/2) =, tespectively. 
1° When p<€(3/2) =p, (above the lambda temperature), (4-1) is calculated by 
the ordinary saddle point method. The saddle point is given by z at which 
Zof’ (Zo) = Zo» 3/2) —P= U3 (4-9) 


The contour is orthogonal to the real axis at z=, since f Gy =0&, 4)/% 20- 
2° The case p=p,: The second term in the right-hand side of (4-6) vanishes. 


The steepest curve on which Re f(z) takes the greatest value at z=1 is given by 
O=77/3 +0.730/2V7-R'? +O(R) (4-10) 
when R is small. On this curve, by (4:5) and (4-10), we have 
Re f(2 =C (5/2) —4 V2/3-R” +0.730/2-R+O(R). (4-11) 
3° The case p >?,: The steepest curve on which Re f(z) takes the greatest value 
at z=1 is. given by 
O=27 +4V 2/3 (p—p.) RP +O(R), (4-12) 
when R is small. On this curve, by (4:5) and (4-12), 
Re f(z) =C(5/2) — (9-2) R=4.V2/3- RY OLR). (4-13) 


The shape of the contour is shown in Fig. 2. When p</,, it is otthogonal to 


fherreal axis. at Z,(0 <2 <1), where Re f(z) takes its maximum value. When ~=/?,, 
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it has a singularity of the integrand at the cusp z=1 and crosses the real axis at +7/3. 
When p>p,, it has a real axis as a tangent line at z=1. In the latter two cases, 
Re f(@ takes at z=1 the greatest value on the contour. In all cases the contour goes 
to infinity (Re z>— 00) by (4:5). 


y p =2.0 
p =0.5 Pp =P; =2.612 
C 
p =4.0 
p =8.0 
B 
B B 

cul 

1 = 


Fig. 2. Contour in z plane 


§5. Integration by the modified steepest descent method 


Now we consider the integration on the contour given in the preceding section 


Wh ate 
en p</,, it is an ordinary saddle point method. When p—>p,, the ordinary saddle 


point loses its validity, and the path of integration is taken along the curve indented by 
a small es at z=1. The integration on this small circle, however, tends to zero as 
the radius of this circle tends to zero. 


Therefore we can i 
: € intecrate it over t 
starting from real 5 1°) he curve 


Such an integration can be shown 

| , : to be also of order of exp[/ f(1) 

aca A] by taking a proper choice of €, the main contributing region to the integrand 
e denote %(9<p,) or 1 (9 =p,) by A. The points whose arc distances from A 
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on the steepest curve are €, L. and co, ate denoted by B, C and D respectively. The 
arc length from A along the steepest curve is denoted by t. c¢, and M, are appropriate 
constants hereafter. 

1° The case P< Ps 
On AB 


fa) —ab aM > Re f(z) = f@) —% P—M,t. (5-2) 
On BC 
Re f(z) = f(a) —c?—M,¢’, (5:3) 
Where c,=4 f'" (Z)- 
Let €=A-*", then 
[ everdemeOP (n/a) A400 / Te) 


— eht20 j(n/Ae)'?(1+O0(A")) 41 +O(exp(—«,4'”))}; (574) 
ee ke A"), oe 
BC 


where @(x) is the error function. 
2° The case =Ps 


From (4:10) and (4-11) we have on AB 
dz= (e'™® +O(R'”)} dR, (5-6) 
f(z) oR” 4+M,R> Re f(x) =f) —c,R”?—M,R, (5-7) 
and on BC 
Re f(x) Za fq) —c,t*” —M,¢. (5-8) 


tet C= A-"™, then 


ee deae| ener” dR-e* (1 +0(A-"*)) 
0 


AB 
= eNO gin! 9/3- (Meg) 7 (2/3, Ae?) (1+0(A-"™)) (5:9) 
— Af) etx. V 1/3 eg =2/3 
x 0) (10 (pat). G10) 
where 7(n, Z) 1s the incomplete gamma function. 


3° The case 9 > [Ps 
From.. (4; 12) and (4:13) we have on AB 


dz=(1+0(R") 4k, 
f(a) —GRt MR” = Re f@ > fle) —GR-MR", (5:12) 
where ¢,=?— (s- And on BC 


Re f() eA f ) —c,t—M,t"". ( : 13) 
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Let €=A-*, we have 


\ ef dee erase dR(1 +-O(A-")) 


AR 0 


=e.1/Ac,- (1+0(A-)) (1 —exp(—c,A"”)), (5-14) 
\ eI dz=e™ O(exp(—c,A'”)). (5-15) 
Re 
Integration on CD. Irrespective of p2=/;, we have from (4-13) and (4-14) 
dz= —exp{3 V 7/4: (logr)~*"} {1+O0( (log r) ~*") } dr, (5-16) 
ee dc=| ‘exp [ —Ac, (log vr)” +O ( (log r) ~"”) ] 


x {1+0 ((log r)~°") } dr 


< eae "dr=O(exp(—c4)). (aq=c,log L) (5-17) 


L 


Thus we get the following results : 
For p<, (above the lambda temperature), 


2 (T, V, N) =A,A-™” exp [Vi-* 4 (@, 5/2) — (N+1) log x ]- (1 +0 (A), 


(5-18) 
where z is given by (4:9). 


For p=p; (at the lambda temperature) , 

2 (T, V, N) =A,A-™* exp [VAC (5/2) ]- (1+-0(A-")). (5-19) 
For > (below the lambda temperature) , 

2 (T, V, N) =A,A~ exp [V4 (5/2) ]- (1+0(A-")), (5-20) 


Where A,, A, and A, are constants. From (5:18), (5:19), (5:20) and (2:9), (3-15) 
we have 


log 2'(T, V, N) =V i$ (z,, 5/2) —N log m+ O(log A) (5-21) 


where % is given by (4:9) for p<p, and z=1 for Pete 

When we make N and V large for fixed v and T, 1/N-O(log A) become sufficiently 
small. This state of affairs is the same for the relations obtained from the differentiation 
of (5:21) by zor T. Thus we have proved by the modified steepest descent method that 


the extensive thermodynamic quantities per particle and intensive thermodynamic quantities 


are given by the usual expressions at the limit N and V—>co under constant v=V/N, 


§6. Relation to Yang-Lee’s theory 


In this section we give a remark on the method 


of the grand partition function. 
The analytic continuation of G. P. F. given by (3-3) is 


a one-valued function of compiex 
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z plane except at the poles which lie on the part z>1 of the real axis given by (3:5), 

that is, the condensation point is the end point of the distribution function of these 
: 

poles. It is an interesting contrast to the fact that the condensation point is the cross 

point of the distribution of zeros and the real axis in the case of lattice gas.’ * 


§ 7. Virial expansion 


From (5:21), isotherm of the gaseous phase is given by 


PE DANA RR Pe RET | | 
aca $(%5/2)5 9 6 (z,/3/2). (Zat) 


Elimination of z from (7-1) gives the virial expansion : 


p= 11-316 =| 
Cre |S ewe) eae 1 oe) 


The explicit expression of (7-2) is given by London” and by Widom.” ** 
The shape of the curve given by (7:2) near p—/, can be obtained by eliminating 
log z from Lindelof expansion of (+1): 
y—C (5/2) =—£ (3/2) /47- (p—px)° 
— (1/60 +€ (1/2) € (3/2) /242") (pp)? (3) 


For p<, (7:3) gives the mapping -etween the first leaves of the Riemannian surfaces 
of (7-1), and for p>/r it gives that between the second leaves of (7-1). From (7-3) 


(dy/d?) p=», =0- (7-4) 


That is, not the singularity of >} 8,0", but the point which satisfies DFP. =1,  cor- 
k=1 k=1 


co 

responds to the singularity of >) 6,2. (7-3) is continued smoothly from the region << /’« 
it 

to the region >. The trace of (7-1) on the second leaves of Riemannian surface 


shows that the analytic continuation of y=y(’) has no singularity on positive real axis and 


y(co)=—co. The complex value of which corresponds to z=1 on the third leaf of z 


* In this point the lattice gas is rather similar to Husimi-Temperley model®) than to the ideal Bose 


gas. 
*& By is related to b; by 
k-2bo, ils 0, 0, O, 9 teeeesess 
2h-3b,,  (k-+1) +2bo, 2, 0, nmmbabaereale 
_ (=)Ft1 1 | 3k-4by (2k+1)-3b3,  (k+2) + 2bo, By Ge Pe taieass 
pa cal k! | 4b-5b,, (R41) -4b4 (24+2)-3bs. (+3) -2boy 7 


This is a generalization of Widom’s results. It is valid irrespective of the explicit form of 67. 
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(which is connected at the logarithmic singularity z=0 to the second leaf) is a singularity 
ofe7 42) 9 


§ 8. Discussions of the theory of condensation 
of the classical imperfect gas 


The present analysis of the behavior of the ideal Bose gas reveals some points in 
question in the theory of condensation of the classical imperfect gas. 

Ikeda derives a sufficient condition for justifying a substitution of b! for b,V) in 
the canonical partition function. His theorem (corollary 2 in reference”) states that the 


normal property such as 
0<aV) <9 (8-1) 
for V =I, (8-2) 


where v;=1/>}/6,z; and z, is the smallest real positive singularity of the analytic function 
z=1 


defined by $}6,z’, is a sufficient condition for (2:9) in v>»,. 
1 


This theorem should be interpreted rather as: When we can take v, independent 
of J in such a way that the normal property (8-1) is satisfied for V =/v,, then (2-9) 
holds for v>v). Here we may take as a normal property, for example, Ikeda’s condition, 


Frazer’s condition,” or condition (2:8) of the present paper, etc. (Cf. Fig. 3). It is the 


problem in future to con- 


V=lvo firm whether v, is greater 
than v., and whether there 
exists such v,. (For ex- 
ample, such v, does not 
exist when the border line 
i=av™ between the normal and 
abnormal region of 6,(V) 
is given by [~V*"), 
fone It should further be 
noticed that the convergence 
of b6(V)—->6! is not a 
sufficient condition _ for 
Fig. 3. Ikeda proves the normal property of 6;(”) in the domain ee ue ats ag 
AOB. When 6;(V) is normal also in BOD, (2-9) is true (8:2) is not a sufficient 
for v>vp. condition for the  coinci- 


dence between the results by 
C.P.F. and by G.P.F. Such examples for b,(V) are easily constructed. 


* Shapiro and Fuchs proves the finiteness and 12.56 -:- < R< 27.73 +++ of the radius of the convergence 
R of (7-1).18) 
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§9. Conclusion 


Firstly, a sufficient condition for the justification of the replacement ore. Vs NN) 
for 2'(T, V, N) has been given. Next 2 (T, V, N) of the ideal Bose gas, for which 
the above replacement is permitted, has been obtained by the modified method of the 
steepest descent. Above the lambda temperature the path of the integration is an ordinary 
steepest curve crossing the saddle point, while at and below the lambda temperature it 
has a singularity of the integrand as a cusp, and the ordinary saddle point method. loses 
its validity. The usual expressions of extensive thermodynamic quantities per particle and 
intensive thermodynamic quantities, however have been proved to be true in the limit of 
N->co under constant V/N by the present method. It has been shown also that the 
density at the beginning of the condensation is not the singularity of the virial series, 
and that the value of the fugacity at the beginning of the condensation is the end point 
of the distribution function of the poles of the grand partition function. The theory 
of the imperfect gas has been briefly discussed. 


It is the author’s pleasure to thank Prof. Y. Nomura for his encouragement and 
many discussions of this problem with the author. 


Appendix. Asymptotic expansion of $(z, 5) 


O b(z, s) is expressed by Wirtinger ex- 


. 9 
pansion’” 


logZ +871 


6(z 9 =P(—s) (—log zy Tt +h +h 
(A-1) 


logZ +6 7% 
log Z+47i L=P(i—9) h(— log gt 207i) 
n=l 


tats, L=P(A—)) >)(—log <—2071) 
n=l 


logZ (A: 2) 


Here the cut is taken on the positive real 


axis of z plane to make —7 < arg(—logz 


logZ—4.7i —2nTi) <0 (n=0, 1, 2-::) and O<arg 
(—log +271) UO Gea That 
logZ 67% is, the argument of the branch of log z in 


L, is faster 271 than the one in J, By 
lopZ-87i —chig cut the right-hand side of (A-1) 


Oo 
O 
O 
Oo 
{e) 
O logZ-27i 
O 
O 
oO 
oO 


foe} 
indies with 212 /7 On the real axis of z 
1 


Fig. 4. (Cf. Fig. 4). 


Changing the integration garjable Pte. ts Hankel representation of 1/1'(s), we 
fo) 


have 
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(fe-*) sex ple ee t*e-" dt, (A: 3) 


2Qit wmexpid 


N 


where —7/2—arg&<0<7/2—argt, 0 Sarg t<27+0. 
By (A-3), 4 is transformed to 


il e+) co lee 

l== \ Fee loge >a eo omint dt. (A; 4) 
"  - Qisin 75 J wexpide, n=t 
o 4 oe 
Since >} in the integrand converges when t—>©o exp10,, 
n=1 
(0+) 

= 1 \ t78e* Sy jaan 0 dt. (A: 5) 

2i sin 75 J wexpida (ait 


The integrand is expanded in Bernoulli numbers,* 


1 (+) 
— rates £ Se? 082 
2i sin 7s J wexpids 
x | 4-- 1 sang 5 (2 7) ° B, pn-l +o) | dt. (A:6) 
E 2 n=1 (2 n)! 


Using (A-3) again, we have 


s—1 


(e~™ log z) 


= i | : (e-™ log z)*— : 
2isinas L I”(s+1) : 2i'(s) 


ype ath AS 
n=1 P'(s+ 1 —2n) (2n) ! 


(e-™ log z)*-™" +O ( (log z) a iaed aie 4. 


In the same way 


1 il : : 1 , 
L=— py =e | ? a eT ee s-1 
" 2isin zs | P(s+1) Catt 21’ (5) terete) 
Te. (27) ws 51 : “a: ae 
>= v oy Plat §—2n O s—2m—2 z . 
n= ["(s+1—2n) (2n)! (e™ log z) +O ( (log 2) )| (A-8) 
Hence 
Pile si pee log) +I’(—s) Gorse) t= 
'(s+1) 
Sy Gn) MB, zy on 
3 Fe (og) + 0((log)™).  (A-9) 


mil (s+1 —2n) (2n)! 
where 0S<argz<27. 


(A-9) without the second term coincides with the principal value of the Bose 
integral obtained by Clunie™ in case z is real and z>1. 


* We use the definition in Whittaker and Watson, Modern Analysis 


On the Bose-Einstein Condensation 603 


From the definition of (z, 5) and (A-9) 
(ez, 5) =9(z", 8) /2°*—9(z 5) 


=— (log a % = PSyi=2Zn) (27) = B,, s—2n 
P'(s+1) 20 EB Meio) (2n)! oak) 


SOG og) em) (A-10) 


When z is real, (A-10) agrees with Sommerfeld’s™ result derived by the partial in- 


tegration. (A-10) is appropriate for evaluating 6(z, s) when real part of z is negative. 
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Errata 


Phase Transition of Husimi-Temperley Model of Imperfect Gas 


Shigetoshi KATSURA 


(Prog. Theor. Phys. 130Gi955) so72.) 
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Two-Nucleon Problem with Pion Theoretical Potential, III 
— p-p Scattering at 18.2 Mev — 
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Department of Physics, Hiroshima University, Hiroshima‘ 


(Received July 7, 1956) 


p-p scattering experiment at 18 Mev is analysed from the point of view of the pion theory. The 
pion theoretical potential, which is consistent with all low energy phenomena, gives a precise fit to 
the experimental data at 18 Mev. Especially, it is found that in the triplet odd state an attractive 
central potential around the pion range is required from the experimental data. This attractive poten- 
tial is consistent with the two-pion-exchange potential. 


§ 1. Introduction 


In the present work, p-p scattering experiment at 18.2 Mev is analysed from the 
point of view of the pion theory. 

From this point of view, two-nucleon problems at low energies were discussed by the 
present authors: The deuteron problem in the paper I’, the singlet even state in II” 
and the triplet odd state” in the paper entitled as ‘‘ Meson Theoretical Potentials in 
Triplet Odd State”. In the series of these works, the one-pion-exchange potential, 
which is the first and the most natural consequence of the pion theory, was quantitatively 
established. The effective coupling constant of the one-pion-exchange potential was deter- 
mined as g,"/47=0.080 + 0.010 and all low energy phenomena were explained consistently 
by the pion theory of nuclear forces. 

One might expect that he could gain more and more essential knowledge of nuclear 
forces by analysing the intermediate and high energy phenomena. However, from the 
pion theoretical point of view, they are not co suitable for a detailed investigation into 
nuclear forces as it is usually believed. Many parameters—phase shifts and mixing ratios 


of the two components of the eigenwaves of scattering — are included in the expression 


of the scattering cross section. About a half of the parameters are expected to be affected 


more or less by the quantitatively unreliable potential in the tegion II (0.7<'x¥< 1,5) 


and by the little known interactions in the region III (x<0.7). Therefore, what we 


can expect to obtain by analysing the intermediate and high energy phenomena is, at 


Tt Now at the Research Institute for Fundamental Physics, Kyoto University, Kyoto. 
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the present stage of the pion theory, not quantitative information but only qualitative one. 
Since we know the quantitative properties of the one-pion-exchange potential in the outer 
region, some qualitative information on the two-(or more-)pion-exchange potential can 
be obtained by making full use of the known properties of the one-pion-exchange poten- 
tial. 

As is seen from the above discussion, it seems useful to analyse an accurate experiment 
of nucleon-nucleon scattering at not so high energy. For this purpose we have chosen the 
p-p scattering experiment at 18.2-+0.2 Mev made at Princeton”. The new information 
we can expect to obtain from it is mainly concerned with the two-pion-exchange potential 
which is dominant in the region II (0.7 <x < 1.5), since the impact parameter* of the 
P-wave, which is mainly responsible to the angular distribution, is nearly equal to 2 at 
18 Mev. The same experiment has already been analysed by some of the present authors 
and their collaborator, ie. by Otsuki and Fujii” and by Otsuki and Tamagaki”, and by 
other people, i.e. by Martin and Verlet’ and by Beretta, Clementel and Villi”. However, 
it is to be emphasized that the present analysis is based on the validity of the one-pion- 
exchange potential in the outer region in contrast to other phenomenological analyses. 
Other experiments on nucleon-nucleon scattering at a few tens Mev, especially the n-p 
scatteting, are not so accurate. The photodisintegration of the deuteron at the photon 
energy of about 20 Mev may serve to elucidate some aspects of nuclear forces, and will 
be discussed in the forthcoming paper IV." 

We describe the method and the results of our analysis in § 2 and § 3 respectively. 
The discussion and conclusion are given in § 4. 

The results support the pion theory of nuclear forces, since the theory which is con- 
sistent with all low energy phenomena can also give a precise fit to the data at 18.2 Mev. 
In particular, the data require an attractive central force in the region II in the triplet 
odd state and this attractive force is consistent with the prediction of the two-pion-exchange 


potential and with the result of the low energy p-p scattering. 


§2. Method 


Our procedure for analysing the 18.2 Mev p-p scattering data is as follows: 


To assume the 'S,-wave phase shift 0, as a free parameter. 
To determine the 'D,-wave phase shift '0, by the one-pion-exchange potential. 
To calculate the *Py,,.-wave phase shifts °0,', °0,’, °0, (the suffices 0, 1, 2 denoting 


the total angular momentum) using the following potential 
V == (1/3) (g/47) we (1 +5. 4+3/x+3/x°))e*/x for x>1, 
(the one-pion-exchange potential) (1) 


=VoetS,VorVoe and Vop are two constant.) for x<1. 


*) The impact parameter 6 is defined as bk=V[([+1) 
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The pion theoretical potential in the triplet odd state. 
The one-pion-exchange potential with 8e"/4n=0.08. 


The potential constructed by Fukuda, Sawada and Taketani’s method, with g,2/4z 
=0.08")11). The probability that the nucleons 


are to be bare is properly taken into 
account. The high frequency part of the pion 
with the 


field is cut off by the Gaussian factor 
cut-off momentum tk, =6y10. 

The g?+ 4 potential in the perturbation expansion calculated by Taketani, Machida and 
Onuma, with g°/47=0.08!'¢) The probability part is also expanded in powers of the 
coupling constant. 
The gts potential calculated by Brucckner and Watson with g’/4z7=0.08.12) The 
probability part is approximated by unity. 
The one- and two-pion-exchange potential in the intermediate coupling theory with 
8e/4z7=0.08.1¢) The cut-off momentum of the Gaussian cut-off factor is bke=4.1 0. 
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The coupling between the *P,- and *F,-waves are neglected. The reason for the above 
procedure is as follows : 

We have examined the singlet even state potential qualitatively in the work II” and 
found that it is consistent with the prediction of the pion theory. However, if we cal- 
culate '0, using this potential the value of this phase shift at 18 Mev is uncertain in a 
fairly wide range, because the inner potential has a large ambiguity. Therefore we should 
treat '0, as a free parameter and adjust it to reproduce the cross section at J=90°. 

On the contrary, ‘0, is almost completely determined by the one-pion-exchange poten- 
tial, since the impact parameter of the D-wave is as large as 3.7 at 18 Mev. 

The P-wave phase shifts at 18 Mev are expected to be mainly determined by the 
one-pion-exchange potential, since the impact parameter is 2.2. However, in contrast with 
the D-wave phase shift, they are affected also by the two-pion-exchange potential. Since we 
do not know the exact shape of the two-pion-exchange potential as can be seen from Fig. 1, 
we take into account the effect of the two-pion-exchange potential by introducing a pheno- 
menological square well potential in the inner region, i.e., Voo+Si2 Vop of Eq. (1). 

From the present view point of the theory of nuclear forces some results of the 
previous works by two of the authors are out of date :®'” The most serious fault in these 
works is that the 'S,-wave phase shift was calculated with the g°+ g' potential in the per- 
turbation approximation" everywhere in the region x>0.6, and then its effects was sub- 
tracted from the experimental data in order to identify the remainder as the triplet scat- 
tering. At that time, the g’+g’ potential in the singlet even state was regarded much 
more reliable than that in the triplet odd state. Now the situation has been much 
changed with respect to the reliability of the pion theoretical potential owing to the new 


development, as was described in $1 of our work I,” 


§ 3. Results 


The value of the singlet D-wave phase shift is calculated to be *0,=0.25° 
for g7/47=0.08. Since the potential at small distances has very little influence on the 
phase shift, the value is expected in the first approximation to be proportional to g."/47, 
the strength of the one-pion-exchange potential. 

Next, we assume three values for Voz, the depth of the inner tensor potential in 


the triplet odd state, as 


Vor=0 (zero cut-off), 


= (7/3) (g.°/47) pce (straight cut-off of the one-pion-exchange 
potential at x=1), 


=2 (7/3) (g.’/47) pce! (twice the straight cut-off ) . 


f Vop is sufficient for the analysis of the 18 Mev data from our point 


Such a choice o 
t 10% even 


nce the two-pion-exchange potential is expected to be small (abou 


of view si 
part of the tensor 


at x=1) and consequently the one-pion-exchange potential is the main 


force around and outside the pion range (see Fig. 10% 
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The situation is complicated for the central force in the triplet odd state, as the 
eses is expected to surpass the one-pion-exchange 
Indeed the g' potential in the perturbation 
Furthermore their 


potential due to the two-pion-exchange proce 
potential outside the pion range (see Fig. 1). 
approximation is a few times stronger than the g° potential at x=1. 


signs are different. Therefore, we change the depth of the inner central potential Vop 


over a wide range, i.e., from 0 to —50 Mev. 

The value of the adjustable parameter 1), the singlet S-wave phase shift, is deter- 
mined so as to reproduce do (90°) /d2 in each case. 

The result for the case of g,’/47=0.08 is tabulated in Table I. We can find from 
the table that when Voy is large, ’0, is comparatively small. The reason is that the 
strong (positive) tensor potential gives a large isotropic cross section of the triplet scatter- 
ing, which excludes the large cross section due to the singlet scattering. 

On the contrary, the angular distribution around O~30°, where the interference 
effect between the nuclear and the Coulomb scatterings is appreciable, is sensitive to Lae 
as is expected. Consequently the upper and lower limits for Ve can be derived from 
the angular distribution, in particular from the difference do (90°) /d2—do (30°) /d2. 


Table I. Phase shifts and the p-p angular distribution at 18.2 Mev calculated according to the procedure of 
§ 2. The coupling constant of the one-pion-exchange potential is taken as g,"/4z=0.08. Experimental data 


are 
do (90°) /d2 —do (30°) /dQ=2.32-0.4 mb, 
and C,<0.01 


where Cy is the coefficient of cos’@ in the triplet nuclear scattering. da(90°)/d2 can be reproduced since 14) 
is adjusted. Some examples of the angular distribution given by the phas= shifts of this table are shown in 
Fig. 2: 


Vor zero cut-off straight cut-off twice the straight cut-off 
Vow (Mev) 0 —50 0 —50 0 —50 
8)! (deg.) 8.4 112 9.8 16.7 13.7 27.9 
36,1 (deg.) —3.7 —2.9 —3.9 —3.3 —4.1 —3.6 
9,1 (deg.) 0.1 13 0.2 1.4 0.3 1.6 
19) (deg.) Sia 50.6 50.6 48.3 49.6 40.6 
19, (deg.) 0.25 0.25 0.25 0.25 0.25 0.25 
do (90°) /dQ . Pea 4 . ? 
— do (30°) dQ (mb.) 0.6, 2 0.8 27 1.4 3.2 
CG 0.003 0.007 0.004 0.009 0.005 0.018 


By linear interpolation from Table I we can estimate the values of Voce and 10, 


which fit to the experimental data. For the three assumed values of Vo» they are as 
follows : 


Von Voo (in Mev) "0, (in degree) 
zero cut-off —40~—65 50.7~50.4, 
straight cut-off —28~ —50 5044813, (2) 


twice the straight cut-off —14~ —37 47.0~43.3. ‘ 
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Therefore in the case of g,?/47=0.08, it may be reasonable to conclude that 
Voce= —10~ —70 Mev and '0,=51°~43°. 


When Vo is vanishingly small or positive, the effect of the repulsive central part 
of the one-pion-exchange potential becomes dominating. In such a case the interference 
minimum around 4~30° becomes less pronounced as the curve III in Figs 2. -Onnthe 
contrary, when Vy, is about —50 Mev, this inner attractive central potential diminishes 
the effect of the repulsive central part of the one-pion-exchange potential. In such a 
case, the interference minimum becomes quite appreciacle. This can be understood when 
one notices that the minimum is caused by the destructive interference between the 
Coulomb scattering and the P-wave nuclear scattering, where the effects of the tensor 
force to the latter are likely to cancel out one another. 

Calculation was also made for other values of g,?/47(=0.07 and 0.09). The adjusted 
values of Voc ate scarcely changed, i.e., Vog=O~—70 Mev. For g,?/42=0.07 the value 
of the adjusted *S,-wave phase shift ‘0, increases by about 1~2° from the corresponding 
value for g,°/4z7=0.08. For g,”"/47=0.09, it decreases by almost the same amount. 


(mb/ster.) 


Fig. 2. Theoretical curves of the p-p 
scattering at 18.2 Mev. 

195 195 395! 39,3 39) 
ik atilheh  Copntsy | altey/ —33 1.4 
VY 483 025 — - — 
TSS 4e 2 025 _ _ = 
TEES 027 O25 9.8 —39 0.2 


Curves I and III are due to the pion 
theoretical potential of Eq. (1) with 
ge°/4z=0.08. Vor is assumed as the 


da (0) /d2 


straight cut-off of the one-pion-exchange 
potential atx=1. Vo~=—50 Mev for 
I and Vg~=0 for III respectively 
Curves I’ and II are the angular distri- 
butions when no interaction is present 
in the triplet odd state. 

Experimental data are those of reference 
4). 

30 60 99 Note: The lowest curve I in the figure 
(in degree) should be read as I’. 


§ 4. Discussion and conclusion 


In the previous section we have obtained the result that the inner central potential 


in the triplet odd state of Eq. (1) is 
Voe=0~ —70 Mev. (3) 


Now it is very interesting to point out that the value of this inner central potential is 


= 
i i i i Bs ft at low 
in agreement with that estimated from the negative triplet P-wave phase shi 


a aye 
energies.” io 
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The repulsive one-pion-exchange central potential in the triplet odd state gives a 
negative P-wave phase shift at low energies, which is, however, somewhat larger than the 
experimental one in its magnitude, if go/4m of the one-pion-exchange potential is larger 
than about 0.06. Therefore an attractive interaction must be present in the inner region. 
If this attractive interaction is represented by the potential of the shape of Eq. (1), the 
depth Voc estimated from the negative P-wave phase shift at low energies is Voo=0~ 
—50 Mev. Thus the results of the two independent estimates which were made in two 
different energy regions agree with each other surprisingly well. It is very likely that 
this agreement is due to our correct choice of the coupling constant g."/47~0.08 for 
the one-pion-exchange potential. 

Of course, the attractive potential Vo is consistent with the prediction of the two- 
pion-exchange potential, not only in its tendency but also in its magnitude as can be 
seen from Fig. 1. 


—-0.05 


~0.1} 

(in#c?) 
Fig. 3. The outer part of potentials in the singlet even state. The potentials can 
reproduce the low energy experimental data that 14=—20X107cm and 37,=2.5 
>< 10534 cm: a 


O: the one-pion-exchange potential with g,2/47=0.08, 
Y: the Yukawa potential, 

E: the exponential potential, 

G: the Gauss potential. 


Notice thet the one-pion-exchange potential is weaker in the outer region than the 
long-tailed phenomenological potentials Y and E. 


i ia 
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Here it is worth-while to emphasize the conclusion previously obtained with respect 
to the D-wave phase shift '0,.° ‘0, is almost completely determined by the one-pion- 
exchange potential and is rather small, since the one-pion-exchange potential with g°/47= 
0.080 + 0.010 is weaker than usual phenomenological potentials in the outer region (see Fig. 3). 
The small 70, is very suitable to reproduce the isotropic angular distribution, since otherwise 
the interference between the *S,- and 'D,-waves gives a deep minimum at 90° leading to 
a serious discrepancy. 

Summarizing the above discussions, we can conclude that the p-p scattering ex- 
periment at 18.2 Mev supports the pion theoretical potential in the following points : 

(1) The one-pion-exchange potential gives the small ‘D,-wave phase shift. 

(2) An attractive central potential is to be added in the inner region to the one- 
pion-exchange potential in the triplet odd state. This attractive potential is consistent 
with the prediction of the two-pion-exchange potential. 

(3) A striking agreement is obtained for the depths Voc of the above inner central 
potential estimated by two analysis of the intermediate and low energy p/p scattering 
experiments. 

An example of the phase shifts due to the pion theoretical potential is given below. 


It gives a precise fit to the experimental data : 
1 iN fe) 
Op OS oe 0.0.25, 


© 
59 = 16.7 0 Of S38 wl Fo 134%) (4) 


where g2/4z of the one-pion-exchange potential is 0.08; the depths of the inner poten- 
tial of Eq. (1) are assumed as Vye=—50 Mev and Vo,=0.08(7/3e) pc? (the straight 
cut-off at x=1); 10, is adjusted to reproduce the cross section at 90°. 

Though we could determine the upper and lower bounds of the singlet S-wave phase 
shift 10, we would not enter into its detailed investigation. It will be clear that we 
can not get meaningful results from such investigation at the present stage, since the 
singlet S-wave shifted by '0, in Table I has its maximum just around the pion range 
and is strongly affected by the inner potential. If the exact shape of the two-pion-exchange 
potential were established, we could obtain from 70, some knowledge of the interaction at 
small distances, for example, by solving the Schrédinger equation with the one- plus two- 
pion-exchange potential starting from outside with the boundary condition that the wave 
is shifted by 70). 

Martin and Verlet® also calculated the angular distribution using Lévy’s potential”. 
Their good fit is not surprising, as Lévy’s potential with G?/47=10.36 is nothing but the 
one-pion-exchange potential with g,?/47=0.057 plus an attractive central potential of a 
short range (~exp(—2x)). 

Recently, there was an attempt to determine the phase shifts phenomenologically from 
the experimental data by Beretta, Clementel and Villi”. It seems to us, however, a 
there might be too large ambiguity in the result if one takes into account the experi- 
mental error. At such an energy, we think, an analysis on the standpoint of the 


pion theory may be much more superior than the purely phenomenological phase shift 
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analysis. 
However, the following fact may be worth noticing: A simplified phase shift analysis 


A : = 1 
for the present experimental data assuming only a central force gives the result thatt*o} 


=54.1°, °d'(°P-wave phase shift due to a central force) =-+1.0° and 70,=+0.4°.9 At 
low energies (E<5 Mev), “0” is negative, which is the consequence of the repulsive character 
0’ changes its sign as 


3 


of the central one-pion-exchange potential.” Thus it is found that 
the energy goes higher. This is just what is expected from the pion theory. As the 
energy goes higher, the attractive central force of the two-pion-exchange potential begins 
to influence *0'. The strong tensor potential also tends to make °0" positive as if an 
attractive potential were added to the central potential. Therefore when a_ simplified 
phase shift analysis neglecting the tensor force is applied to the experimental data of pp 
scattering, the resultant *0' is expected from the pion theory to change its sign around. 
10 Mev. 

The authors wish to thank Prof. M. Taketani and Prof. T. Toyoda for their 


discussions and encouragement. 
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The building up of light nuclei up to Ne®° out of initial protons and neutrons in the early stage 
of the expanding universe is studicd, taking account of the a@-capture reactions. If we take the 
matter density @=10°—10' g/cm® at T=10}9 °K, we can obtain the relative abundance of hydrogen, 
helium and oxygen, consistent with present observation. The possibility of forming heavier nuclei is 
discussed, 


§ 1. Introduction and summary 


One of the outstanding astrophysical problems is the origin of chemical elements 
in our universe. Two different hypotheses have been proposed so far. In one the 
elements are assumed to be formed during the pre-stellar stage of the universe. The 
so-called a—§-; theory” is a typical one based on this hypothesis. According to this 
theory the primordial substance from which the elements were formed is assumed to have 
been a highly compressed neutron gas. As the gas temperature fell as the result of the 
expansion of the universe, neutrons decayed into protons, and the elements were built 
up through successive neutron captures and (J-decays. The most serious difficulty of 
the a—§-7 theory is the fact that a sufficient amount of carbon and oxygen could not 
have been formed due to the absence of stable nuclei of mass number 5 and 8.” 

The other hypothesis, as suggested by Hoyle,” Fowler and Greenstein,” is that the 
elements originated in dense and hot interior of stars, starting from protons only. This 
theory is supported by the anomalous abundances of the heavy nuclei observed on some 
stars. It also has the difficulties that the natural a—redioactive nuclei will not be formed 
through nuclear reactions which proceed in a rather long time scale under the stellar 
condition, and that we have no observational evidence for the stars composed entirely of 
hydrogen. It must be admitted, however, that some fraction of the present matter has 
undergone nuclear reactions in its stellar stage. 

At present, we can not assert which idea, pre-stellar or stellar, is pee tople for 
explaining the main feature of chemical abundance. This problem will be paceetey 
connected with the further development of the evolutional scheme of stars as emphasized 
by Taketani, Hatanaka and Obi.” In this paper we shall examine whether ‘or not the 
above mentioned difficulties of the a—f-j7 theory can be avoided by considering the 
a—capture processes, such as 3He'—> C®, which have recently been studied by Hayakawa 


et al.” using the new experimental data. 
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For the formation of C” nuclei by the a@-teactions, it is mecessaty to take the 
matter density to be much higher than in the case of the a—f-y7 theory. Under 
such a condition the expansion of the universe will be faster than the neutron-decay. 
On this point it is favorable to follow the improvement made by one of the present 
authors” * that there exist protons several times more abundant than neutrons in the 
pre-elements stage as the results of their interactions with energetic electrons and neutrinos 


such as 

n-+e* p+, 

nt+vZpte, (1-1) 

a ee eae 
The neutron-proton ratio at the beginning of the formation of light nuclei was found 
to be nearly 1:6 in the case of low matter densities as used in the a—$-j theory. 
Applying the results in I to the case of high matter densities Pm =10°~10" g/cm* at 
the temperature 10" °K, we find that the n-p ratio is 1:2.5~1:4 as shown in § 2. 
Now we consider the formation of light nuclei, dividing it into two stages. In the 

first stage, very light nuclei up to He! are formed out of the above neutrons and protons 
and in the second stage carbon, oxygen and heavier nuclei are built up. The first stage 
begins at T<9X10°°K in the case under consideration. When the expansion of the 
universe proceeds and its temperature falls to the one corresponding to the nuclear binding- 


energies, neutrons and protons react with each other to form deuterons, tritons, He’® and 


4 . . . . . 
He*. Among these reactions we choose the following processes with high reaction rates : 


ptnvd+ty+2.23 Mev, 

d+d2T*+p+4.04 Mev, 

d+d— He*®+n+3.26 Mev, (1-2) 
d+ T® 2 He*+2+17.58 Mev, 

d+He®Z He'+p+18.34 Mev. 


In the state of such high temperature, T~9X10°°K, we must include the inverse 
reactions but can neglect the /?-decays because of the fast expansion of the universe. 
Since all the nuclear reactions, (1-2), occur faster than the expansion of the universe 
at the beginning of this stage, statistical equilibrium will exist. As the temperature falls, 


the rates of inverse reactions with large Q values decrease, which produce a deviation 
from the equilibrium state. Calculations show that, at the end of the first stage, we have 


Ny > Npa=3:1~6:1, 


and the numbers of neutrons, deuterons, tritons and He* nuclei are very small (<1077 


i : 
Hereafter referred to as I. In I, the calculation was performed using a wrong value of neutron 
decay life-time, 20 min. instead of 12.8 min. due to the uncertain experimental data at that time. When 
ree : 2 : 
the correct value is used, the numerical results in I agree with those by Alpher, Follin and Herman.® 
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that of protons), as shown in Figs. 2a and 2b in § 3. Such a small amount of neutrons 
will be insufficient to built up the heavy elements according to the scheme of the a- 
f-y~ theory. As for the later stage, we have only to consider the reactions in which 
protons and He’ play a role. 

When the temperature falls to 4~5X10°°K, the formation of C’” and O' by 
successive @-—capture reactions begins as the second stage. In our case the matter density 
is so high that a considerable amount of Be* nuclei can be in statistical equilibrium with 
He*.” These Be* nuclei collide with other He’ to form C” nuclei which, in turn, capture 
additional He‘ to form O" nuclei. Taking the matter density ¢,,=10°~10' g/cm® at 
T=10" °K, we obtain a final O'° abundance in accordance with the observational cosmic 
abundance, but the calculated C’—O" ratio is comparatively smaller than the observational 
one. As a possibility to avoid this difficulty we can consider the spallation of O"* nuclei 
by non-thermal protons which are accelerated by the turbulence accompanying the expansion 
of the universe (see in § 4). 

Finally, in § 5, we will discuss the results of our calculations as well as the other 
possible routes of forming C’ and O" out of only protons and He’ nuclei. As the next 
stage of the formation of light nuclei, we shall have to consider the processes forming 
Ne” and heavier nuclei from protons, He’ and O" nuclei. In this stage, the expansion 
of the universe is so slow that P—decays, such as Na"’—Ne™+e*, Al?>Mg” +e’, etc., 
can not be neglected. As a result of (@,) reactions involving Ne”, Mg, etc., some 
neutrons will be produced. Therefore it may be possible that heavy elements are synthesized 


by the captures of these neutrons. 


§ 2. Proton-neutron ratio before the formation of He’ nuclei 


According to the general theory of relativity, the expansion of the universe in the 
stage of high density is given by 


9 


1/2 
mips oe x) 


where / is an arbitrary proper length of a volume containing a given amount of matter, 


p the total mass density and G the gravitational constant. We restrict ourselves to the 
case in which the matter density, /,,, is greater than the radiational mass density ¢,= 
al-/c, that«s, 

Oe 10 g/an Fant 10" "KR. 


ied, — 10° o/em at = 10" °K, radiation pressure P, is greater than matter pressure 
P,,. Further, in the case in which Pm 10" g/em® at T=10"°K, we can neglect the 
rather complicated effect of the degeneracy of electrons on the reactions (1-1) as shown 


in I.* For simplicity we take as the range of Pn 


* According to (9) of I, we find 2, which expresses the degree of degeneracy, to be less than 0.2 in 


the case under consideration. 
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10°<0 <10' g/cm® at *T=10""R? (2-2) 


Sinn 


It will be shown in $4 that an appropriate amount of oxygen can be formed under the 
condition (2-2). Neglecting the contribution of kinetic energy of matter to ”, we obtain 


from the equation of adiabatic expansion, 
d(pl*) /d?’=d(p,l°) /d’= —4?, - (2-3) 
From (2-3) we have p,ocl~" and Toc I. As p,,ocl-® we can put 
Pm=Po (T/10") ¢ (2 ‘ 4) 
with , as a constant specifying the universe. We have from (2-1), (2-3) and (2-4) 


P= 79 aL Onde (2-5) 
and cr 
1/T=1.08X 1022 (paf409 ee. (2-6) 


In Table 1 we show the time scale given by (2-6). 


Table 1. The relation between ¢ and T 


T (109 °K) | 10 4 z 1 | os Ur Mos 0.1 
9= 108 g/cm’ 0.89 3.5 10 28 | so | 316 890 

t(sec) | 
o=10? g/em* | 0.28 | re | 3.2 8.9 | 25 100 280 


Under the above condition, (2-2), the 
proton-neutron ratio in the pre-elements stage 
can be calculated with slight modifications of 
I, that is, by using the correct neutron decay 
life-time 12.8 min. and by taking p=/,, in = 
(2-1). The calculated proton-neutron ratio ti 
is shown in Fig. 1. 

Finally, we want to remark that in 
Newtonian mechanics we can use the same 
equation as (2-1) in the case when gas with 
spherically symmetrical distribution expands 
uniformly and when the magnitudes of its 
kinetic and potential energies are comparable. 
It is suggested that the supernovae explosions 
in their early stage are described approximately 
with the same time scale. 


Po =10°g/em3 


3:0 


Py =10°e/em? 


° 
- “LS , 1.0 0.5 
§ 3. Formation of He‘ nuclei T *10"*K 
: Fig. 1. Neutron- i i 
Suppose a nuclear reaction among four 7 pit sat oe me 
: 6 values of o. The case p,>~m is added for 
kinds of nuclei A, B, C and D as 


comparison. 
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A+B2C+D+Q, (3-1) 
where Q stands for the energy release of the reaction. In our case, the nuclear reactions 
occur at so high temperature that in general their inverse reactions must be taken into 
account. Taking account of the expansion of the universe, the change in the number of 
nuclei C per unit volume, ng, is expressed by 
4 d(ne/p) /dt= (1/¢) [pn4nz—p'neny| (3-2) 
with 

p/p =n? n/n n® . (3-3) 
Here n{ is the number of nuclei 4 in thermodynamical equilibrium at temperature T 


and density p: 
nD =, (27 HART /h°)*” exp| {(A—Z) p+ ZA— Myc} /kT ], (3-4) 


where A and Z are the mass number and atomic number of nucleus A, respectively; H 
is proton mass; /, / are the chemical potentials of proton and neutron; g,4=1+2I, is 
the statistical weight of the ground state of nucleus A with spin I,. The thermonuclear 


rate p in (3-2) is a function of temperature and is expressed as 


oo 


p(T) = (8/an)"" (RT) | o (E) eH EUE, G5) 


where = (AB/(A+B))H and o(E) is the reaction cross section, E being the kinetic 


energy in the center of mass system. It is convenient in what follows to use 


y,=n,/n, n=p/H (3-6) 
instead of n; Then, the time variation of wo is given by 
3/2 
ome. =p Cl) n |. WR eh (S) oy omh. (3 ‘ 7a) 
£ Sc Sp 


For the radiative capture, A+B C-+7, we have in a similar way 


D) 


\3/2 ce L, 3/2 
Pe <9(T)n [ame 4 Se (= ) ( oi co 5/n. (3-7b) 
t Se 


If the expansion of the universe is slower than all the nuclear reactions in (1-2), the 
concentrations of all the nuclear species vary in accordance with equilibrium values cor- 


responding to the temperature and density at each stage of the expansion. We can 


obtain equilibrium values w’s, as functions of temperature, from (3-4) and the conser- 


vation of the members of protons and neutrons 


Wy tM tM + 2H 08+ 2Ve=4 » (3-8) 
Wn +H +2m+ Mites 4-20, =b > 


C . 5 4 : 

where a: 6 (a+b=1) is the proton-neutron fatio at the beginning of He gee s 
0)? 

s 


calculated in §2. The dotted curves in Figs. 2a cnd 2b show the variation of »; 


obtained in this way. 
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As shown in Figs. 2a and 2b, the formation of He! begins at TS9X10°°K. In 
this stage the (decays can be neglected owing to the fast expansion of the universe, 
as seen from Table 1. We consider only the five reactions shown in (1-2), neglecting 
the others with much lower reaction rates at the temperatures under consideration. 
Reaction rates of (1-2) which are calculated from (3-5) with experimental data on 
thet cross sections are shown in vbaples2eme bear. to came) He! and He*(d, p) He" reactions 
show the effect of resonances and their reaction rates are considerably different from those 


obtained by Fermi and Turkevich.” 


Table 2. Reaction rates p(T) 


Reaction rates 


Reactions 
Ours Fermi-Turkevich 
ptnodt+r (SOROS | 6.6x10- 
d+d—>He?+n p2=9.00 X 10-15 T,—°/3 10-5. 18/7113 * | 3.0X10-%5 T,—2/3 10-3-99/ 7a" 
d+d—>T+p ps=9.00 X 10-19 T,—2/310-5-18/78'/ | 3.0X 10-5 T,-2/3 10-3-99/781/8 
d+T’—>Hei+n p4=5.48 X 10-15 T,—9/2 10-3-92/7's 5.0X 10-13 T,-2/3 10-4.24/Fa'/8 
d+He'—>He'+p p5=4.59X 10-13 T73/210-13.00/7e ss 10-12 T,—-2/3 10-6-72/7s'/3 
eel =lG/ 102 


At the beginning of this stage, protons, neutrons, deuterons, tritons, He® and He’ 
nuclei are found to be in statistical equilibrium as a whole. As the temperature falls, 
the inverse reactions of T°(d, n)He' and He’(d, p)He' become not so essential due to 
their large Q-values that the above equilibrium begins to break. However, a group of 
nuclei other than He' are closely in equilibrium among themselves due to their small 
Q-values. Therefore, using (3-4), we can express v,, 7, and My. in terms of w, and 
W, approximately as 


1 2 


UE aoe Wy Wy > = Pye: Wn Wy and Wes tA WW, i (3 ‘ 9) 
fi fife fi fs a 
where 
Chi an | Monte toh i . 
f= 0.471( = — elk? (Q,=2.23 Mev), 
fo=3.46 ec @" = (Q,=4.04 Mev), (3-10) 
and 


fs=3.46 ec"? ~=(Q,=3.26 Mev). 


Then, the time variation of », is given from (3-7) by 


dw,/dt=n| p,(T) {wa%,—fywa} rp. (1) {72 i103 — fg Wat | ’ (3 s 11) 


where 


Sa 
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fe ONO Te ee S(O ==. 7558 Mev), 
GB . 72) 
fs=5.61 cP" = (Q,= 18.34 Mev). 
The order estimation shows that this approximation is very good for T > 10° °K. Takin: 
Pp yg FS g 
an approximation that 
Wat, +2703 <W%y+2M yy 
Wa aE 2m aE W res < Wh ar 2, > 
using (3-8) and (3-9) and replacing the variable t by T,=T/10°, we have from 
(3-11) 


(3-13) 


I 

l 

= | 
na | 
| 
| 
I 


! 
| 
i 
i 


neutron 


i] 
| 
= | 
i I 


Ome 


9 8 7 6 5 4 3 2 1 xioeK 
temperature T 


Fig. 2a. Temperature variation of the chemical abundances for p9=10° g/cm’. 


Dotted curves represent their equilibrium values. 
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temperature T 
Fig. 2b. The same variation for o9»=107 g/cm’. 


— 2s 19 54 10% (fo. Die: lp. {b—2m,} hes —(b—2m,)*(a—2,)?— fine} 
dT 10° | fiefs 


9 


peed! ae (i299) (aaoee) fie | (3-14) 


From (3-8), (3-9), (3-13) and (3-14), all »,’s are calculated, which are shown by 


the solid curves in Figs. 2a and 2b. As seen from Figs. 2a and 2b, amounts of neutrons 


deuterons, tritons and He* are very small. Such small amount of neutrons is not 


sufficient to build up the heavy elements by neutron captures according to the scheme 


of the a—§-; theory. After this stage, we must consider the reaction involving only 


protons and He’ nuclei for the formation of nuclei heavier than He’. 
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§4. Formation of C® and O” nuclei 


C” and O' nuclei are formed through a series of the nuclear reactions 
2 ge De ey Be Hela? Cet Cla Hetr> Oe 4» (4-1) 


4 . . . 
from He" nuclei which have been formed in the stage considered in § 3. These reaction 
rates are calculated by Hayakawa et al.” recently. Using their results, the changes in 


5 12 . 
the relative abundances of C’ and O" nuclei, wo and wo, are expressed as 


do — 5 og 0 12 9 = ce 
——© =2.54X 10° (ts, ) T 9" | Ppesc {Wne Me — 4.36 X 10° (0,/10°) 1 Ty? 10771-1879 wo} 


9 


=" Pisses {w,Wo—5.20X 10° (10°/p,) T5210 736:04/2 wo} | ; (4 - 2a) 


— oe. =2,54 X 10" (9,/10°)* F 3" 


9 


X [ Poso 1% %z— 5-20 X 10° (10°/p,) Tr? 1078/7? wo} — posne WoW] » (4-2b) 


where 


Ppe>o— 1.92 10m 1; 1 Q71-290/Le 
poso==1.34X 10°" T, 10714:05/70U/3 
Since we can consider that 2He'Z Be*+7 is always in equilibrium,” Wye is expressed in 


terms of w, as 
Meu 3,98 X10 Pe 0- ae (0, /1.08) Ww.” (4-3) 


The second term in the square bracket of (4-2b) describes the decrease of O” caused 
by the reaction O’+Hei>Ne”+7. This term will be neglected in the calculations and 
its effect on the abundance of O" will be discussed in §5. We can consider the value 
of »_ in this approximation as the abundances of O" together with all heavier nuclei. 
Then, if wo> ye, % gives the very abundance of O", and if wo<wye it gives the 
abundances of Ne” and heavier nuclei. Using an approximation 7o<wo, we solve (4-2) 
for vw. and then wo as the function of temperature by numerical integrations. The results 
are shown in Figs. 2a and 2b. Taking ~=10°~10' g/cm", we can obtain the value of 
w, which is close to the observed proton-oxygen abundance ratio, 1:107-*~107°”*. 
However, the carbon-oxygen ratio obtained here is only 1/10~1/6 of the observed ratio. 
A way to overcome the difficulty of low abundance of C” nuclei will be suggested in 


& 5. 
§ 5. Discussions 


We will discuss the results of our calculations, the other routes for the formation 


* According to the Taketani-Hatanaka-Obi theory,» the abundances of elements formed in the pre- 


stellar stage should be compared with those in the stars of population I, in which the proton-oxygen ratio 


appears to be nearly 1: 310-4. 


622 C. Hayashi and M. Nishida 


of C® and O", the formation of Ne” and heavier nuclei and the difficulties of low 
abundance of C” shown in § 4. 
(i) Other routes to C” 

We have considered only 3@-reactions in the formation of C”, but it might be 
possible that C’’ nuclei are formed through other reactions. Since at T=4~5X 07K 
numbers of neutrons, deuterons, tritons and He* nuclei are found to be very small as 
shown in Figs. 2, we can neglect the possibility of forming C” and heavier nuclei by the 
reactions involving nuclei other than protons and He’. Let us consider the routes of the 


formation from protons and He’ only. Possible routes are 
Be* + pz B’—0.19 Mev, 
B’ -+-p22C"+7+4.02 Mev, (5-1) 
BY +a C’+p+7.56 Mev, 

beside the one: He*+p72Lii+7 and Li?+a@Be*+p producing again Be® which is in 


equilibrium with He’. At the high matter density under consideration, the reaction 
Be*(p, 7) B” is in a state of equilibrium as in the case of 2He' = Be®*. Then, we have 


W0/Wpe~ 107" (0,/10°) Tz? 10-97? wy, . (5-2) 
The ratio of reaction rates of Be*(a,7)C™ to B’(a, p)C™ is given by 
Presc/ Proc I’; (Be >C™) /P’, (B’>C”), (33) 


if the resonances are present in both reactions. From (5-2) and (5-3) it follows that 
the ratio of the number of C” nuclei formed by B°(a@, p)C” to the one by Be*(a, 7)C® 
is only 10-°~107°. Therefore, we can neglect this route. 


(ii) Another route from C” to O" 


As another possible route from C” to O', we can consider the following reactions. 
C’+ p2N*+7+1.95 Mev, 


5- 
N®+aZO'%+p. ( 4) 


9 ‘ 
At T<1.5X10° °K, the rate of O" formation by the above route is found to be 
greater than that of the radiative a—capture. If we take account of this route, the 
wo/wo value calculated in § 4 is estimated to decrease remarkably. 
(iii) | Formation of Ne* nuclei 
In calculating >) in § 4, we neglected the reaction O(a, 7)Ne®. Since the photo- 


disintegration of Ne” is negligible at T<3X10°°K, the relative abundance of Ne™ 
> 
Wye, can be calculated using the following equation 


i. dwxe 


— 28 a 2 
dT, 2.54 X 10 (Le) T9! PosNne Wo We « G: 5) 


— 90 fs A 
At T=0.6X10° °K we must use Posve Which is calculated by Hayakawa et al. as the 


non-resonance case. Bu spi i 20, 5 
t the spin and parity of the energy level of Ne” is unknown and 


NS 
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I, in O(a, 7)Ne” is uncertain. If we assume 1’, =10-* ev, we have wy~wxe as the 
final abundances. If J’, is as large as 10°*ev, we have wye~10%o, which shows that 
we cannot neglect this reaction in the calculation of ») in § 4. In this case O" are 
used up in the formziisn of Ne” and mm will become as small as 1/10 of mye. 


Let us consider another route of formation of Ne’ such as 
O% + pF" +-7-+40.59 Mev, 
FY + a—>Ne” + p. 


This route will compete with the one, O(a, 7)Ne”, at T<10° °K because of the low 
Q-value, 0.59 Mev, but will be neglected in the stage of Ne” formation. 


(iv) Formation of nuclei heavier than Ne” 


At T<10° °K the number of remaining neutrons becomes so small that the forma- 
tion of nuclei heavier then Ne” seems to be possible only by p- and a@-teactions. 
But in this stage the expansion of the universe is so slow that we cannot neglect the 
f—decays whose life-times are about 1~10sec. There exist the following reactions 
through which the heavier nuclei will be formed from proton, He* and New? 


Ne? -+ poN mab ice 49 Mev, 
Na”! -+ a—>Meg" + p+ 6.88 Mev, 
Na?! Ne?! e* (c= 23 sec), 
Ne” -+-a>Mg" +n, cu 
Mg + p>Al?+7 + 2.29 Mev, 
Al®+ a—Si* + p+9.70 Mev, 
ee Vig ces AG Sez See), 
Mg” +a—>Si* +n, Cie 
S28 + p>P*+742.72 Mev, 
P” + aS” + p+4.22 Mev, 
P?_>Si?? + et (c=4.5 sec), 
Si? +a>S®-+n, ae 


and so on. The (p,7) reaction and the competition of *—process with (@, p) reaction 
determine the number of neutrons formed by (@, n) reactions. It is desirable to calculate 


the amount of neutrons produced in these routes in order to see whecher the forma- 
tion of heavy nuclei is possible or not. 
(v) A way to reproduce Ge 

The calculated value of m, in § 3 is much smaller than the observed one, which 
is ~107*. 

The relative abundance of C” nuclei, 7, obtained in § 4 is also smaller than the 
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odserved one. To solve this difficulty, we shall suggest the spallation, such as (p, d) 
(p, @), of some O" nuclei by non-thermal protons. Ginzburg,’” and Hayakawa and 
Terashima’ have suggested the existence of non-thermal protons accelerated in the ex- 
panding turbuleat envelope of supernovae in order to explain the origin of cosmic rays. 
In our case also, it might be possible that turbulent motions accompanying the expansion 
of the universe will produce non-thermal protons in a similar way. If these relatively 
few protons could disintegrate some fraction of the O° nuclei, say 1/10, the difficulty 
of the low abundance of C™” could be solved. 

The authors wish to thank Professors M. Taketani and S. Hayakawa for valuable 
discussions and Professor H. Yukawa for continual encouragement of their work. They 
also wish to thank Mr. T. Tuzi for the preliminary calculations of the reaction rates 
used in § 3. 
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Models for K-mesons are mainly discussed from the view-point of regarding new unstable par- 
ticles as composite particles. To interpret the degeneracy of masses of K-mesons, we assume the 
existence of two kinds of A-particles together with nucleon as fundamental particles and consider several 
models for K-mesons 


§ 1. Introduction 


Recently, Sakata” has proposed a “compound” hypothesis for new unstable par- 
ticles to account for the Nishijima? and Gell-Mann’s” rule (N-G’s rule). In his model 
new particles are considered to be composed of a nucleon, a A-particle, and their antipar- 
ticles. The basic idea characteristic to his theory is that the 7-charge or the strangeness 
which is assigned to a new particle and plays a fundamental role in the N-G’s theory, 
is identified as the number of /-particles involved in the model of the new particle, and 
that the conservation of the 7-charge in the strong interaction is attributed to the con- 
servation of the number of /-particles. We may, therefore, consider that the mysterious 
quantity 7 introduced phenomenologically in the N-G’s theory is confined to the entity 
of A-particle itself in the Sakata’s theory. 

Furthermore, the requirement for the iso-invariance of all the strong interactions in 
the N-G’s theory is reduced to that for the invariance of the basic interactions of fun- 
damental particles. Since the effective interactions of composite particles come from the 
basic interaction, the invariance of the former follows automatically from that of the latter. 

Therefore, we may consider that the concepts of the 7-charge and the iso-spin charac- 
teristic to the N-G’s theory are reduced to the problem of the structure of the basic 
interaction among the fundamental particles, that is, the problem of the conservation of 
the number of A-particles and of the choice of the suitable arrangement of neutrons and 
protons in the basic interactions. 

In the present paper, focusing our attention on the degeneracy of masses of K-mesons 
we reexamine, in particular, the models for K-mesons and attempt the modification of the 
Sakata’s model. Although there are many interesting phenomena with regard to the new 
it may be worth-while to remark the fact that several K-events show different 
decay modes, nevertheless they have no appreciable mass difference. At present it is not 
ear whether only one kind of particle is responsible for these K-events. However, we 
) which seems favourable for the existence of two kinds of K-mesons, 


particles, 


cl 
have some evidence’ 


626 S. Tanaka 


ie, @ and t, though they have nearly equal masses. So far several attempts have been 
made to interpret those K-mesons from the theoretical view-point.”’® Now, according to 
the Sakata’s model, these two kinds of K-meson, 4 and 7, are interpreted as two bound 
states of a nucleon and a A-patticle with different internal structures, e.g., ‘5S, state and 
8P, state. However, it seems very difficult, from such a standpoint, to account for the 
fact that the two particles are considerably stable and have nearly degenerated masses. 
Practically, one can equate these two energy levels by adjusting the several parameters, 
e.g., the strength of coupling or the cut-off momentum, etc., but such an agreement is, 
we should consider, extremely accidental. 

Thus, it seems quite reasonable to regard this degeneracy of K-mesons as coming 
from a more fundamental basis. Therefore we shall assume, as a possibility to overcome 
the difficulty, that there are two kinds of d-particles, i.e, A and A’, and they have equal 
masses and equal spins 1/2 and are distinguished only by their opposite space parity. 
From this point of view, we shall discuss in the next section, several possible models for 
K-mesons, taking into account the detailed form of interactions among nucleon, A, and 
A’-particles. 


§2. Models for K-mesons 


As mentioned in the previous section, the Sakata’s model for new unstable particles 


has succeeded in accounting for N-G’s rule. This model is illustrated in Table I, where 


the symbols N, A and N, A stand for nucleon, ‘particle, and their antiparticles. 


Table I 
Name Sakata’s model (spin, parity) Modified model 
are NN (0, —) NN 
gts 0 NA (0, +) NA, or NA, NA, 
rt0 NA (0, —) NA’, or NA, NAy 
S140 ANI, a5.) ANN, ANN 
z0- AAN (3, ) AAN, AVN, AN 


eee 


As the fundamental interactions sufficient to make possible these compound models 
. win . 2 
the following Fermi-interactions can be considered : 


ad 
¢ 


i=] i=1 


2, N+N3G/° 1 Taq 2,N Nz, L, N, (2: 1) 
6 —— 

I SU ONEN = ON AG o 

(1) 21 GY Nt,2,N AQ, A, (2-2) 


5 


al yalwiwy re 
> GM A9,A19,A, (2-3) 


where N=( i ). 
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However, as pointed out in the preceding section, Sakata’s model implies some di- 
ficulty concerning the mass degeneracy of K-mesons, and we proposed the existence of 
two kinds of A-particles, A and A’, to get rid of this difficulty. 

In this case, several models for K-mesons may be possible, corresponding to the form 
of interactions among vucleon, /-, and A’-particles. In the following, we shall confine 
ourselves to a rather simple interaction form for the sake of simplicity. i) Let us 
consider first a case in which each number of A or A’ is conserved independently. In 
addition, if we remember the conservation of the electric charge and the number of heavy 
particles, one can easily find that, in this case, such interaction necessarily leads to the 
conservation of each number of fundamental particles, N, P, A, or A’. As an interaction 


of this kind, the following one may be conceivable in place of (I) 


Sk NrO,NN-7 2, N+ SG" Nr, 2,NN7,2.N, (2-1)! 
(1) St GAY Nc, 0,N Aci 2,4, (2-4)! 

1=1 

S1GMs Az 0, A-Az Q, A+33 Gis Ar! 0, AAT QA, (2-5)! 


i=l 


where A=( i ), and t, and 7,’ are Pauli’s 2X2 matrices operating on N and A, res- 
 pectively. Hereafter, we shall denote by A and A’ those particles which have the op- 


_ posite and the same parities relative to nucleon, respectively. 
Now, introducing the fields, A= (A+ 4) /V2 and A,= (A—A’)/W2 in place of 
A and A’, we can rewrite (2-4)’ in the form: 


SG” Nr, 2,N (A.2A +4, 2. 4,)- (2-4)” 


i=l 
Here, both A, and A, are obviously indefinite as to space parity, whereas they satisfy the 
’ same equation of motion as A ot A’. 


These interactions, (2-4)’ of (2-4)", give rise to stationary states of N and JA or 


é a system, as listed in Table II. 


——— oe 
7 


3 Table II 

| Name model | state | parity 
eee NA 1$5 even 

me Kot Nw 18, odd 

; Ky 9= (Ket (+ Kot )/V 2 NA 150 mixed. 

Kot °= (Ket 9—Ko )\/V 2 NA, 189 mixed 


4 


It is clear that K,, Ko, K,, and K, have the same energies in the center of mass 
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system, that is, the same masses. We can find immediately from the space parity con- : 
sideration that K, and K, may have decay modes of #- and ¢- events, respectively. On) 
the other hand, K, (and also K,) can decay either into 27’s through K, component or ' 
3z’s through K,-component. In our case, it is an interesting question which of K,, Ky 
and K,,. is to be identified as the actual #- and <- mesons discovered in nature. 

Let us consider the mechanism of production of K-mesons at the collision of a 77 


and a proton. Considering (2-4)’ and (2-4)”, we find that the following processes may 
occur ; 

K,+A 

K,+/4 
K,+A, 
K,+ A,. 


n--+P-> | (2-4) 


Since the decay constants of J and A’ may generally differ from each other as will 
be seen in the next section, K, and K, may also be expected to have different lifetimes. On 
the other hand, K, (and also K,), which has two alternative decay modes, must be con- 
sidered as “ particle mixture ”.” 

ii) Secondly, we shall examine another interaction as follows : 
5 — = a 
SIGH Nz, 2,N(A 2,7, 4’ +4’ Q;75 A) 
i=l 

SGM Nc, 2, N(A, Qc7, 4,— A Qe 75 A;)- (2-5) 


i=1 


Although, in this interaction, 1 and A’ are not independently conserved, they appear in 
a symmetric manner. In the case of this interaction, the following bound states in Table 


III are conceivable. 


Table III 
eee mae Messier patie 
Ie [NACS)) + NA (Py)] | even 
K,/ [NACPy) +NA’ CS) ] [V/2 odd 
Kee [NA(1S)) —NA’ Py) ]/V2 even 
K,/’ [NA(3Py)) —NA’ Sp) ] y/2 odd 


_—_—_— 

Looking at the symmetrical appearance of A and A’ in (2-5), we find immediately 
that K,’ and K,’ belong to the same energy level and also K,’’ and K,,’ belong to the 
other same energy level. Therefore, in this model, we can identify the two states in 
a lower energy level or their-linear combinations to the 0-meson and the t-meson, because 


the states in a higher energy level may decay into the states in a lower energy level in 
a very short time. 
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Finally we shall turn our attention to the strange case where, in the interaction 
(2-5), 7; is replaced by 1. Of course, in this case, the interaction Hamiltonian be- 
comes pseudoscalar quantity with respect to the space reflection. However, if such an un- 
familiar interaction is permissible without causing any physical difficulty, we find that either 
of the following states, 


K/=NA.(CS,) = (1/72) [NACS,) + NA'CS,) ] 


and K/=NA.CS,) = (1/2) [NACS,) —NA'CS,) (2-6) 


can be a bound state, taking into consideration the second expression of (2-5). Since 
the first and the second components of K’;,. have even and odd space parities, respectively, 
K,! ot K,' becomes a mixed state of space parity, just as K, and K,. Thus, K’;,. have a 
similar property to K, and K, discussed in i), but in K’,,. the first and the second com- 


ponents are dynamically combined by the strong interaction 


NAN (2-7) 
in contrast to the case of K,,».* 
So far we have discussed only the K-meson models. Obviously the introduction of 
two kinds of /-particles necessarily causes the modification of the models for hyperons as 
shown in the third column in Table I, although here we shall not study in detail. 


§ 3. Concluding remarks 


Now, it should be noted that our attempt discussed above seems to be related closely 
with Lee and Yang’s” theory concerning K-mesons. Indeed, the operation of parity con- 
jugation introduced by Lee and Yang cotresponds to the exchange of A and A’ in our 
case. With respect to the differences between both theories, one may tentatively sum- 
marize them as follows. (i) In our theory the transformation property of new particles 
under the parity conjugation, that is, the exchange of a A and a A’-particles involved in 
the model of new particles, may be uniquely determined by the internal structure of com- 
posite particles, without any ad hoc assumption, contrary to L-Y’s theory. (ii) As shown 
in (2-4), it is uniquely determined which kind of K-mesons is produced in association 


with A or A’ at the collision of a =~ meson and a proton, while in LY s theory the 


processes 


AP oA, eo Pal +f G1) 


may be possible as well as 


PP SAGO, no PSA AT; (3-2) 
eee 
e 75 with 1 in the interaction (2-5), there does not exist a bound state in 


*) If we do not replac 
because the expectation value of the interaction Hamiltonian (2-5) in the 


a similar form to that of K’1,», 
state of Ky’ ot K./ vanishes. 
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even though production rates of both processes (3-1) and (3-2) are generally different. 

Further, we have to notice that other models of this kind for new particles may 
also be possible. Actually, Goldhaber® has presented a model, in which a nucleon and 
@-mesons are considered as fundamental particles and @-mesons play just the same role as 
a A-particle in the Sakata’s model. However, at present, it seems premature to conclude 
which one is superior to the other, though some differences of both models will be illus- 
trated in a forthcoming paper. 

Finally, the author would like to express his sincere thanks to Professor S. Sakata 
for his kind interest and valuable discussions. 
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Decays of the composite particles are discussed from the same point of view as discussed in the 
preceding article, I. The composite particles, which are composed of fundamental particles by strong 
Fermi-interactions, are assumed to disintegrate through the several universal weak Fermi-couplings. It 
is examined from the standpoint of the universal weak Fermi-couplings whether the conditions required 
for the internal wave functions of composite z and K mesons from the experimental results, i.e., observ- 
ed lifetimes or masses of new particles, are mutually consistent. 


§ 1. Introduction 


The composite 7 and K mesons combined through the strong Fermi-couplings (1) 
or (I)’ in the previous paper? (to be referred to as I in what follows) are considered to 
disintegrate via several universal weak Fermi-couplings, as it will be shown later. Although 
decay constants for these disintegrations may be calculated only when the internal wave 
functions of composite particles are obtained, we have so far no scztisfactory method to 
treat the problem of such a bound state?» However, on the contrary, we may expect 
that some information on the behavior of the wave functions of the composite particles 
can be obtained from the lifetimes or masses of new particles without any knowledge of 
the forces which make possible to composite particles.” In the present paper, we wish 
to investigate whether the conditions for the internal wave functions of composite 7- and 
K-mesons required from the experimental results, observed lifetimes or masses of new 


particles, are mutually consistent. 


§2. Decays of new particles 
i) m*—pt by 
m*-meson may decay into /#* +» via the well-known //-capture interaction, 
5 — 
A= 21 g,N2;P p2Q;». (2-1) 
This process is illustrated by the diagram in Fig. 1. The matrix element in the first 
order for this process is 
<p yA, |n* >, (2-2) 


where H, is (d°X H, and |x*> stands for the state of a composite 7*-meson (PN: 


1$ state) at rest. We shall assume the following two body approximation form 
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Jz* > =Sia* (D b* (—D uz* (D oi (r) us*(—D 
t,0,8 


wey ng 


a Sa we xe"rfdr|o>, (2-3) 
oi oe 


where |0> means a vacuum state and a’(l) and 6’ (1) 


are the annihilation operators of a proton and an an- 


rr LL tineutron with the momentum I and the spin polariza- 
neutron ‘ ‘ + F 
if tion 7, respectively. 3, (r)’s represent the internal 
— —meson 
ek RO AS wave function of a <*-meson at rest with 16-components, 


: iv rdinate between a pro- 
Fig 1 sey where r denotes the relative coordin: P 


ton and an antineutron. Further, uj (l)’s represent a 
constant spinor of a nucleon with the momentum I and the spin polarization r. 


One can develop or, (r) into tensor components” as 
vir (F) =F FAC, (2-4) 


where C is a charge conjugation operator defined by C7? C7'=—y, and 47 (r)’s consist 
of scalar A” (r) ; vector a“ (r), a7 (r) ; tensor H*(r), E*(r); axial vector 4*(r), A7(r); 
and pseudoscalar /’*(r). 


Then, we obtain for the lifetime of a 7*-meson at rest 
t t= (16/2) 9° q',q mz 
X [19s 4F (0) |? 1-9/4") +195 2'* (0) |? +9/9,") y= 
+2; Gs 95* AF (0) '** (0) my /qu")s 


where qu, G°: energies of # and », 


q : momentum of both particles, 


My, M,: masses of a Z- and a /-mesons, 


and the symbol }t means to take out the real part of the subsequent term. 


Inserting the observed value 3X 107° sec for ¢ in (2:5), we obtain the following 
results : 


a) In the case of g,=0 and Is=9; 


[47 (0) | =0.75 x 10-2 M*”, (2-6) 
b) In the case of g,=0 and IS=9; 
|’ (0) |=0.60 x 10-2? M*2, (2-7) 


*) In the following, we shall use the relativistic unit, 
B=c=1. 


**) The process z—>e+-y may be obtained onl 
by ones with respect to the electron. 
if the usual Fermi-couplings of {-deca 


y if the quantities with respect to the “meson are replaced 
From (2-5), one finds that the unwanted process 7—>e+y can be excluded 
y consist of only scalar and tensor interactions.®) See also a). 
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g denotes the well-known universal Fermi-coupling constant ~2X107" erg cm’=1.5 X 


-5 yy-2 
M™, and M represents the nucleon mass. 


ti) Kisopt+y 


K,(PA: ’S,state) and also K,(P A: 


'S,state) (or K,- and K,-components of K,,»), 


which are discussed in I, are assumed to decay into #* + through the weak Fermi-cou- 


plings of the form 


=D: Ars 2,PvQ,p, (2-8) 
HY =S} gi A 2, PV Q, p. (2-9) 
i=l 


This process is illustrated by the diagram in Fig. 2. 


In the same way as in 7-decay, we obtain for the lifetimes of +, and t, of K, and 


Ko; 
Ta = (16/7) qu 9. q mx 


xi} 


{9 92% 
+23) or gt 


———— A 


Eig. 2. Ktout+y 


gc: 4 


. 


eee 


Fis, 3. K*>piav +n 


) @-10) 


0 g 
a/4s') +14 a 


OU © (0) m,/qy" | 


where the first and the second rows in the brackets { } 
refer to K,- and K,-mesons, respectively, and m, te- 
presents the mass of the K-meson. 
Inserting the observed value 10° sec for t, and 
Ty) into (2-10), we obtain the following results : 
a) | In the ase of g,=—9/=0 and g,=9,'=9, 
(Oe O10 MY (2211) 
b) In the case of g,=g;/=0 and 9,=9,'=9, 
(A 0pte=4 vex 0. Me, (2-12) 
iii) Ktoptt+yv+7° 
K, and K, may also decay into p*+v+7° 
through the interactions (2:8) and (2-9). This 
process is illustrated by the diagram in Fig. 3. 


The lifetime of this process is given approximately as follows : 


ae Te am (maf 22)" (ne) 


fo) 8m" 


xe(i{_%, fartl{ SOR) +2{_ fi fin |SO*L (2-13) 
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In the above expression, 


Ald? of f7*(r) P(r) LAE*(r) AB () +H* (r) -H(r) | (2-14) 


and 
G=4fd[P™*@) AD —IF OPO]: (2-15) 


% cannot exceed 1 due to the normalization of the wave functions of 7- and K-mesons. 
Thet is, in this case, the relation between the lifetime and the wave functions of z- and 
= > 
K-mesons is not so simple as in (2-5) and (2-10). 
Inserting the observed value 10~° sec for z, and 7) into (2-13), we obtain the 


following results : 
a) In the case of 9,=9,/=0 and 9,=9.'=9, 
|| =1.1. (2-16) 
b) In the case of g,=9'=0 and 9,=9,/=9, 
|G] =1.1. (2:17) 


+ —_— 


The disintegration of K-meson into two pions may be explained as the decay of 


K.(N A: ‘Systate) (or K,-component of K,..) through the interaction of the following 
form 


H8= S19, Ay, 2:NN2,N+3509, Ay, 2,PP2,N 
i=1 i=1 


ab tog ate. Be ct Bae : 
(=-—319 Ar, 2: NN2,N—S)9,A7,2;NPQ,P). (2-18) 
i=l i=l 
x In the above expression, J; and g,, are quantities 
which are suitable linear combinations of gy; and 9j, 
6° . respectively. These linear combinations are determined 


x nce by Fierz’s identity” of 7-matrix. One of three 
ae 


processes, for example, the process, #°—>7*++-77, is 


a illustrated by the diagram in Fig. 4. 
The lifetimes are given as follows : 
Fig. 4. Ont++77 tT" ( Ont +27 
P72 + 7° = 
K + sant +7° 


meV (m xf 2)* —m,2 


| 
4 | 0° 
! 
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Is | 94 f 
sc | Gea (9-—9s) I. (Gs—9) 


oer | 0) Satie 17 *(0)B) (2-19) 


9s— J.) — Ga—91) 


/2 ] 


Inserting the observed value 107" sec for Ty5n+sn- into (2-19), we obtain the fol- 


V2 


lowing results : 
a) In the case of g,=0 and 9,=9, 
\Apot 0) 5] ==451 X10 2M. (2-20) 
b) In the case of J,=0 and 9,=9, 
280) = 110 (2521) 


Substituting the values of {§ and , ie, (2-16) and (2-17) into the above equations, 


we obtain 

a) lar (0) (= 120 10M, (21.22) 

b) (PAC) =O, TO rea (2-23) 
Combining the observed value 10~*cec (for Txtsntsne and the values |AT* (0) | and 
\’** (0) | calculated by (2-20) and (2-21) in the expression fot Txt sntin2 shown by 
(2-19), we obtain the following relation, 

a) (s— 9) — Ga—Gs) = 0-149, 
b) (fis) — Gas) = 0-149, (2-24) 


—_—— ~ 
eC which will be discussed in the next section. 

v) A or A> ( P--2~ 

Near" 


ato, B), Hl eaeice 
A-particle may disintegrate into P-+7~ or N+ 


m through Hy given by (2-18) and also A’-particle through an interaction H®’ similar 


Comb pies 
He =Sig/ A Q,.NNQ.N+SG! M 2,PPQ,N 
i=1 i=1 


5 ex = a —— = 
i a ON NO pNesteae A QuN P,P). (218)! 
i=1 d 


7=1 


One of these two processes, A—->P-+-7~, for example, is illustrated by the diagram in 


Figs 3: 


Then, lifetimes of both particles are given, respectively, as follows : 
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ar A+>P+72- a 
kare ise 


foie ofa Ix" q ma’ 
19 


I; i (_ Js ' xy : 
x] = Ga—M) {P°* (0) | +\492— Ga 92) | % (0) Cee 
a Li ve | 
N* Is 
+2Ki n* — (Hi*—91*) Jo— (Go—Ge) ak P** (0) AF (0) (1+M/q-"), 
/2 w20 
and 
co mes 
A>N+2° 
—— qr" ae q my" 
4 
| 9,! 9 gf 2 
x] Gi — Gra P00) | +H — Gr—9.} FO) Ce 
to v2 | fe 
Is * Ga 
+2RiG*— (Gel*— Gs") GIT — a) P** (0) 70) (1M 9"). 
a re 


10 


Inserting the observed value 3X 107" sec for both 7,,%- and Tyaryp4n7 into (2-25) 


and (2-26), we obtain the following results : 
a) In the case of 9,=0 and 9,= 9, 
|AT (0) | =0.69 X 107? MP, (2-27) 
b) In the case of 7,=0 and 9,=9, 
|’ (0) |=0.69 X 10-2 M*”, (2-28) 
a)’ In the case of 7,/=0 and 7,/=9, 
|A7 (0) |=0.98 x 107! M*”, (2-29) 
b)’ In the case of 7,/=0 and 9,'=9, 
I’*.(0) | =0.98 107! Aa", (2-30) 
vi) 2°27 
Finally, let us consider the disintegration of z°-meson into two photons. This is 


considered as the decay of PP component of z"-meson ((1/ 2) (NN—PP: 'S,-state) ) 
through the interaction, 
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7 a ae a ta Hie Py, PA,,, (2-31) 


where A,’s denote a photon field. 
This process is illustrated by the diagram in Fig. 6. 
The matrix element of the lowest order for 


mann photon this process is given by 


Fig. 6. n>2y7 H,= << 27| H’ ei int (2232) 
Hm 


7 


where H consists of the free Hamiltonian of nucleon and photon fields and the strong 
interaction Hamiltonian (2-1) in I. Using eigenstate |n >of H and its eigenvalue E,,, 


we can rewrite H,, in the form, 
Hy, =S)<27|H|\n> <n|H’\x°> /(E,—m,). (2-33) 


In order to facilitate the actual calculation, we shall make in H,, the approximation where 


H is replaced by the free Hamiltonian of nucleon and photon field, and thus |n >and 


E,, are also replaced by the eigenstate of this free Hamiltonian and its eigenvalue, res- 


pectively. Thus, Hp becomes 
Hy=2V2 i &/m, 


1 a Es bid ML yt Pla : 
Xo |r ee ® +EC q) =| E~(l—q) (2-34) 


x| MH (r) +(q— 1 2 ye@ |-eG) xe), 


where EP’ (p)=p+mM, 
q: the emitted photon momentum, 


e(1), e(2): the spin polarization vectors of the two photons. 
Using the approximation in (2-34) as 


E()) +E(l—q) —m,/2~2E (l—4), 


and taking up only to the second term in the power series expansion of e~'?’” 


, we obtain 
the final result for the matrix element : 


Hy —2V2z \ar UG) eae 


m 


x {ae Qi HME GQ) == 


Or 


iz ())r/r} -e(1) Xe(2) (2-35) 


ay Dem, W q-e(1) xe 2); 


where 
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U(r) =e" /Arr, leks (r) te (r) r/t, 
and 


W =4n{) 2dr UG) (Y) — (1/3) S ° 8 dy U(r) (MH (1) — (9/8r) (7) ] 


0 


= — (4/3) [J 1°48 (1) (8/4r) UG) dr + MJ “PH? (r) U(r) dr]. (2-36) 


0 0 
Thus, the lifetime is given by 

c= (e'/6) m,? W”. (2-37) 
In order to make the rough estimate of the numerical relation between the lifetime and 
the value of the wave function at the origin, we shall take into account only the first 
term of W. Further, assuming a rapid damping form for A*(r) in the region r>1/M, 
we shall limit the integral region of (2-36) within a nucleon Compton wave length 
1/M and replace 47(r) in the integrand by the value at the origin 47 (0). 
Thus, 


4 ; 4 (Ue, 8 ; 
rte om 2128 (0) | 9 _u(@)del® (2-38) 
67 3 Jo Or 
Inserting the observed value 5X107 sec for 7 into the above equation, we obtain 
[AF (0) |[=2.7X 107 M?*?, (2-39) 
Now, the main results from i), ii), “177° and vi) are summarized in Table I. 
Table I* 
eae 
i = (0) | |= (0)| |Ay° (0) | |T°(0)| 
see | I3| | ape MBI? MB? MB 
Kyo 4.7x10-3 1.0 10-3 
Ka 11 11 
0° | —>*1.0 x10 *1.0< 10-2 
“ae 0.75 X10? 0.60 x 10-7 
n° 2.7X 1072 
A 0.69 X 10-7 0.69 X 10-2 
4’ 0.98 X 107! 0.98 x 107} 


§ 3. Discussions 


Considering the results derived from the standpoint of the universal coupling strength 
of weak Fermi-interactions summarized in Table I, we shall remark several points. 


*) The values given for the wave functions in this Table are not so general, because we assumed that 
a suitable one of five coupling constants in the Fermi-interaction is equal to the universal weak Fermi-coupling 
constant g, but the others are zero. 


Each value with an asterisk is calculated with the help of the value of § and W as shown by each 
arrow. 
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The value of %§ derived from the K,.-event is nearly equal to its maximum value 1 and 
shows a favourable overlapping of both wave functions of z-and K- mesons. On the con- 
trary, the values of wave functions of z- and K- mesons at the origin are considerably 
different. The way to amend this point is either to make the value of A} and /’° larger 
or the value of %§ smaller. However, the latter process gives rise to an unwanted effect 
on the value of |/7(0)| derived from 6°—>z*-+77, because, as shown in Table I, the 
value of %§ is used to determine, in the process #°—>7* +77, the value of |/7 (0) |, which 
is in fairly good agreement with the values in the other processes. Therefore, taking 
into consideration this situation and (2-10), we find that it is reasonable to assume 
lgol, |ga’|<g and ||, |9:’|<g for Hx and Hy. 


To explain the long lifetime of K* meson compared with (’-meson (7,%+~10~* sec, 


Ty~10~-" sec), two kinds of standpoints may be conceivable, i.e., one is to explain the 
decay of K* in a similar way to that of 6° through the interaction Hy} as described in 
§ 2, and the other is to assume that all the decay processes are subject to the iso-spin 
selection rule |4I|=(1/2)®” and thus K*->2*+7° belongs to the first forbidden process. 
If we adopt the former standpoint, the coupling constants of Hy should satisfy the rela- 
tion (2:24). The selection rule |41|=1/2 corresponds to g;==; in our model, as readily 
seen from the expression of Hy} and (2-19). On the other hand, in the Goldhaber’s 
model! we have to allow the interaction 9, ¢,¢, and forbid the interaction 9¢x+.0n 
to hold the selection rule |4I|/=1/2. Such a treatment, however, seems to us very 
asymmetric. 

As to the values of |/7(0)| and |/°*(0)|, they are almost consistent for all the 
phenomena except A/—>P-+7". The result with respect to the process 7’—>27 also seems 
nearly consistent with the others, as shown in Table I. However, in this case the agree- 
ment may not be so reliable because of some sensitive approximation used in the calcula- 
tion of the lifetime of this process. With regard to A’->P-+7-, if we use the plausible 
value ~10-2 M*” for |A7(0)| in the expression of its lifetime, (2-26), we obtain the 
lifetime of the order of 10~*sec. The cause of the difference between the lifetimes of 


both A and A’ is also easil; understood from the forms of the effective interactions 


gA Px and gA'y,Pr. 


At the end of this paper we would like to add some remarks on the existence 


of two kinds of K-mesons. In the present paper we have discussed the decay of Ky (NA')- 


meson as well as that of K,(NA)-meson, taking into consideration the standpoint of 
the preceding paper, where the existence of two kinds of /-particles was assumed. However, 
as far as we are concerned the decays of new particles discussed in the present paper, 
there does not appear any essential difference between the roles of these two K-mesons. 
It is, of course, evident that the conclusions derived in this paper hold good, irrespectively 
of the assumption of the existence of two kinds of A-particle, with an exception of the 
conclusion for K,-meson. 

One of the important processes which we have not discussed in the pre.ent paper 


may be the event 7937. For this process A’-particle must play an important role, be- 
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cause the decay mode is allowed only for K,(N1’) -meson, and not for K,(NA) -meson. 


Since the disintegrations of /’ and K,(NA’)-meson are caused by the same interaction 


H\’, it seems very interesting to investigate the correlation between the lifetimes of both 
particles, A’ and K, (NA’)-meson. This problem will be discussed in the forthcoming 


paper with other processes, e.g.. T—>e+Y-+7, etc. 
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Theory of nuclear magnetic relaxation in antiferromagnetics treated in the preceding paper for 
non-magnetic ions is extended to the case of magnetic ions. Strong hyperfine interactions and quadru- 
pole interactions are the distinctive feature of the problem. The line width and the relaxation rate 
are calculated by using the spin wave approximation at low temperatures and the model of Gaussian 
random modulation at high temperatures. 

Order estimations of T; and T> are made for several substances, which predict that the nuclear 
resonance will be difficult to detect above the Curie point because of the broadening due to the hyper- 
fine interaction, while the resonance will become detectable at sufficiently low temperatures where the 
low frequency components of the local field spectra decrease remarkably. 

The effects of the quadrupole interaction are also discussed. 


§ 1. Tntroduction 


In the preceding paper’, referred to below as I, the writer has presented a theoretical 
treatment of the nuclear magnetic relaxation of non-magnetic atoms in antiferromagnetic 
substances. The predominant relaxation mechanism in that case is provided by magnetic 
dipolar field coming from electron spins modulated by exchange interaction. The relaxation 
time of protons in CuCl,-2H,O calculated by using the spin wave approximation agreed well 
with the experiment both in the order of magnitude and in the nature of temperature 
dependence. On the other hand, for fluorine resonance in MnF,, the same mechanism 
has proved to be insufficient for explaining the reported absence of the resonance, and this 
compelled the present author to expect a hyperfine interaction between F nuclei and the 
unbalanced valence electron spins on F ions. This anticipated unbalance of spins was 
considered to result from the existence of a partial covalency in the crystal and the 
asymmetric arrangement of Mn** ions around each F~ ion in MnfF,. 

In the present article, we shall extend our consideration to the nuclei which belong 
to the magnetic ions. In this case a nucleus is subjected to a very strong magnetic field 
due to the hyperfine interaction which is 102—10° times as large as the dipolar field 
from different magnetic ions, and its order of magnitude is 10°—10° gauss. We expect, 
therefore, high resonance frequencies, broad line widths, and short relaxation times, and 
in some cases even the impovsibility of observing the resonance. However, there is an 


effect of exchange narrowing which favours the observation of the resonance. Though 


the fluctuating local magnetic field is very large, 
by a very rapid modulation due to the exchange interaction. Among the frequency spectra 


its effect on nuclei is much diminished 
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of the local magnetic field, only the low frequency components can contribute to the line 
width and the relaxation. As was seen in I, the low frequency components of the local 
field spectra decrease very rapidly at low temperatures as temperature is lowered, so that 
the observation of the resonance seems to be possible at least at very low temperatures. 

The present circumstances of the exchange narrowing correspond to the case of 
extreme narrowing where several authors” pointed out for certain cases that the relation 
T,=T, holds. In our case this relation will cease to hold below the Curie point because 
of the anisotropic nature of the electron spin fluctuations. For protons in CuCl,-2H,O, 
this relation should approximately hold though this contribution to the line width will 
be overwhelmed by the dipolar broadening due to the nuclear moments. On the other 
hand, for those nuclei which belong to the magnetic ions, we expect that there is a 
certain temperature range where not only the relaxation rate but also the line width 
originates predominantly from the hyperfine interaction. 

In the following sections we shall at first give the formulas of T; and T, for the 
nuclei which belong to the magnetic ions. In treating the exchange interaction we shall 
make use of the spin wave approximation below the Curie point and the model of Gaus- 
sian random process above the Curie point, as we did in I. At first in § 2 the quadrupole 
effect is neglected for brevity. The order estimations given in § 3 predicts that though 
the observation of the resonance absorption will be difficult above the Curie point, it will 
become possible at very low temperatures. In § 4 we shall deal with the effect of the 
quadrupole splitting and show that this causes no serious change in the line width. 
Finally, some discussions about the results obtained and some remarks on future experiments 


will be given in § 5. 


§ 2. Formulas for line width and relaxation time 


We shall here deal with a simple case where quadrupole interaction is absent. The 
magnetic field at a nucleus is produced not only by electrons on the nucleus but also 
by electronic spins on the other ions. The former contribution (hyperfine interaction) 
is much larger than the latter one (dipolar interaction). Hence, we may safely neglect 
the latter contribution, whose order of magnitude may, however, be inferred from the 
results of I. 

We assume with considerable generality that the principal axes of the anisotropy of 
the electron spins and those of the hyperfine interaction coincide, and denote them as 


x, y, z In the antiferromagnetic state the electronic spins are assumed to point in the 
+z directions. The Hamiltonian of our problem is 


Da) eon Do an D. + Or 
Do= —7ybl ; H-+-AEXS,) ae ALS, } +AQIC5.)s (2 : 1) 


§'=A,L,08, + Agl,0S, +AgI,0S,, 
with 
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where ©, denotes the Hamiltonian of the electron spin system which includes the 
exchange, dipole-dipole and anisotropic magneto-crystalline interactions, H the external 
field, 4,, A, and A, the principal values along the x, y and z directions of the hyperfine 
interaction tensor, § the electronic spin of an ion, (S) its thermal average, I the nuclear 
spin, and yy the gyromagnetic ratio of the nucleus. 

, determines the Zeeman levels of a nucleus, ©, modulates $5’, and $’ thus 


modulated contributes to the line width and the relaxation rate. We shall at first 


diagonalize , by the following orthogonal transformation of the coordinates system : 
x=af tanta, 
y=PS +P.nt+ BC, OD 
Z=7e tT TTC: 
where a, [, 7 satisfy 
a: 8 :7= (rH, —AXS.)) oH, — AXSy))? Cb He —A<S,)). (2-3) 
Hamiltonian (2-1) then becomes as follows : 
H = —bal, 
with 
boy=( 7xbH.—A4S.>)? + (xb H,—AKS,))? + Garb He —A,<S,y)*P?, (2-4) 
§/ =1-K, +} (LK-+LK,) 


with 


0 


Kath gs. 4 GA +iB As 55 +7A,0S., 
2 (2s) 


K _ a@4A,—i8 Ap os 4 AA tA 99 47, A0S., 
a 2 + 2 3 


=htily  Se=Ssty (2-6) 


=A, +10, Bs =e iP, 7-=n+ 9 


Now, we shall calculate the line width and the relaxation time. This : a problem of 
exchange narrowing. A theoretical treatment of exchange narrowing ue given by Pee 
and Weiss” as well as by Kubo and Tomita.” The former deals with the line shape 
and is based on the adiabatic approximation and the model of Gaussian factor process, 
while the latter is a perturbational approach including explicitly the adiabatic and non- 
adiabatic effects as well. A general formula for T, is also given by the latter. We shall 


here use chiefly the latter method. 


The line contour is obtained as the Fourier transform of the correlation function, 


which can be calculated by perturbation method following Kubo-Yomita’s procedure. We 
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get for the line contour 


I(o)= (ee dt, (2-7) 


—o 


HO) =o8 de@— fi) bor] dee—Dewfi(o), (2:8) 
with 
a3 =(K3)/#, 
fil) =U OKEY/KKEY , 
=[3 (aA? + PAZ) (98, IS} ) 477A {95.(IS} IKKE, (29) 
= (1K. K})/26% 
fil) =CUK OK} )/({K,K}) 
=[B {1 —a) 42+ (1 =) Ae} ({05, (9) 35_}) 
+ (1=7°) AX {05.(0) 95.) )I/C{K,K}), 
where 
K (0) = ete? Ke eld, 


Here ¢ ) means the statistical average, {4B} the symmetrized product of A and B. 
When f(t) and f;(t) decay rapidly as ¢ increases, i.e. their characteristic decay time 7, 


satisfies W)t,<1, we may approximate for the line centre part as follows : 
P(t) =(eem+e;7,) |t\, (2-10) 


Ft \‘f (z) dr, 


: (2-11) 
mo "fh (t) dz. 
This gives a Lorentzian line shape whose half width is 
1/T,= (4) =1/T/ +1/TY, (2-12) 
where 
LyT Peoete a7 Ty Seir 4 (2713) 


1/T,’ is the line width due to the secular part of the perturbing Hamiltonian and 1/T,/ 
is that due to the non-secular part. 


The thermal relaxation time T, is given by 


DAT =a;'| dt cos wgt f\(t). (2-14) 
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When the narrowing is extreme, i.e. w7,<1, this can be simplified as 
1/T,=2077,=2/Ty’. (2-15) 


This means that 1/T, is just twice the non-secular line width 1/T,’ in the case of 


extreme narrowing. The formulas (2-7) —(2-15) will be applied below to individual 
cases. 


(1) paramagnetic region T>T, 


In the paramagnetic region, where OSS, the model of Gaussian random modula- 
tion seems to be reasonable.”) Basing on this model we calculated in I the correlation 
functions of the electronic spin of an ion at high temperatures. The result at sufficiently 
high temperatures was 


CS, (t)8,) =4¢S, ()S_Y=3¢S_ ()S+) esis 
= (1/3)S(S+1)exp(—3.) 
with 
w2=29°S (S+1) /3%, er 


where J is the exchange integral times —2, and z the number of nearest neighboring 


magnetic ions. Substituting (2-16) in (2-9) we get 
o2=S(S+1) (a’AP+ PAZ +7°As) /36*, 
of=S(S+1) {(1—a?) Aft (1B) AE + (1-77) 4} / 66, (2-18) 
f(z) =fil=) =exp (— her). 

As the condition w,>, is usually satisfied, we can use (2312) ie (2,13) and (2-15) 


fee the calculation of T,; and T,. The results are 


1 _¥7/28(S+1) (4a) AZ+(tP)APt At? )Ar}, 2-19) 


sie 6h°a, 
1 Ee/ ISSEY) {(1—a®) 42+ (1—) Af + (1-77) At - (2220) 
ar; 3ho, 


When the hyperfine interaction is isotropic, we get 
hats (2-21) 
This holds also when we take directional averages of (2-19) and (2-20). 


(2) — antiferromagnetic region T<T, 

Below the Curie temperature an antiferromagnetic ordered arrangement of spins takes 
place. At low temperatures, spin deviations can well be described ae the ‘spin wave 
approximation and the correlation functions, ¢ {0S,(t) 0S,} ) and ( {0S (£)0S_} >, are 
obtained in a closed form or in the form of the Fourier transform of the frequency 


spectra which can explicitly be written. As was already seen in I, the frequency spectra 
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can be divided into two parts, namely, the low frequency part and the high frequency 
part; the former arises from the interference of two spin waves, while the latter consists 
mainly of the spin wave spectra. Both of these two components are functions of 
temperature ; the former vanishes at 0°K while the latter does not, since the zero point 
motion contributes to the latter. 

The high frequency components are all located in the region of higher frequencies 
than the lowest spin wave frequency yin =25V zJK/b (K: anisotropy constant), which 
is far larger than 7yA|0S|, so that they make no contributions to the line width. 

The low frequency components make a heap widely spread around zero frequency. 
Therefore, the Fourier transform of the low frequency part decays rapidly with the lapse 
of time, so that the argument for the case of extreme narrowing may be applicable. We 


get the following results (See Appendix): 


$() =(/T;) || = A/T! +1/T,) |A), (2-22) 

1/T,/ =S(S+1)[ (2A? + PAZ) ty! +72A22,!]/3P, (2-23) 

1/T/=1/2T,=5(S+1)[{(1—a*) 42+ (1—#) Ag} y+ (1-7) Age / 68%, 
(2-24) 


where 


d= {3/8(S+1)} [°C {08.(0)08.} ye, 


’ (2-25) 
ny/= {3/28 (S-+1)} |"¢ {05,98} dae 


The relation 1/T,=2/T,’ remains valid also below the Curie point. 

Now, we have only to calculate 7,’ and 7,’ The correlation functions of the spin 
deviation were already calculated in I with the use of the spin wave approximation. If 
we take account of terms up to the fourth order with respect to the spin wave creation 
and annihilation operators, ¢ {0S_(t)0S.\ » has low frequency components while ¢ {0S,,(#)0S_} ) 
has not; the low frequency components of the latter appear in the sixth order terms. 
We shall neglect the latter. Then 7,’ vanishes and the following results are obtained : 


1/T,= AS (S+1) t9! (1+7*) /6P, (2-26) 
1/T,=A3S (S+ 1) 7/(1—7*) /30*, (2°27) 
where, from the result of I, 
Tee \ 4 OM. eae: | eae : 
28 (S+1) AIG, (aeier yy] ee ae 


Here N(w) denotes the normalized state density of spin waves and a is defined 
by @=2K/zJ. The expression (2-28) was obtained by using the two-sublattice model 


with uniaxial anisotropy. In the previous paper, I, we have calculated (2-28) 
the long wave approximation for the spin waves. 


adopting 
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§3. Order estimation of T, and T, 


We shall now estimate the order of magnitude of T, and T, for some antiferro- 
magnetic substances making use of the formulas derived in the previous section. We 
neglected in the previous section the effect of the quadrupole interaction, though actually 
any nucleus of iron group elements has either both magnetic dipole and electric quadru- 
pole moments or none of them. Accordingly, it seems at first sight that the formulas 
derived in the previous section cannot be directly applied to the real cases. However, 
as we shall see in the next section, the order of magnitude of the line width 1/T, is 
not appreciably changed by taking account of the quadrupole splitting, and 1/T, does 
not exceed 1/T,. 

The order estimation given below will be of use in predicting whether the observation 


of the resonance absorption is possible or not. 
(1). paramagnetic region Dea 


From the formulas (2-19) and (2-20), taking the average over directions, we get 


1/T,=1/T,= / 2K (Ap +Ae+A,2) 5 (S+1) /9e, . (3-1) 


The hyperfine coupling constant A may be estimated from hyperfine structure data 
in the paramagnetic resonance on magnetically diluted crystals”. It is because the hyper- 
fine coupling is chiefly of atomic nature and is not much affected by surroundings when 


placed in a crystal. Estimated values are as follows : 


Mn** A=0.009 cm™ isotropic, 
Gow Aaig =0.05 cm7 anisotropic, (3-2) 
Cus oO ci anisotropic. 


Then, from (2:29) we get 
(1/T 2) m=2X 1 0'~w,-' sec’, 
(1/T») o=5X {08wi— secs’, (3-3) 
(1/Ts) cu=1X 10%w,7* sec” 


w, can be obtained from (2-17) estimating the exchange integral from the Curie 


point or the perpendicular susceptibility with the use of the molecular field theory. 


Estimated values ptniae ane (by ee ks Table. 1. Relaxation times of metal nuclei in several 
tabulated in Table 1. We see that the antiferromagnetic sukstances at high temperatures. 
itude of T, and > = —— 

Sey tae SpE d i ; i Sukstance We 1/Po=1/ ti seew) 
i fertthan LO 8 a eS 5M 
T, is, for any substance, shor oi er Rae 
sec. and accordingly it seems that the Kak eri we 
observation of the resonance absorption is CoO 15x 108 3><108 
CoF, 2104 BSS? 


impossible or at least vety difficult in the 
: : CuCl.-2H,O 2x10" 510° 
paramagnetic region. 
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(2)  antiferromagnetic region T<T, 

We may use Eqs. (2:26) and (2-27). According to these formulas, T, does not 
strongly depend on the direction of the magnetic field at the nucleus, while T’, depends 
trong 
markedly on it. Under usual conditions (7~1) Ty will be far shorter than T,. As 
will be stated in the next section, the relation T,<T, holds generally even when the 
quadrupole splitting is taken into account. Accordingly, whether the observation of the 
resonance is possible or not will depend on the magnitude of T, unless T, is so long as 
to make the resonance unobservable. We shall estimate T, below. Using the values of 
(2-30) and putting y=1 in (2-26) we get 

(175) wa 0.810 <, 
(1/T2) co=4 X 10% 74, (3-4) 
CYT J) aa0.9 X10 cr, 

t,! is given by (2-28). In the preceding paper, I, we calculated =,’ for CuCl,-2H,O 
and MnF, as functions of temperature*. We can here make use of them. T, for Mn 
in MnF, calculated in this way is shown in Table 2a. For CuCl,-2H,O we shall estimate 
(T 2) cn in another way, namely, by correlating it to the relaxation time T, for protons 
whose experimental values are known.” According to the present notation, T, for protons 


is written as 
(1/T;) proton a (1/4) retv Sin F, (a7) ol 


where 7, denotes the gyromagnetic ratio of an electron, r, the distance between a proton 
and the /-th Cu ion and F,(a@fy) a certain function of the direction of the local magnetic 
field at the nucleus and of r,, the position vector of the /-th Cu ion relative to the 


nucleus, and is of order unity. Evaluating numerical values for these parameters we get 
(LET a) paces Xx 10cm 

Comparing this with (2-32), we obtain 
(T) cu/ (T;) proton 3 x TU. 


From this and the experimental values of T, for protons,” T, for Cu can be estimated. 
The result is shown in Table 2b. 


Table 2a. Line width of a Mn-resonance line in Table 2b. Line width of a Cu-resonance line in 
MnF, below T, CuClh-2H:O below T,. 
eee _ — 
IEA ty’ (sec) 1/T» (sec™}) he 1/Ts (sec™}) 
HPS) 7X107"2 6x1075 1 2X10? 
7, 7X10-"7 6X10" 1.5 5X 108 
ai) 210716 2X 108 2: 3104 
30 2x 10715 2x10! 2D 1.5105 
45 810715 7X10! 3 3105 
a ee Re 
eee 


* Strictly speaking, we calculated in I a certain equivalent of 7)’. 
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These order estimations predict that at very low temperatures the line width is narrow 
enough to permit experimental observations. One should not here lay stress upon the 


figures in the tables; they are only of order of magnitude significance. 


§ 4. Effect of quadrupole interaction 


As we have already stated, any nucleus of iron group elements which has a magnetic 
moment has also an electric quadrupole moment. Accordingly the resonance spectrum 
splits usually into several lines. The electric field gradient to which the nucleus is sub- 
jected may be considered to be caused mainly by ¢-electrons. If we neglect the other 
origins, both the electric field gradient tensor [EH and the hyperfine interaction tensor 
will have the common principal axes. This statement is also valid when the contribution 
of the crystalline field to E is taken into account unless the crystalline field has unusually 
low symmetry such as in CuCl,-2H,O. 

The calculation of the line width of each split line is rather complicated. However, 
the broadening due to the seculer perturbations can easily be calculated while the non- 
secular effect is of the same nature as the thermal relaxation effect which can easily be 
treated. We may regard the latter as a measure of the non-secular broadening. 

As for the thermal relaxation, a single characteristic time will in this case not be 
sufficient to describe the whole relaxation phenomena. We calculate here the thermal 
transition probabilities corresponding to the transitions between any two levels. 

We shall now deal with the following two cases, where temperature is always lower 


than the Curie point: 


(1) The case where the principal axes of magnetic «nisotropy, hyperfine interaction and quadru- 
pole interaction coincide. (MnF,, CoF,, etc.) 
We assume that x, y, z axes are the common principal axes and the easy direction 


is along the z axis. The Hamiltonian ts written as 
= (A\S.)—TxbH.) Let (AKS,) -7o HL, ads 
+ (AXS,)—7nbH) I+ PA? + Py + Pele 
where P,, P, and P, are the quadrupole coupling constants : 
P,=— (eQ/21(2I—1) ) 0E./Ox, ete. 
With the abbreviations : 
AS.) —7 oH = By, 
(AS.) —YbHL) ti(AXS,)—7xbH,) = Bas (4-2) 
P./2=P,  (P.—P,) /P.=1 


(4-1) becomes 
6:= Bile +} (BL. +B.) +PBE+ +L). (4:3) 


650 T. Moriya 


The perturbing Hamiltonian is 
9 =A05.I, +4 (AOS, +4,08_)T, +} (A,08, +4_0S_)L., (4:4) 
where 


A, =A, +A, 


At first we shall calculate the eigen-values and the eigen-functions of (4-3). As the 
electron spins point almost in the -+z directions, the first term will be greater than all 
the others. The quadrupole interaction is usually smaller than the hyperfine interaction 
by a factor of about 10. We may use the perturbation calculation regarding the first 


term as an unperturbed Hamiltonian and the other terms as perturbations. We get 
E,,=Byn +3Pm? + (B,B_/2B,)m-+ (77P?/B,)[—m>+-m {I(I+1) —3}], (4-5) 
T,,=0,,+ (B,/2B,) V I-+m) (I-m+1) 6,-1— (B_/2B,) ¥ Im) I-+m+1) bm41 
+ (4P/4B,) V (I-+-m) (I+-m+1) I—m+1) I—m+2) ons (4-6) 
— (4P/4B,) ¥ I—m) I—m+1) I+m+1) I+m+2) brio, 


where 6, means the nuclear spin function corresponding to the state =m. 


When a rf. field is applied, transitions corresponding to |4m|=1, 2, 3 are generally 
all possible. The intensities of them depend on B,, Bi, p, 7 and the direction of the 
polarization of the r.f. field. When B,>B, and B,>P are satisfied, as is usually the 
case, the transitions corresponding to |4m|=1 overcome the others. We shall here 
consider only these transitions. 

The line broadening due to the secular perturbations can be treated by the Anderson- 
Weiss’ theory as well as by the Kubo-Tomita’s theory. The line contour corresponding 
to the transition m—>m’ is given by 


o 
a, (w) =| ett Fmm/ (2) fp (4 “i 7) 
—0o 


rk L , ' r ' 
mt) =F" de (t= 2) {Buns ©) Gm 2)} {Glam Gen (4-8) 


From (4-4) and (4-6) we calculate 
Oia Dacian =A,0S {1 ar (B, B_/2B,*) F, C, m) + (77P°/8B,”) F.C, m) } 
+[(B,4.+B_A,) 0S, + (B.A, +B_A_)dS_]/4B, (4-9) 


-+yP[ (B, A, +B_A_)0S, + (B,A_+B_A,) 6S_]F, (I, m) /16B,, 


where 
F, (I, m) =I(1+1) —3m(m+1), 
F,(T, m) =P ([+1)?—121(I+1) +18 
—m(m—1)[44—6I(I+1) +5m(m—1)}, (4-10) 
P, (I, m) =2(2m—1)(3 —I(I+1) +m(m—1)}. 
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From (4-8) and (4-9), neglecting 7,’ as before, we get 


Pmm—(t) = |e|/TY,  apae ly) 
1/T f= {428 (S+1) 7)//36} [1+ (B, B_/B3) F, (1, m) + (y°P2/4B,) FL, m)], 
(4-12) 
whete 1/T,’ is the line width due to the secular effect and 7,’ is defined by (2-25). 


Comparing this result with § 2, we see that the effect of the external field and the 


quadrupole interaction on the line width appears as a multiplicative factor 
t(B, Bf By) FL) Gp Pe /4 Be) dod, m)s 


Therefore, when the quadrupole interaction is far smaller than the hyperfine interaction 
the line width of each split line is not remarkably changed from that before the splitting, 
though the relative line width changes from line to line since F,(I, m) and F,(J, m) 
take positive as well as negative values. Even when the quadrupole interaction is not 
small and the perturbation calculation is not justified, the multiplicative correction factor 
will remain of order unity. 

Next we shall turn to the thermal transition probability. The following formula is 
useful : 
1 


Wut ma B 


[at Shun (£) Sis (0) ) (4-13) 


where 


9' (0) —eit(Got Ge) gre #(Got De) /b 


From (4-4), (4:5) and (4-6) we calculate the transition probability corresponding to 
m—>m—1. The result is 


Wom—1=[455 (S+1) 70 Im) Im +1) /687) (B,B_/By) [1 — 
= 4 (8,7 SR yy ABB Bama yids) am (m—1) —4} ]. (4-14) 
Here c,’ was again neglected. We see from this, referring to § 2, that the effect of the 
quadrupole interaction appears as a multiplicative factor 
L— {(B +B.) 7P/4B,B_Bo (2m-—1) {ila 1) —m (m—1) —4}. 
This factor remain: of order unity even if the quadrupole interaction is so large that the 


perturbation calculation is not justified. 

When the external field is absent (4-14) vanishes. Even when there is an external 
field the factor B,B_/B2 is usually very small and accordingly (4-14) is very small. 
The actual thermal relaxation will be provided by other mechanisms, e.g. the dipolar 
field coming from the other ions or the low frequency part of ¢ (0S, (¢) 0S_} ) which 


was neglected above. Any way, we may expect 1n this case T,>T,. 


(2) The case of CiGle 20 


We shall here discuss on the Cu-re onance in CuCl,:2H,O. The crystal structure 
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has orthorhombic symmetry and the antiferromagnetic ordering occurs along the a-axis.” 
However, the crystalline field around a Cu** ion has a lower symmetry and its principal 
axes do not coincide with the crystal axes. 

We may take the common principal axes* for the hyperfine and quadrupole inter- 
actions and denote them as ¢, 7, ¢. Considering the crystal symmetry, the b-axis proves 
to be a principal axis. The cootdinate transformation between x=6, y=c, z=a and . 


7, € may be written as 


a=-2Zz 


& 
— 
x=, 


y=ncosa+€ sina, (4-15) 
7=—y7 sin @-+€ cos &. 


These coordinate axes are illustrated 
in Fig. 1. There are two kinds of 
Cu** sites in CuCl,-2H,O where the 
crystalline fields are the mirror images 


of each other with respect to bc-plane. 


We neglect henceforth the ex- 
ternal field so that the average spins 
point in the +z directions. Hamil- 


tonian is written as 


Do = (A, I, cos arly sin a) «S.> 
+P.l? +P, +PT2,, (4-16) Fig. 1. 


{/ = (A, I, cos a—A,T, sin a’) OS, 


i 


+43 {A4,1,—i(A,I, sin a + A,[,, cos &)} 0S, 


3{A,I,+1(4,[, sin a+ A,T,, cos a)}0S_. (4-17) 
With another coordinate transformation : 
I, a Ty, 
[,=TI, cos 8—I, sin 8, (4-18) 
I,=TI, sin 8+, cos , 
with 
tan =A, sin a@/A, cos a , (4-19) 
we get 


%=4¢S.)L, 
+Qohs? +-Q1 {4 Tals +Iele) 3 pl +LI,)} (4-20) 
+Qh (T2412), 


* This is co i i 
rrect when only the interaction of a nucleus with d-electrons is taken into account. 
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§' =1,4,| 6S, — hid (6S, —dS_) ] 


a N \ \ *21 
+31, (4_95, +A,08_) +41 (4,08, 4+ 4_05_), ae 
where 
A, = (A,; sin’ a+ A.” cos? a)*?, 
Ay, =3 (A, + 4,A,/A,) > 
Q,= 3 (P, sin? P-+P, cos? 8), 
(4-22) 


Qi =i(P,—P,)sin Bf cos B, 
Q.=P; +3 (P,, sin” B+P, cos® 8), 
A= (A; —A,) sin a cos a/ A’. 


The eigenfunctions of , are expressed in terms of the eigenfunctions of Iz as follows 


Cis: for Cu) 


Pm= > Amt Prat > mm =+3/2,; 41/2, (4-23) 
where 
As)9~3/9 = 44 /9~1/2 = 4-1/2 1/2 4-3/2 3/2— 9+ (4:24) 
ym and the eigenvalue E,, are obtained by solving the fourth order secular equation. 


Here we have recourse simply to the perturbation calculation. The results given below 


are up to the second order. 


Eg. o= £ 3h /2+9Q)/4 F 3Q1 [bay + 3Qe'/ Zhao, 


: (4-25) 
Es.jjo= + Bbw) +4Qo + 3Q1 [bay + 3 Qe /2bM, 
Dip Ai Sa) 
Anm=1, 41)2 3/2 = 43/0 1/2 = — 4-1/2-3/2 = — 4-2/2-1/2 = _ VS 3 Q;/bW, 
(4-26) 


43/21/24 12—-3/2— — 4-1/2 3/2 — — 4-3/2 1/2 V3 Qo/ 2h. 


When a r.f. field is applied, transitions between any two levels are possible. If we 
write the direction cosines of the r.f. polarization with respect to a, 6, c axes as (Aiios 


/,), the relative intensity of the transition m—m' will be given by 


&D man! — Eons iret ia | 


SS bi (I— m’’) ([+m’’ alt i ) Caiihe Aint m!! + Ati nlatie) 


mt 


Xap HA sin (@—B) —A, cosa B)} V2 ites 
4 dha ndnrga(2, €08(@—B) +4, sin (a8) | 


The secular broadening and the thermal transition probability corresponding to this 


line are given by 


(1/T 2) mm! — (A?7,//40") 1a mi’ (|4nunrr [oes [Qatmatt |*) } = (4 ; 28) 


654 T. Moriya 
Wau = (Aft / 27) >} ma nttAintmt! Ng (4 . 29) 
mit 


If we content ourselves with the perturbation calculation, we get from (4-26) 
(1/TY) yo a= A/T e!) -a12-112= (Abe /40) [1 —3 (Q,/bero)? +3 (Qo/2ba)*F, 
(1/T¥) sj2-12= (1/T 2) ~s12 2= (Aro! /40°)[1 + 3(Qi/bero)’— 3(Qe/2ba,)*F, (4-30) 
(1/T¥) s)0-1/2= (Aree /48*) [1 +9 (Q/bar)?—9 (Qs/2ba)*P, 

(1/T 2) syo-sj2= (QAP To /46*) [1 + (Qi/hero)? — (Qe/ Zhao) *F, 

Wp 1j2=W 2j2-112= (Arto! /26") +12 (Qi/bar)*, 

W s)o-1)9= W 3/2 12= (A?r,!/20) «3 (Q./ba») - (4-31) 
W212 (Apr !/26*) -0(Q/ba»)", 

Wo-sj9= (Arto’/2h*) -0(Q/bay)®. 


We see that when the quadrupole interaction is small as compared with the hyper- 
fine interaction, the relation 1/T,>W holds. Moreover, the transition probabilities 
corresponding to 1/2<»—1/2 and 3/2<>—3/2 are far smaller than the others so that 
the bypath relaxations 1/2<> +3/2<—>—1/2 and 3/2<> +1/2<>—3/2 will overcome 
the direct ones. Any way, the relaxation in this case depends primarily on the quadru- 
pole interaction. 

According to the paramagnetic resonance data on certain diluted crystals” we have 
for copper P/A~10™ and accordingly PI?/AIS~1/3. Though the values of P will be 
different from this in CuCl,-2H,O, the magnitude will be of the same order. Therefore, 
the perturbation calculation may not be very good. Experiment will make this point 
clearer. 

The line widths of the absorption lines will be of the same order of magnitude as 
those calculated in § 3 whatever the quadrupole interaction may be, while the relative 
magnitudes of the line widths will depend on the quadrupole interaction. 


§ 5. Discussions 


The arguments given in the preceding sections are based, below the Curie point, 
on the spin wave approximation which is considered to be very good at sufficiently low 
temperatures. In fact, for T, of protons in CuCl,-2H,O this approximation gave a 
result which agreed well with the experiment. 


Therefore, the predictions given above 
seem to be likewise reliable. 


We expect that the nuclear resonance of the transition elements in antiferromagnetic 
substances will be detectable at very low temperatures. This is the inference drawn from 


the understanding that only the low frequency part of the fluctuating magnetic field can 


contribute to the line width and to the relaxation. The low frequency components of the 


frequency spectra are strongly dependent on temperature and they decrease markedly as 
temperature is lowered. 
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We neglected the low frequency components of ¢ {05,(t)0S_})>. As we stated 
before, this neglect is not strictly correct because of the effect of collisions between spin 
waves or the effect of the higher order terms in the Hamiltonian. These terms, if any, 
will make much smaller contributions to the relaxation than ¢ {05_(#)05S,}) does. 

We may say that above the Curie point the line width 1/7, and the relaxation 
rate 1/T, are of the same order of magnitude, while below the Curie point 1/T, and 
1/T, are not in general of the same order of magnitude but the relation 1/T, = 1/T, 
holds generally. 1/7, depends not so much on the direction of the local magnetic field 
or the quadrupole interaction. On the other hand 1/T, depends sensitively on them. 

As for the resonance frequency, we can estimate their order of magnitude from 
(3-2). They are ~700 Mc for Mn**, ~1300 Mc for Co** and ~150 Mc for Cu**. 
These values indicate only the order of magnitude. The actual absorption lines are split 
by the quadrupole interactions. These frequencies are functions of the sublattice magneti- 
zation and depend on temperature. 

We can expect from this type of experiments much interesting information on 
antiferromagnetism ; for example, the temperature dependence of the sublattice magneti- 
zation, the nature of the fluctuations of the electronic spins, properties of the ground 
state wave functions in a crystalline field, the magnetic anisotropies, etc. 

Another interesting experiment will be the resonance on such nucleus that lies 


8),9)10),1) have stressed the 


neighboring to the magnetic ions. Recently, several authors 
partial covalent character of ionic crystals. If there are any covalency between the con- 
sidering nucleus and the magnetic ions, the nuclear resonance will show a large quadru- 
pole splitting and a large shift below T, due to the hyperfine interaction. Examples will 
be F in Mnf, discussed in I, Cl in CuCl,-2H,O, ete. 

We expect further that the nuclear resonance in ferromagnetic metals such as Co, 
Gd, will also be detectable at sufficiently low temperatures. This will be possible 
even in the absence of the external magnetic field, and accordingly powder samples may 


be used. 


It is a pleasure for the author to thank Professor T. Nagamiya at Osaka University 


for his encouragement and advice, and Associate Professor M. Shimizu for valuable dis- 


cussions. 
Appendix 
We wish to derive (2-22)—(2-25) from (2-7)—(2-:9). This can be reduced 
to the calculation of the following expression : 
Ct 
qa de(e-—8)< 18517) 35} (A-1) 


If we divide the frequency spectra into two components, ie. the high and the low 


frequency parts, the correlation function can be written as 


¢ {08 (c) 0S} )= \ “org, (w) dw + \egn (w) do. (A-2) 
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g,(w) and Jn(@) are schematically drawn in Fig. 2. The first term in (A-2) will be 
a function which decays rapidly as 
time elapses. Y/u(w) is a function 
which equals zero except in a region Pcs 
between 2@ nin and 2@naxy Omin and 

Wax being respectively the minimum 
and the maximum frequencies of 


the spin wave spectra. Thus (A-1) 


becomes 


Fine! 
v(t) =I¢| [as az (ayde 


a 


“may 1—cos wt oa 
+2| * daga(@)———— Btn max 


2 
», 
“min 


(A-3) Fig, 2. 
This reduces to 
Jn (c) singt—sinst 


4 (t) =791,(0) |t|—2 ; : : (A; 4) 


where the shape of g(w) is assumed to have a one maximum at w=c, and ¢ and 
n satisfy 2Wnin <E<e and cSyS2@max. The second term of (A-4) is estimated as 


~(1/w2) + (1/a,.t) for o¢>1. 


This is a very small quantity and is naturally neglected. This is also the case when 
Jn(w) has a finite number of maximums. We have 
ah pe \) 
g1(0) =| (408 (2) 05} pas, 
so that 
10) =lel |< {08 (2) 05} pak, 


We get (2-22) —(2-25) in the same way. 
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Note added in proof 


Recently Shulman and Jaccarino [Phys. Rev. 103 (1956), 1126] reported a measurement of the fluorine 
nuclear resonance in MnF, above the Curie point. They observed a large shift of the resonance field which 
is attributed to the effect of the transfer of an electron of closed fluorine shell to the Mn++ ions. This 
electron transfer was predicted in the preceding paper I. The relaxation time of F nuclei in this case both 


above and below the Curie point may be calculated by using the formulas in § 2 of the text, taking the following 
interaction Hamiltonian : 


H=(S+3)7 DAs caSi T+ dyiSi Us TD 
mien 
a= (82/3) rerh*|¢25 (0) [?, 
.=rernb?| Ido» 28Grr—w)dv (dyadic), 


dos(r), Yo,(r) being the 2s- and 2p-functions of an F~ ion; Asi, Api are the transfer rates of 2s and 2p 
electrons of the F~ ion to the i-th Mn**+ ion, S; the spin of the i-th Mn** ion and I the nuclear spin of 
the considering fluorine ion. 


If we take only the isotropic part of the hyperfine interaction we get 
(Ty) n.t./(T1) aip 
=2 Bre Fs (a@Br) + Fr’ (@Br)})/2(877/3)7|h25 (0) [955 As? 


e LG X10°4/) A, 7? (iS) 


above the Curie point. As is seen in § 2, below the Curie point Ty and T» will depend considerably on the 
direction of the average magnetic field at the nucleus and accordingly on the direction of the external field. 
When the external field is parallel to the c-axis and is smaller than the critical field, we get 


(T2) n.t,/(T1) aip 
=> 12°F; (@B7x) >/ (87/3) *|¢2s (0) |? > Asa? 


=1.1X107§/S} A542? 
: 


at temperatures far below the Curie point. 

Estimating A from Shulman Jaccarino’s data we get (T;)n.t./(T;) aip~107 and therefore (T;)n.t.~108 
sec above the Curie point in agreement with the experimental data [(Ti)aip was calculated in I]. Our 
preceding order estimation (given in page 41 of I) was not sound, i. e. the ratio of the average values of 
the local dipolar and hyperfine fields should be replaced by the ratio of the amplitudes of their fluctuations. 
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In the present paper we discuss the photodisintegration of the deuteron at about 20 Mev assuming 
the pion theoretical potential to make a check for the validity of the potential. A detailed calculation 
shows that the pion theoretical potential gives a qualitative agreement with experiments, especially in 
predicting a large isotropic part in the angular distribution of the final nucleons. This agreement is 
mainly attributed to the strong tensor force in the triplet P states and the possible hard-core-like 
repulsion in the singlet S state which was found in the previous analyses phenomenologically. It is 
to be noted, however, that there remain some ambiguities concerning the effects of the interaction 
moment at small inter-nucleon distances. 


§1. Introductory remarks 


In a series of works under the same title,» we examined the nuclear forces in two- 
nucleon system from the point of view of the pion theory. There we established the 
following four points: 1) The one-pion-exchange potential in the outer region I (r> 
1.5Xh/pe (f: the pion mass)) predicted by the pion theory plays an essential role in 
the two-nucleon problem at low energies. 2) The effective coupling constant g,°/47 of this 
potential must lie in a narrow region 7°/47=0.08+0.01 in order to give the quantitative 
fit to the experimental values of the low energy parameters. 3) In the region II (1.5 
Xb/pe>1> 0.7 b/c), pion theoretical corrections to the one-pion-exchange potential 
(the two-pion-exchange potential and so forth) possess the qualitative properties required 
by the experimental data. 4) This pion theoretical potential, together with suitable 
phenomenological parameters standing for the unknown interactions at small distances (the 
region IIT r< 0.7 Xh/pc) can explain consistently the scattering experiments at the low 


and intermediate energy regions (< 20 Mev). In addition to these, we obtained some 


indication on the features of the interactions in the region III. 
The photodisintegration of the deuteron as well as the radiative capture of the neutron 
by the proton has served as a source of our knowledge of the interactions in the neutron- 


proton system. However, if one wants to draw some useful information on the shape 
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of the nuclear potential out of these experiments, one will find that energy regions 
available for the purpose are rather restricted. On the one hand, the experimental data 
in the low energy region E,<10 Mev are simply explicable in terms of the shape 
independent approximation (i.e. by the effective range theory) and no information on 
the shape of the potential can be expected from them.” On the other hand, the situation 
becomes very complicated at energies higher than about one hundred Mev. The higher 
multipole radiation and hence the higher waves in the final state contribute to the 
transition. Furthermore, at such high energies the nuclear interaction in the final state 
might not be represented by the concept of potential. Also various other mesonic effects 
including the interaction moment may play an important role. In fact, the experiments 
at energies higher than 100 Mev” show many peculiar features such as the rapid rise 
of the excitation function and the very large isotropic component of emitted particles, 
and we have not any reasonable interpretation for them. Therefore, the experiments 
in the intermediate energy region 10 Mev <E,<50 Mev are most suitable for the 
purpose. In the present paper, the photodisintegration of the deuteron at about 20 Mev 
is discussed. In the discussion, the conclusions of the preceding papers of this series are 


taken into account. 


§2. Photodisintegration of the deuteron at intermediate energies 


There have been two experiments at about 20 Mev in which the angular distribution 
as well as the total cross section are measured.” The angular distribution is expressed 


in the form 
o (8) =a+b sin?0 (1426 cos). 


The values of the parameters a/b and 8, and the total cross section are listed in Table I. 
The ratio a/b is measured as about 0.1 and the parameter [ of the forward-backward 


asymmetry also amounts to 0.1. 


Table I 
—- — — 
| iene | E, | a/b | B | tot 
Barlect a emulsion 18~22 Mev 0.13-£0.04 0.09 0.54-£0.11 mb 
Allen (1955) ZnS counter ~20 Mev 0.09+0.01 0.1 0.51-++0.16 mb 


The measurement of the total cross section is rather uncertain because of the difficulty 
in monitoring the y-rays. The experiments show this is about 0.5 mb. 

A few attempts to interpret the experiments taking into acount the P-state interac- 
tion were since performed. Austern calculated the isotropic ratio a/b in the energy 
region 15 Mev <E,<90 Mev with a weak tensor force or a singular LS force in oe 
triplet P-states. The D-state component of the deuteron was also included. Berger’ 
also calculated a/b for the 7-ray energy 6 Mev <E,<28 Mev, assuming three phe- 


nomenological potentials. Their results were that the ratio a/b was so small compared 
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with the experimental values, and that the inclusion of the plausible interaction moment 
could not improve the situation. In the works they used the deuteron wave functions 
whose D-state probabilities are small compared with that of the pion theoretical one. 
Their use of the Born approximation in estimating the effect of the triplet P-state 
interaction is also hardly justifiable from our standpoint. 

The effects of the interaction moment were investigated by Yoshida and Sugie” 
who determined it so as to fit the magnetic moment of “H and “He. In the absence of the 
triplet P-interaction, the interaction moment with radial dependence of Yukawa or ex- 
ponential shape was not able to give the large a/b of 0.1 for reasonable values of the 
parameters. The interaction moment of the Villars type with the pion-nucleon coupling 
constant g°/47=0.33 required to explain the magnetic moment of °H and “He gave 
a/b=0.033, which is only 1/3 of the experimenta! value. This coupling constant is, 
moreover, too large in the light of the present pion theory. 

In such a circumstance, it is very interesting to investigate whether the pion 
theoretical potential is able to reproduce the experimental data of the photodisintegration of 
the deuteron, in particular, the unexpectedly large isotropic ratio. The pion theoretical 
potential, whose validity was established in the analyses of nucleon-nucleon scattering, 
is expected to survive under this criterion. In the following paragraphs we shall show 
that it is really the case. 


§ 3. Calculation 


The differential cross section of the photodisintegration of the deuteron is given as® 


e bo Me™* 1 lox di 
Fae owen) a 4 Se NS ox m , m, |2 “am 
do = air ; ) 3k 5 et Es OE (1) 


O, is the effective interaction operator representing the absorption of a photon of momentum 
w/c and polarization e. Its explicit form is read as 


1 b 
OF era KXe-M+i Se OTK ak 
. Mi € +1 e-re:r-+ : 


8c 


The notations here used are all similar to those of reference 8. The first and the third 
terms give the electric dipole (E1) and quadrupole (E2) transitions respectively and the 


second one gives rise to the magnetic dipole (M1) transition. M is the magnetic dipole 
operator in the unit of the nuclear magneton. 


M= ¥) (6/2) {tm A—Te) +4, (+2)} FELT 


FA ty) F3 Py—tn) (2 +2) 3S +4 4, — Py) (6 —6) (29 — 20) 
+3L+I, 


where S=}(0o%+0) and L=irx/. 


As t i i 
o the interaction moment operator I, we use the moment of the Villars type which 
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is given by the one-pion-exchange process.” As in the case of the one-pion-exchange 
potential this Villars’ moment may be reliable in the outer region. The correct shape 
of the interaction moment at small inter-nucleon distances cannot be given by the pion 
theory at the present stage. Therefore we adopt the interaction moment of the Villars’ 
type only in the outer region r>1Xb/pe and cut it off to be zero in the inner 
region r<1Xh/pe in the present paper (/: the pion mass). This procedure introduces 
inevitably a large uncertainty in the final results, but it serves to estimate the effect 
of the interaction moment. The unknown effect from the small inter-nucleon distances 
should be included in the M1 transition in the future theory. 


[= Gg” x 1) | x a) f(x) an {3 (r : = 0) P03 (a x 0°) | g 6) | , 


: 2 Oe New 
pave BELA) Mes =) >1 


2 ae 


Lie ut | =e aes 
Go ( 3. a 


2 eal 
(x== (Hc/) vr): 


In Eq. (1), ¥7 is the wave function of the deuteron and VY /” is the wave function 
of the final n-p system which consists of the plane wave with the wave number k and 
incoming spherical wave. Both V7 and Y;” are the solutions of the nuclear Hamiltonian 
including the two-nucleon interaction, for which we have developed some detailed discus- 
sions in the previous papers. The deuteron wave function 77° was obtained in the 
paper I, which can reproduce all deuteron parameters correctly. One of the most important 
features of the wave function is that the D-state probability P, is about 0.06, which 
is larger than the value 0.04 usually adopted. As was discussed in the paper I, the 
large Pp is a necessary consequence of the strong tensor force of the one-pion-exchange 
potential. 

Main contributions to the cross section come from the E1 transition to the ‘P- 
states and the M1 transition to the ‘'S-state. The transitions to the °S-state and to 
the higher states are small compared to the above two transitions. The isotropic part a 
also comes mainly from the E1 and M1 transitions and the backward-forward asymmetry 
9 arises from the interference between the E1 and E2 transitions. 

As will be discussed in § 4 a strong tensor force in the *P-states due to the one-pion- 
exchange potential, a strong repulsive force in the region III in the 'S-state discus.ed in 
paper II and the large D-wave component in the deuteron state elvemiee to a large 
isotropic part in the angular distribution. The calculated value of a/b is abut 0.1, a eae 
of which being due to the F1 transition while the other due to the spin-flip M1 transition. 

The contributions of the non-spin-flip M1 transition, the M2 transition and the 
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interfere 


results. 


nce terms are also calculated, but are found to have small effects to the final 


The main coefficients of the angular distribution are summarized in Table II. The 
calculation is done at E,=22.2 Mev, which corresponds to 40 Mev in the nucleon- 


nucleon scattering in the laboratory system. 


Table II. 


Coefficients of angular distribution (in the unit of mb/ster.) 


angular distribution 1 sin? @ sin” @ cos 0 sin? 0 cos? 0 final states 
A)* 
(spin-flip) 0.000, 0.000 1$,, 1D, 
1 B)* 0.0053 0.000; AGk - 
(non-spin-flip) negligible negligible LT ie 
El 0.0025 0.049 3Po, 5P;, Po 
3S; +5Di, 
E2 0.001; SD», 8D; 
eee 0.004, 


The main terms of the angular distribution can be written in two extreme cases of 
A) (hard core radius in the 'S-state=0) and B) (hard core radius in the 'S-state 
== 0.500) fic) “as 

A) do /d2= {0.04-+sin°@(1+0.1 cos#)}0.049 mb/ster., 

B) do /d2 = {0.15 +sin?9(1+0.1cos#)}0.049 mb/ster. 
The total cross section is 

A) Fo = 0.45 mb, B) Ott = 0.52 mb. 


Therefore the result is consistent with the experimental data. 


§4. Detailed discussions 


4-1. E1 transition 


Th. cross section of the pure F1 transition is written as follows: 


do (8) == = Me ( baie dQ 
be bk Gr 4c 


1 , ; 3 ‘ ; 
x 7 ce | ef J — eta eee a = | eft He — ¢’52 1, 
9 ‘i 


Ls > 1 _ , 
+— sin’ {- 81 T 1 Zet6a 7 a “Sa 5 are be 
2 4 je I + 3e al 7 | e*°° I, —Se 


9 1 ; 
lg tnt] ° 7 
al a gave (2) 


where 


* Wirth espect to the case A) and B), see Table IV. 
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te | xa, (up 2 wz)) = | xdxo, (ut—Jom), 
0 0 4 


co 


i= | xdxvo( tu ; 
Syn 
0 
and v, denotes the standing wave solution in the ’P-state, 0, being its phase shift. 


u, and w, are the radial wave functions of the S- and D-components of the deuteron 


foe} 


normalized as | (ua? +0") dx=1. If there is no non-central force in the “P-states, all 
0 
radial waves in the *P-states coincide with one another, i.e., Uj=V;=V2 and 0;—=01;—= 04. 


Then the isotropic ratio is reduced. In our calculation it reduces to about a half of its 
actual value. Further, if we neglect the D-state component of the deuteron, all integrals 
Ls take the same value, and the isotropic contribution of the E1 transition vanishes. 

For a qualitative discussion, we consider the direction of the splitting of the integrals 
I.. The D-state contribution diminishes [, considerably and J, a little, and makes I, 
somewhat larger, since Wa and u, have the same sign as inferred from the positive 
quadrupole moment of the deuteron. The diagonal elements of the tensor potential 
VS; for *P,-, °P,- and *P,- states are —4V,, Vp and — (2/5)Vy respectively. The pion 
theoretical V, is known to be positive in the triplet odd state, and its attractive effect 
in the *P,-state diminishes [, further, and the repulsion in the P,state makes I, larger, 
since the factor x in the integrands makes L, an outer quantity and a repulsive force 
tends to push the wave fanction outwards. Thus the tensor potenti:! in the both (triplet 
even and triplet odd) states cooperate to increase the isotropic contribution in the E1 
transition. This feature 1s characteristic in the pion theoretical potential in contrast to 
the phenomenological ones such as the Serber potential. 

The impact parameter b of the P-wave in the two-nucleon system is about 1.6 
b/pe at the energy corresponding to E,~20 Mev. Therefore the one-pion-exchange 
most important role to distort the wave. On the 


potential in the region I plays the 
In the region I, if 


contrary, the interaction in the region III hardly affects the wave. 
we apply various derivation methods of potential, we have potentials with almost similar 


seen from Fig. 1 of the paper III. Therefore we first assume the TMO 


shapes as can be 
47=0.08 and then estimate the effects of the possible corrections to 


potential with g°/ 


the TMO potential. In estimating the effects, we examine whether the correction is 


consistent with the almost isotropic angular distribution of p-p scattering, since it 1s 
very sensitive to the P-wave phase shifts. Values of the phase shifts and the integrals 1, 


ming tne TMO potential are shown in Table III. The result is that: 
y= 0.0020 mb/ster., by, 0.049 mb/ster., 
(a/b) 74=9.041, Ctot,z1= 0-44 mb. 


d only to the central force, the isotropic ratio a/b 
(i0,) as well as integrals I, change by almost 


assu. 


When some correction is adde 


scarcely changes since all phase factors exp 


the same amount. Furthermore, the pion theory predicts that the central potential is 
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Table III. Va'ues of the “P-wave phase shifts and the dimensionless integral Iy(J=0, 1, 2) 


° 9 . Rat i 
The wave functions are normalized as \ (uge+twa)dx=1 and v1 sin (kr+-°6.,—7/2). 


Siac “P, 8D, 8p, 
Phase shifts *6', 0.296 —0.122 0.033. 
j xdx V7 Ua 1.472. Le7sA 1.595 
\ xdx V7 Wa 0.505 0.462 0.473 
ig 0.758 2.038 1.528 
very small compared with the tensor potential. Thus the uncertainty in the central 


potential is masked by that of the tensor potential. 

Then the effect due to the uncertainty in the tensor potential should be examined. 
From Table II] we can find that the contribution from the tensor potential to the *P- 
wave phase shifts is such that 0(V,) ~—0.073, i.e., the tensor potential contributes 
about —40(V,) to °0\, +20(V,) to *d; and —20(V,) to °,. As has been mentioned 
before, we can except that 0(V,) is mainly due to the one-pion-exchange potential. When 
the coupling constant g,°/4m of the one-pion-exchange potential is changed in the region 
0.07 <g//47 < 0.09, |O(V,)| decreases or increases by ebout 10% or a little more. 
Since the signs of the one- and two-pion-exchange potentials are opposite to each other 
in the triplet odd state, it would be sufficient to estimate the effect due to some possible 
correction for the tensor potential by changing 0(V,) by +15%. The result is that: 


a/b=0.045 , 
when the tensor potential becomes more strongly positive. When it decreases by 15% 
a/b=0.037. 


Some authors derived the spin-orbit force from the pion theory. Unfortunately, 
their results do not coincide one another even with respect to the sign. However, the 
L-S potential may not be important at E,~20 Mev since the E-S potential has the 
range of one half of the pion Compton wave length. Thus we assume that the contri- 
bution from the L-S potential |0(V,s)| to the P-wave phase shifts is |0(Vzs)|=0.2 
x |0(Vp)|. The L-S potential contributes 20(V;s), 0V 5) and —dO(Vyzs5) to *0}, %d} 
and. °0} respectively. In such cases, estimates show that 


4/b=0.042 for Vis>0, 


and a/b=0.040 fort 73 220 . 


Thus, a/b changes only little, since, in the isotropic part in Eq. (2), the first term 


increases (decreases) and the second decreases (increases) when the L-S potential is 
taken into account. 


4:2. Ml-transition (spin-flip transition) 


The spin-flip cross section from the M1 transition is 
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2 


da G aa 7 e bw 1 b | oe chi: 2 if S80) We ae 
(¢) B lefconDidas bade ttc Too Faget! oars Sin. 0) | V5 Joo+ V2 Joo 


SF Dee oe 


1 a ey — 9 ae 
Ce ia ie sin’) 11 Jog — V2. Joo|*— [Joo Nee 


a 
An” 


Irae | ta ty — Pa) —4F (x) } Udx > Jn=e® | wa yt) —4f (x) 49 (x) } Wdx ? 


as Toor al 


Jae | ae: 49 (x)Wdx , In=e' | my 49 (x) Udx , 


where U and W are the radial function of the 'S- and 'D-waves, 0, and 0, being 
their phase shifts. The terms which contain f(x) or g(x) represent the contribution 
from the interaction moment. Jo) is the dominant “S—'S transition and has a large un- 
certainty arising from the unknown nuclear interaction at small distances in the 'S-state 
as well as the interaction moment. 

However, we have obtained some information on the inner interaction in the 7S, 
state in the preceding paper, II. Namely when the one-pion-exchange potential is present 
in the outer region, there must be a strong attraction in the region between the pion 
range and a half of it, which is consistent with the prediction by the two-pion-exchange 
potential, and there must be a strong repulsion at small distances at least up to about 
r~0.2Xh/puc that pushes the wave function outside. We have also obtained a guess 
that the maximum core radius is about 0.6 Xb/pc. 

It must be noticed that the matrix element of the °S,—'S, transition is quite 
sensitive to the core radius in the ‘Systate. The reason is that the integrand of Jo 
changes its sign at the node of the 'S,-wave. At 40 Mev, when the hard core is not 
present, the node lies at about r~2.5Xb/pe which is small compared with the deuteron 
radius 3.05Xh/yce. In this case the contribution to Jy coming from outside the node 
and that from inside it have the comparable order of magnitude to cancel one another. Thus 
the matrix element almost vanishes. If the hard core is present, the inner integral is 
reduced and in consequence the positive contribution from the outer part ramains. 

We estimate the effect of the hard core on the "§ —1§, transition using the *S,- 
nction in hand, which was solved under the influence of the TMO potential. The 
results are shown in Table IV. The lower case, B), of the Table IV is not reasonable 
ywave phase shift 0.05 is too small to be consistent with the p-p scattering 


wave fu 


since the 1S 


Table IV. The M1-transition (°5;—15p) 


eae 


TMO wave ae 
a(mb/ster.) a/b core i in | g°/4n | eriOoieen) | “185 at 40 Mev 
ee. Spt ia ND Ot 
A) 0.0001 0.002 (0) | 0.08 3 | 2.04 | pee ps 
B) 0.0053 0.11 0.5 | 0.12 | 2.81 | 0.05 
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experiment. On the other hand, 9, can not be larger than 0.8 since otherwise the p-p 
scattering cross section in the singlet state alone is over the experimental data. 

The most important points with respect to the °§,—'S, transition is that the matrix 
element is quite sensitive to the core radius and it may be possible to give the isotropic 
ratio a/b of about 0.05 without contradiction with the singlet low energy data and the 
pop scattering at 40 Mev, if the pion theoretical potential has an approximate core 
radius of about 0.3 Xh/pc. The calculation assuming the pion theoretical potential in 
the 'S,-state as discussed in the paper II is not made here, since it is clear that the 
qualitative conclusions obtained above assuming the TMO potential is not modified at all. 


§ 5. Conclusions 


In conclusion we summarize the results. At the energy region which we treat, mainly 
E1- and M1-transitions contribute to the cross section mainly. A strong tensor force in the 
*P-states appearing in the one-pion-exchange potential favours to increase the isotropic 
part in the E1 transition. The matrix element of the M1-transition is sensitive to the 
radius of the hard core in the 'S,-state whose necessity has been inferred from the 
analyses of low energy scattering experiments. A reasonable choice of the hard core 
radius gives the good value to the matrix element of the Ml-transition. As to the 
interaction moment and to the possible L-S type potential our estimate shows that they 
give rather small contributions to the result, though as to the former contribution a rather 
large uncertainty is expected to come from the small inter-nucleon distances. 

Thus we can conclude that all the characteristic features of the one-pion-exchange 
potential favour to reproduce experimental data of the photodisintegration of the deuteron 


at intermediate energies, in particular, the large isotropic ratio. 
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It is shown that the composite model of elementary particles proposed by Sakata can be formulated 
as a covariant theory of bound states. The forces among fundamental particles (nucleons and A- 
particles) from which the composite pions, heavy mesons and hyperons are supposed to be constructed 
are derived from the assumed basic interactions of Fermi type. Equations for Lound states are solved 
by the lowest order approximation (the chain approximation) with the cut-off device. 


§1. Introduction and summary 


Ever since de Broglie had proposed a theory of fusion for light quanta,” several 
attempts concerning the compound nature of some of the elementary particles have been 
suggested by various authors. These approaches were restricted to be of more or less 
academic nature on account of the lack of decisive experimental grounds for, or against, 
such theories. However, the recent developments of high energy experiments which have 
revealed the existence of many kinds of unstable heavy particles with their interesting 
properties on the one hand, and a remarkable success of systematization program of these 
new particles developed by Nishijima and Gell-Mann” on the other, brought us into 
a new situation. That is, the compound hypothesis for heavy particles turns out to be a 
prominent method to explore the foundation of the success of the theory of Nishijima 
and Gell-Mann. 

The purpose of this paper is to show a possibility of describing the composite model 
as a theory of bound states based on the conventional scheme of the quantum field theory. 
If our approach provides an adequate description of the composite model, it will become 
clear that the compound hypothesis is conceivable even within the framework of the 
current theory. On the contrary, when we fail entirely to account for several basic 
assumptions implied in composite models, e.g. existence of the strong and short range 
e between the consitituent particles and so on, ultimate validity of the compound 


must be investigated in connection with the deeper knowledge of the structure 


forc 
hypotheses 


of the elementary particles. | 
In this paper, we shall discuss in detail the composite model of heavy particles 


First, we construct a theory of composite pions as a 


proposed. recently by Sakata.” Ss 
relativistic two body problem based on a direct Fermi interaction (SS 2-4). sat is 
essentially a hole theoretical improvement on Fermi and Yang’s theory.” Then with the 
introduction of the A-particle as one of the fundamental particles (Sekata model) we deal 


with the composite model for heavy mesons ($5). It will be shown that the Fermi- 
Yang-Sakata model can be formulated as a covariant theory of bound states Guides a 
suitable approximation method, viz. the covariant new Tamm Dancoff approximation which 
will be explained in §1. In the course of calculation, the strong divergences inherent 
in the basic interactions are avoided by the cut-off prescription, hence the main features 
of our results are characterized by an effective interaction constant g/° (§ 4). 

The mathematical structure of our theory ot bound states is quite similar to that 
of the recent work of Heisenberg et al.” In other words, we intend here to extract a 
compound hypothesis hidden in the Heisenberg theory along the line of the Sakata 
model by forsaking the nonlinearity problems. 

It should be stressed that tne remarkable success of the recent meson theory” also 
provides a crucial test to the composite model. Although it was suggested by Hayakawa” 
that the composite pion theory would not at all be inferior to the ordinary theory, a 


detailed analysis seems to be necessary by using some profitable mathematical scheme. 


§ 2. General formalism 


A. Derivation of the fundamental equations 

In this section we shall explain our theory taking the composite model for the pion 
as an example. In order to get the pion as a bound state of the nucleon-antinucleon 
system, it is necessary to introduce a short range force which acts between them. Accord- 


ing to Fermi and Yang we assume that these forces are derivable from the elementary 
interaction, 


N (nucleon) +N (anti-nucleon) ZN+N. 


On account of the isotopic independence of the whole system, the interaction Lagrangian 
will be a linear combination of 


: (fr0* p) (Pro*¢) : (2-1) 
and 
: ($2,04 $) (Gr,0*¢) :, (2-2) 
p 
where = oh denotes the nucleon field operator, T(7,, 7, t;) and 7, the isotopic spin 


of the nucleon, and O“(A=1, 2, 3, 4,5) are the Dirac matrices which give S (scalar), 
V (vector), T (tensor), A (pseudovector) and P (pseudoscalar) types of invariant Fermi 


interactions respectively. From the general combination of (2-1) and (2:2) we take 
for simplicity 


4 a — 
—&'= (94/4) B12 (Gt,0* h) (Pr,04 $) : (2°3) 


as the basic interaction of our compound theory. The summation over the superscript 
A is not necessary if we do not take a mixture of the different Fermi interactions. Then 


the equation of motion for ¢ reads 


Fu Bu He) of (X) = = (4/2) 704 h(x) GO) TAG) z, (2-4) 
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where « is the nucleon mass.* 


The pion in our model may be described by a covariant Fock-representation, 
(ly) 
. P(X, X21 %» Yo) 
fetal sl Mauntete ter oretois : (2-5) 
9 (x, gee? Xl Yas Coe Yn) 


in which ¢ is the Feynman amplitude 


P(x; ras Malt oa) Yn) = (0|N(/ (x) Dh (x,) b (4) --D(y,)) |) (2-6) a 
with a suitably defined N-product. For n=1, @ reduces to 
9 (xly) =CO|TPH)P(—y)) |=, 
where T(-:--: ) denotes the chronological ordering product. 


The simultaneous equations for the wave functions in (2-5) are easily obtained by 
the successive use of the field equation (2-4). We obtain first the equation for ¢(x|y) : 


pO, +) <P ly) = — (94/2) 7.0% 0|T[: $(x) (G(x) 7,04 P(x) 2 FQ) ]|2), (2-7) 


which is re-expressed by decomposing T-product in the right-hand side into N-products as 
follows : 


(uP, +k) 2 (xl) = — (Ga/2) =, 04K 0|N[ 4 (x) ($ &) 7,044 (x) ) $y) ] |= 
04) 2) 7,049 (x|x) 7,04 S5(x—y) 
+ (94/2) 7,04 Tr[ 7,079 (x|x) ]Sp(x—y). (2-8) 


As the nucleon Green’s function S,, we adopt here the free nucleon propagator : 


a eS i | TCE eiP@-” ff , 
ain y) (2m)" J p+K—ie ; (2-9) 


(7.9, +4) 2Sp(K—y) = —i0 (xy). 


This, in turn, implies that our N-products obey the definition of Matthews and Salam.” 

In a similar way, the equations for ¢(%, %|1, Yo) are to be derived, for which we 
require the equations for £(%, Xo X|%1y Yo Ys), and so on. The set of equations thus 
obtained can be solved by means of the new Tamm-Dancoff (NTD) method," by 
imposing the condition 9(%, +X 1 V9 Yn) =O for n—N(N being some large number). 

Though it may be expected that the NTD method will be applicable in so far as 
we confine ourselves to the cases of the low energy stationary states of non-singular 


systems (our system will become non-singular if we introduce the cut-off hypothesis.), 


* We simply regard « as the experimental mass of the nucleon. 
** /Q) is the true vacuum and |) the one pion state. 
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we are uncertain that for what number N the configurations @ (xy°°°X 171° Yn) (n= N) 
are safely negligible. | Nevertheless, it seems to be natural to suppose that the lowest 
order configuration, y(x\y), plays more or less important part in our system, since the 
hole-theoretical wave function, ¢(xly), includes at least partially the effects of infinite 
number of virtual nucleon-antinucleon pairs in contrast to the corresponding wave function 
of the ordinary Tamm-Dancoff approach, even if we neglect all g’s with n=2. (See 
Fig. 1.) In this paper we shall, as a first step, investigate our system under the lowest 


order approximation assuming Y=0 for n->2. Then (2-8) becomes 
n9u +4) eG (xly) = (Ga/2) 7.0% Tr [7,049 (x|x) |S (x—y) 
— (9.4/2) 7,0" 9 (x|x) 7,08 Sp(x—y). 

For the charged pion, say 7°, we see 

(7.9. +4) 2G (x|y) =7404Tr[O49™ (x|x) ]Se(x—y) 
with 

go” (x|y) =(0|T (9? (x) $" (9) ) 1 2*) - 
This can also be expressed as a Nambu equation’ : 
(749+) c(7y" 9, —) 9 (x|y) =ig4O* Tr[O4 G™ (x|x) 19 (x—). 


The corresponding integral equation for the bound states will be 


ge?" (x\9) =iga | Se(x—£) O° Te[O%G™ E|#) Sx —y)d'S, 


Fig. 1 Figh2 


(2-10) 


(2-11) 


(2-12) 


(2.13) 


which i i i i 
contains the interactions represented in terms of the Feynman diagrams such as 


Bip ils 


We may, there imati i i 
y> fore, call our approximation “ the chain approximation.” 


It 


should be noted that the equation (2-13) comes also from the lowest order approxima- 


tion for the exact Bethe-Salpeter equation 


ep 


2" (x9) = \ Sx 8) GE, 9'5 1, Se Q—y) Pm Cally)d'ed'nd'xid'y’ (2-14) 
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in which the interaction kernel G (see Fig. 2.) is replaced by the first term of its 
expansion in 94: 


Gig 0 (€—x') 0 (y—y') 0 (§—7) 04-04. 


It is obvious that the equation (2-13), as it stands, has no solutions because of 
the singularity of the interaction. Therefore we avoid the difficulty by introducing a 
cut-off prescription.* In order to keep the covariance of our equation, we make use of 
Feynman’s cut-off in the momentum representation. Separating the centre of mass 
coordinates by 


gy?” (x|y) =euXuc(z) 


where P,: the total energy-momentum of the system 
and Kua (Xby) wo B= (x*—y)p ? 
we obtain, instead of (2-13), the equation 
— 7 g 4 - z 2 z 
t(j = Hi GE | Sr(P rp O*TeLO* (0) ]Sp(p) ef?" dip, 


Note that t(z) depends trivially on the relative coordinates z. The cut-off factor C(p) 


may be attached in this representation : 
£(0) =i LE |, (P+ p)O*THLO*# (15260) CCE) Ae (2-15) 


or 


70) = =i, |Se(0+) c(p+F)ore[or=(o)]¢(p-S-) (9-5) 


(ais) 


C(p) is defined tentatively by 
C(p) =(— +2) / (P+) (2-16) 


where A represents a “ cut-off mass.” Although the 
cut-off procedure often causes contradictions with the 
general principles of the quantum field theory, e. g., the 
causality, the gauge invariance and others, we shall not 
make mention of this problem in this work. The space- 
time extension of the interaction due to the cut-off may 
be picturized in the “spring model interpretation ” 
discussed by Koba.” The interactions in (2-15) and 
(2-15’) are then indicated by the diagrams Fig. 3a and. Fig. 3a Fig. 3b 


* Rigorously speaking, it is expected that two or more mass states of the nucleon may appear in our 
scheme as a result of the cut-off. However, since it is quite unlikely that these spurious nucleons exist with 
the mass close to the observable one, we leave them out of consideration. Naturally our equation (2+13) 


does not contain such spurious nucleon states. 
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Fig. 3b, where the rugged lines represent the “cut-off propagator”? C(p). 
B. Unwanted solutions and neutral mesons . 

(1) It is clear that our basic interaction should be one peace gives a strong 
attractive force between the nucleon and the anti-nucleon, and provides a_ repulsive 
or less attractive force between two nucleons. The restrictions of this kind imposed on the 
type of basic interactions are common in any theory of the composite particle model. The 


Nambu equation for N—WN system is found to be 
(uO, +%) 2p Apt) PP (x, x’) 
=== 19 704 C (PGS x) y CPUC Gee, (2-17)* 


where 
gr (x, x’) =(o| TW), $*@’)) |)C7'. (C: charge conjugation matrix) 


Therefore, it is necessary that (2:17) has no bound states so that the present theory 
may be valid. 


(2) The neutral mesons can be expressed by the Fock-representation : 
oe 
is (x|y) 
in which yg”? and vy” obey the equation 
(9p +4) 2" (x|y) = 9404 {Te[O4 g?” (x|x) ] 


— 9 (x|x) O4— 9" (x|x) O44 Sp (xy) (2-18) 


and the same equation for p(p)<2n(n). It is easy to show that there exists a special 
solution 


gi” (xly) = — i" (ly), (2-19) 
which satisfies 
(79H) 2” (x|y) = G4 O* Te[O4 GY? (x|x) ]Sp(x—y) (2-20) 
and the same equation for ¢?". This gives the neutral pion with isotopic spin [=1. 


That the same equations are derived for z" and z* is evidently a general consequence 
of the isotopic independence of the basic interactions. 

As to the neutral mesons with I=0 (the singlet mesons), we shall discuss these in 
detail in connection with the inclusion of the A-particle, since the singlet meson contains a 


configuration in which A and A (anti-/) compose a bound state (§ 6). 


§ 3. Normalization of the wave function and the strength 
of the z—N interaction 


One of the most interesting features of the composite model would be the fact 


)? denotes a transposed matrix transposed about the spinor suffices in y (and ¢). 
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that we can determine in principle the force between a composite particle (7) and its 
constituent (N) simultaneously with the determination of the bound level, i.e. the mass 
of the pion. The strength of the pion-nucleon interaction may be estimated by the relation 
CP, 014" (x) |n, z*) 
~ gk plg? 04g" (x) jn) C0] = GOH (x) + |") G-1) 

as was done by Fermi-Yang and Wentzel."» In this expression (p, 0| and |n, 7*) 
denote the “one proton” and the “one neutron plus one *” states respectively. It should 
be noted that we must use the normalized wave function ¢,, in the right-hand side of 
(3-1) noticing (0| : $*O04¢?(x) : |z*) = —Tr[O*¢,., (x|x) J. 

The normalization of ¢,, may be performed as follows. Let j,(0) be the current 


density operator at the point x,, then one obtains a normalization condition 


\c j,(0)|)do,=Q (total charge) =1. (3-2)* 


o 


That is, we have only to determine the norm of ¢,, in such a way that it satisfies 
the relation (3-2). In order to find the explicit form of (7|j,(0)|7), let us modify 


“ 


4’ by introducing an “ external field” q,: 
hy! >! jun: 
Our first task is to evaluate the wave function 
g,, (0 ; 1|2) ==(0|T (ju. (0) (1) $ (2)) Iz) (3-4) 
by making use of the equation 
[1-F (A, 2)o]¢,. (0; 112) =1OA (4, 2) /94, (0)) 09 112), (3-5) 
where (-::), means that the limit g,—>0 is to be taken after differentiating with respect 


to q,, and cA (1, 2) denotes the integral operator : 


r 


has: to (1512) = | diay d eS rar (1s 2516, (45-2) 
% Gioe, Gs A) Xo. (3-6) 


In accordance with the dezivation of our fundamental equations (2:10-13) the force 
operator (1, 2) can be simplified by the chain approximation : 
5,2 S;, (a.7) 8 
Grpso—> iG.a0 (3 —5) 0 (4—5) 0 (3 —4) Opa OF « 


Further, making use of the first order approximation of the electromagnetic interaction, 


we obtain 


* |z> is an abbreviation of |x*>. 
** Sy» function in (37) still contains the electromagnetic interaction (more precisely, the interaction 


with the g,-feld). 
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(Ian, po(1s 2) /044 (0)) y= —ig a | 1% (Sp —0) Fp Se O=3) ox 
x Sy53 (3 —2) Ofs Of6 X *** (3-8) 
(3-5) is therefore reduced to the form 
[1—A (A, 2) olass en Pu (Os 112) ey 
=414\ d'x,(S¢(1—0)74Sr(0—3)) or Srop(3 2) O86 Ofoa3/3) on  B-9) 
If we substitute the equation for the two-body Green function 
[1—HA (1, 2) oles:tnKewss(1s 25 3, 4) =Srea(1—3)Sps(4—2), (3-10) 
where 
K(1, 2; 3, 4) =Co|T (¢? (1) (2) #7 (3) #(4)) 10), 
into the right-hand side of (3-9) and drop (1—A(1, 2))en from the both sides, we 
find the formal solution of 9, : 
4 (05 112)en=—Ga | d*x,Keqra (Ly 25 0, 3) (Fp) ax Sexrr(O—3) 
X OFs Ofo Px (3|3) op - (3-11) 
(z'|j,(0) |) is now readily evaluated by taking the limit (1, 2)—>(1, 2)°* or lim(T 
=2(hth) +0)": 


(2'l,,(0) I=)=9,( a" Bn (110) 6 (Tp) an Spare (0 —1) O45 


X Tr[O4¢(1]1) | (3-12) 
with Prt (110) =(2’|T ($" (1) $?(0)) 0). 
By making use of the relation 
pu +) 1 Gn (110) =74 O* Tr[O” G7 (1|1) ]S,(1—0) (3-13) 


and separating the centre-of-mass coordinates : 
Ot (x|y) =e Py! Xy F(z), X,=4(x+y),; Z.= (xy), , 


the one pion expectation value of j, (0), Cjudn==(2|jul7), is finally expressed in the 
form 


Cfi(0) n= GaGa New (P, Ay (0) (Oye (3-14) 


where 
Ios (P, h) =i/ (27) ‘\ Te 5-(p) 04S, (p+P)7,5;(pt+P) O* C*(p) d'p ; 


P'4(0)=Tr[O* z(0)], 
and I’,(0)=Tr[O*=(0)}. 
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‘sh depends on, besides P, and P’, the cut-off mass / through the factor C(p). [4 (0) 
is now normalized by combining (3-14) with the condition (Bn2 Je 


The coupling constant of our —N interaction will be determined if we find a 


relation between pion field ¢ and normalized /’,. In the rest system of a pion, the 
charge density(q=—ij,) may be described as 

(q(0) a 22 2/2|0(0) |? (ft: the pion mass) (3-15) 
This, combined with (3-14), yields an important relation 

2|6(0) P~gagar NA (=H, 4) P40) Par(0), (3-16) 


where N““’ is defined by Ni“ =P, NA (27, A), 
As will be shown in the next section, the pseudoscalar pions are obtained when we 
put Ot=7;, in which case the relation 1°(0)==en 1-(0)i is found to hold. From (3-16) 


we see that 


Xp, o|L!|n, *>|~ V2N-°(— 2, 4) | Cel ProH' lari 9. 


Therefore, the coupling constant of the z—N interaction, G,, may be written as 
G,~N-""(—P*, 4) (3-17) 


in the symmetric theory. That G, does not depend on g is a speciality of our 
approximation. A similar situation occurs also in the ordinary Tamm-Dancoff approach 
of Wentzel."” 


§4. Calculation of the pion mass and G,, 


We are now in a position to carry out the evaluation of the pion mass and the 
coupling constant G,. There are two parameters, 7 and A, to be determined so that 
the theory may reproduces a correct pion model. Before entering into the calculation, a 
brief comment on the magnitude of 2 would be necessary. Although it seems to be 
quite natural to suppose j~k, we want here to find out the most reasonable A as a 
result, not as a starting point, of the investigation. Keeping this point in mind, we 
impose a weak condition on 2 for the sake of facilitating the calculation. Namely, we 
assume 2?/«°>1 and confine our calculation to this. case. This is of course not an 
essential restriction to the applicability of the present theory. 

Now, under this condition the differences between (2-15) and (2315) mate mo: 
little importance and the results would not significantly depend on the shape of C(p). 

Let us define the functions TAb= 0, Vezno) by 


1 

[, [ 2 celle Po 

+9 = — Ke ta ia Pu Pv | * 

a PL, =\d'p Seiwa ae aa (4-1) 
TERT +e E Te 

Oye +P, Py; LP : 


* je in each factor of denominator is omitted for brevity. 
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and put J,=T,+1, and J, =f,+h, then (2-15) becomes 
(0) =—9,4[Jo(P7) 04140) (Pr) + L°7, O71 (0) 7p 
+iJ,«(Pr)O47,(0) +iI,«04I",(0) (Pv) —#1,04LP,(0)], — (4-2) 
where J,=9/167°. (4-2), being a covariant eigenvalue equation, is re-expressed in the 
rest system P,= (0, 0, 0, 7P,) as follows : 
7(0) =9."[ Jo 1401 POA —-he7y, OV sO, 
+ Jap 04P 4(0) +1, «pO*P.(0)7,+ 1,042 4(0)), (423) 


in which P, is to be identified with the mass /¢ of the composite particle. When 7(0) 


is expanded with respect to the sixteen Dirac matrices, 7,(k=1, 2,---16) : 
16 
7 (0) = Lars 


and substituted in (4-3), we obtain a set of 16 simultaneous equations for y,. It is 
easy to see that these equations are divided into four sets corresponding to the four 
invariant subsets of Dirac’s matrices, (1,74), (7,747), (/s747. 7s7) and (757s 75), giving 
in turn the scalar, vector, pseudovector and pseudoscalar mesons respectively. For example, 
the last set of 7(0) : 


7 (0) =(0|T ($? (x) 2" (x)) |) eu Me=ysrers+Lu07s » (4-5) 
represents a pseudoscalar meson, because by a space reflection ¢/” and ¢/" are transformed 
as 

$opy=Dy | 
Fees Tybee (= 7.) 
CP Sela Te 
hence one finds 
7 (Q) >t" (0) =7,7 (0) 4 
a (157s 7a Xi6 75) =e Ss (0) : 


The same arguments hold mutatis mutandis in other cases. 


If, therefore, we adopt 
specifically 


1 -- —_ 
—£'= (9/43: Grr") Geared) : (4-8) 


as the basic interaction, (4-3) has only one type of solutions which gives a pseudoscalar 
meson (pion).* Then (4-3) reads 
n= —4 Ci —L) 2x1 


(4-9) 
X10— 9» [ 3% Ay +16 I,K? -+-4 I, «| Xie 


* Te is necessary to assume that PS interactions should not exist in (-decay interaction. For the PS 
interaction allows the pion to decay, in a very short time (10-8~10- 


® sec.), into an electron and a neutrino 
thiough the interaction p+n->e+y. See reference 13), 


On a Theory of a Composite Model of Elementary Particles 677 


with all other y,(k=1,---14) vanishing. 
The pion mass / is determined from the second equation of (4-9): 
=Jo'(4Lt+h)e— 49) ~') (4-10) 


which is, however, not the explicit formula for 4 since Jo, I, and I, are the complicated 
functions of #2 as well as those of 2/=a. A further simplification will be achieved 
when the condition @>1 is taken into account. Writing I,(k=0, ---, 3) as 


I, (a, He) =I, (@) “ (/«)° OL, (@) 3 ase 


we see that OI, (a) /I,’(@) tends to zero as @—>, and I, are proportional to loga@ 
for @>1 except [,-2 which depends on @ quadratically.* Hence, we can discard all OL, 
except OI, which behaves as loga@ for a> 1. (4-10) can now be rewritten in the form 


Ho (Ja) “(41 +h) — (49,)~']; (4-10’) 
where 
I,=I,'+ (p/«)°Ol, 
(4-12) 
= »— 401, . 
(4-10’) is an explicit solution of /”. 
In a similar way, we can neglect the p-dependence of N(—/4, 4) in the course 


of evaluating G,. Then one finds 
G,,~27 (log a —2) #023 (4-13) 


The numerical results are shown in Table 1. Three cases are distinguished according to 
the assumed values of a, i.e., @=10, 10° and 10° and calculations are performed by 
putting («/p)?=45, «= 1836 m. and G.=9,”. 


Table 1 


SE 


ee tccs Cae ‘ I (@=10) Il (e=10) IIL (a@=10°) 
g (erg cm*) 7.83 x10-# SOK 10s . 5.48 X 10-# 
aes Dh 3.78 ~4 
me Gs Bats ~4 is 
Existence of unwanted No. " No. Nat 
solutions 


To summarize the results : 

(i) We may conclude that it is in fact possible to construct pions as the bound 
state of the nucleon-antinucleon system starting with the interaction (2-3) or (4:8), 
although our mathematical treatment might be rather crude. 

(ii) The levels of the bound states are essentially determined by a constant G,,, reflect- 


ing the characteristic of the unrenormalizable interaction. 


* See Appendix. 
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(iti) Reasonable values for G,, are obtained if we take @=10 or 10°. The case 
a@=10", or in general too large a@, may be excluded because of the smallness of cor- 
responding G,. Another interesting clue to the magnitude of 4 will be obtained from 
a consideration on the spatial extension of the pion wave function ¢(x|y) |,,-,,. By taking 
a large straight cut-off in the three-dimensional momentum space after integrating with 
respect to py, we find that @ is represented by a superposition of two wave functions of 
different range ; the one is the wave function with a range 4~' and the other with a 
range «~'. The latter, however, has a height only «/t//® times the former at the origin. 
Therefore, we cannot assume @ to be very large. 


§5. Inclusion of the d-particle and the heavy mesons 


The theory so far developed in the preceding sections is no other than a covariant 
version of the theory of Fermi and Yang. However, it must be reminded that the 
compound hypothesis for elementary particles is important rather for the analysis of the 
nature of the heavy particles. It would, therefore, be very interesting to extend our theory 
to the problems of the heavy mesons and the hyperons. 

A. @- and z-mesons 

According to Sakata’s idea, A should be regarded as the fundamental particle as 
well as the nucleon. Then, all heavy mesons and hyperons (except A itself) with some 
“strangeness” charge are supposed to be the composite particles including one or more 
A (or anti-A*), as their constituents. In this section, however, we confine ourselves to 
the problem of the 4- and z-mesons assuming both of them to be the bound states of 
N and A, although the strangeness and the isotopic spin of 7 are not yet fully determined. 
We need now to introduce a new basic interaction including A field besides (2°3) 2 


~ Sa! =Ia8s[GHO) GO4W) + (pon) ]:. (Sal) 


If we suppose that @ and 7 are scalar (0°) and pseudoscalar (07) particles respec- 
tively, and the space parity of J field ’* is odd relative to the nucleon field, we can 
obtain the bound states corresponding to scalar mesons from O*=y, and pseudoscalar 


jee ; ¢ : 
mesons from O4=1. Hence we may leave only these two interactions in (5-1). We 
have vhus 


—£'=Jo:[(P 759") G79) + (pon)]: 
952 LPP) (GP) + (pon) ]:. (522) 
The corresponding Nambu equation for the bound states reads 
Cup +H) «Fp? — 4) 9" ely) =i79 {(1—9) 7, Te [7,9 (x|x) ] 
— (1+0) Try (x|x)}d(x—y), 
(x,: the mass of A) Oy) 


with oxy) =COlT(Y* (®) F(y)) |) / 


* Hereafter denoted by A. 
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and gq is defined by 
7) gn 2): (5-4) 
‘The mass of 6- or t-mesons is obtained from (5-3) in the same way as in $4: 
PP (ay Jul (01) "Cte Le Cees) Fares Ta (0es)) = AI 0) -1(146)7], ~-G-5) 


where J)’, I,° and I, are those functions in which the argument @(=/’/«") is replaced 
by 22/2 in the corresponding functions given in Appendix. 

It is well-known that the masses of 9 and 7 are remarkably contigious to each other 
(~965 m,). Whether this degeneracy can be accounted for by some physical ground 
would be a interesting point in the theory of new particles. At first sight, the mass 
degeneracy may be, in our theory, realized by two alternative ways. The one is to adjust 
the correction factor 0 in (5-4) so as to give /e=/': and the other is to adjust Ja 
and J so as to make [,(«,) =0 putting d=0. In spite of these possibilities, we might 
as well conclude that our theory cannot explain the mass degeneracy since our explanations 
above seem to be quite artificial and unnatural in the point that the results depend 


essentially on the approximation employed which might be very crude. 


The numerical results are shown in Table 2. 


Table 2 
Gri(= (gar -) 2:57 3.60 
6° —0.052 0.051 ~0 
Existence of unwanted No. No. No. 
solutions 


In the table, 6° is the correction factor which yields the mass degeneracy, and the 
“ unwanted ” solutions mean bound states of N and A. 
B. Existence of singlet mesons 

By making use of the total interaction Lagrangian (4-8)+(5:2), the neutral mesons 
are represented by a set of coupled equations of 9”, g™ and gS, As was discussed 
in § 2, the neutral pion (7°) (with isotopic spin [=1) is obtained as a special solution 
of these equations which satisfies the condition GPP = So Gg —0. On the other hand, 
we have the neutral meson wiih 0 i ce tue singlet meson as a special solution 


satisfying ge? = oe That is, the singlet mesons are subjected to the equation, 
,3,-+e) 9" ly) =9 eT” Cl) 27s g?? (x\x) 75} Se) 
£9. f+dso™ Gl) —O=9) 7593 (x\x) rst Sex) aie) 
(Op +1) 9" (ely) =29. {(1+-0) 9 (x|x) —A—9)% g” (x\x) rs} 


“x S," (x—y) > 
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and the same equation for p(p)—>n(n). | 
The solutions are easily found in a similar way to that of §§ 3-4. Using g and 


: f : . 
9x determined in the preceding section we obtain the following results. 


Table 3 
a LO TE TS 
Case I I Il 
Type of meson =a 
Scalar No. 
Vector ~3100 m, 
Pseudovector No. No. No. 
Pseudoscalar No. 


Therefore, only vector mesons with the mass ~3100m, exist in the fremework of the 


present theory. 


§ 6. Discussions 


In concluding the paper, we shall give a few remarks. 
A. Validity of our approximation 

One might suspect that the method of our approximation could not be valid, since 
the effective coupling strength, G,, is not so small. But we should like to mention that 
the basis of validity of our treatment consists also in the assump- 
tion which requires to neglect all dynamice! fuctuations (or 
momentum dependences) of G and the mass operator in S,’. 
(See Fig. 4) If we could minimize the contributions of 
dynamical fluctuations by a suitable “ renormalization” of « and 
g under the cut-off hypothesis, our method we'd be convincing 
as far as the minimized fluctuations are small. This is the 
meaning of our approximation. 

B. Relations to other theories of composite models 

(i) The Fermi-Yang theory” 

With respect to the neutron-proton interaction, (2-3) 
implies : (1704 ~") (9" 04 b”) : in which nucleon fields are ordered 
in the /7-disintegration type. We may express our interaction 
as (O"»., for brevity. On the other hand, in the Fermi-Yang’s Fig./4 
theory the interaction Hamiltonian was ordered in the form : (G? 04 fr) (f" OA gr) ; 
(symbolically denoted by <O*s >): Both types of interaction are related to each other 
by Fierz’s identity.) In our case the identities 


V dev. =} V+A+2P—25), 
P)s=4(V—T—A-P—S), », 


(6-1) 


* : > Fe : p P 
Calculations are made by putting 6°=0. This simplification substantially causes no effects 
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manifest most clearly a relationship between both theories. The reason why the Fermi- 
Yang theory contains the solutions other than the pseudoscalar one may be easily realized 
from the first equality of (6-1). In the case of N—N interaction our coupling scheme 
gives 

BY, eae cat 2 ol Ol Feed Meee Deny A (6:2) 


whereas one finds (V)>.»,.=—(V),.y, in the Fermi-Yang case. In our theory, the 
existence of N—WN bound state due to a short range force could be excluded on account 
of the inequality (P); 4 (P),. 

(ii) The Goldhaber’s model‘ 

The present method may be easily extended to the case of the Goldhaber’s model 
where the fundamental particles from which all other heavy mesons are constructed are 
assumed to be N and @ instead of N and A in the Sakata model. We may suppose 
that the short range forces between N and @ (anti-7) should be derived from the direct 
interactions similar to (2:3). The simplest example of the interaction may be the 
following :* 


—L'=9: bp: o*¢ 
or —L'=9 : PrP: (9, d*-6—6*0,9). 


It is worth noticing that the second interaction in (6-3) is necessary to exist since 


(6-3) 


this gives different (sign reversed) interactions for N—@ and N— @, contrary to the first 
one. 
C. Decays of 4 and tz into leptons 

It should be noted here that a strong objection to the model for 7 and t discussed 
in §5 might be raised when the f-decay interaction of A or the decay process A—>P 
Biot», is found to exist. For, in this case, one of these heavy mesons must decay into 
leptons with a short lifetime (10~°~107 sec.) unless we can rule out the existence of 
S-, P- and A-interactions from our B-decay process of A. In this connection thee 
A hypothesis”? proposed by Tanaka” seems to be promising. In this model the +t 
meson is regatded as the compound particle of N and anti-A’, the latter being a hypo- 
thetical particle which differs from A only by the parity of space reflection. 
D. Thus far, we have formulated a theory of compound model for elementary particles 
and succeeded to some extent to explain the existence of the pion and the heavy mesons in 
unified manner, although our treatment might be far from completeness. To obtain the 
crucial test of our theory it seems to be important that the present theory be further 
applied to various problems such as the determination of mass levels for the >} particle and 


the scattering of S-wave pions by the nucleon as well as the analysis of various decay 


two 


modes of the composite particles. 
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Appendix 


Evaluation of the Feynman integral (4-1) 
The integrand in the right-hand side of (4-1) can be transformed into a parametric 


integral using the formula 


[+e Lpt Pel lp tel 


=6[ Pa |pA—) dl (P+ Q?+4y", (A-1) 
where 
Q,=P.€7, 
d=4,+P*54(1—€y), (A-2) 


A=? + (#—K?)F(1—7). 
Then [, is expressed as follows : 
1 1 
Ties (# ae)? | as | (1—7) dy 4-. 
0 v 
This may be further approximated as 
1 1 


= (#—8)*| 848 | (1) dy di? (A-3) 


u v 
by omitting O(a") (we have assumed a>1), since we can expand 4° into the form 
d= 4? (1 —2P?451Ey(1—€y) +++) 
using the fact that our P® satisfies the relation 


[Pe] do" Si (1 Sp) S| P*| (4.4) -? < |P2| (402) <1. 
Similarly, we have 
1 1 
== Bae) dE (ga) dy di (A-4) 
0 0 
T, and [, are calculated by noticing the relation 
PuPv >t PO, +P, Poy? 
after the translation p+Q—p is performed. Thus 
is a 
= —w8)*\ 88 | of (Am) dg dt (A-5) 


U vy) 
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On the other hand, the second term of the expansion of J7': 
47 = dy! —P? 45° En (1—Fn) ++ 


cannot be neglected because it gives a term comparable to other [’s. Hence, [,° and 


OI, in (4-12) are to be defined by 


1 1 


[P=34 (P-#? *\ erat | (=n) dy dt (A -6) 
and 
1 1 


a1, =4 B08)? | 845 | (1-89) 9 (1a) dy (A-7) 


0 0 


respectively. 


The integrations in (A-3-7) are easily performed to give 


L=loga—2, 
1 3 
i= —(—-lo a—2.), 
iD Se: 
I,=—— (loga — 34) 5 
3 9 (A-8) 


1) =—_(2_—loga +1) 5 
2, 2D Zz 


Ol, = (loge +) 6 
1 6 
which are correct as far as we neglect O(a~’). 
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Letters to the Editor 


A New Formulation on the 


Electromagnetic Field 


Takashi Ohmura 
(formerly Kikuta) 


Department of Physics, University 
of Tokyo, Tokyo 


August 31, 1956 


To discuss the problem of the struc- 
ture of the electron, we shall first give 
a formulation in the electromagnetic 
theory. In this formulation are introduced 
new scalar and pseudo-scalar fields e(x,) 
and h(x,) respectively, and in addition the 
density o(x,) and current pseudo-vector 


We shall 


point out that the set of equations for the 


j(x,) of the magnetic pole. 


electromagnetic field can be combined into 


a single equation 
i(0/Ax,—S10,-3/ax) V=s, (1) 

i=1 
by the use of 4X4 matrices 0,, together 


with state- and source-vectors / and @ with 


four compononts : 


00. 04 00i 0 

| 00, PONe ote 

ne Oi OND con me a OO: ANG 
sO) TO) 8, We 0! 
0-10 OQ 

lel I OO RO 

DE Mets ils i (2) 
0) rg 


[or], o=[ 77]. (3) 
ih—e 1 2— 7c 

Dirac? has developed the theory of 
magnetic poles, where he pointed out a 
possibility of quantization of charge and 
explained why such particles have never 
Eq. (1) has a form 


similar to the Dirac equation for the 


been observed so far. 


electron. We find the following relations 


among 0; matrices : 
0,0,+0,0;,=0, (iF7}) (4) 
(Lbs epetis) (5) 


It is a direct result of (4) that the field 


quantities satisfy the equation of harmonic 


NaQy ss 
0;0;=10;. 


oscillator with vanishing mass, when there 


is no charge: 
LP =(0°/dx,—3)0°/dx?) F =0. (6) 


Thus both the scalar and p-scalar fields 
e(x,) and h(x,) propagate with light 
velocity. These fields cause the longitudinal 
parts of FE as well as H waves, so that it 
becomes possible to detect these parts by 
measurement of the polarization of the 
photon. However, as will be discussed in 
the subsequent letter, they can not be 
emitted out from electrons moving with 
energy less than about 100 Mev. 

We can not generalize, without <dding 
new components to Y, eg. (1) so as to 
describe a field with non-zero rest mass. 
because there is no matrix # commuting 
with all the 0; This is proved simply by 
using (4) and (5) : 


20, = —if 0,8,=10,f 0, 


= —10,0,8=0,8=—fo,. 
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For better understanding of the phy- 
sical contents of eq. (1), we will write it 
in the usual form: 

rot H—0E/0x,=i-—grad e, (7) 
rot E+0H/dx,=j-+grad 4, (8) 
div E=0+0e/0x,, (9) 
div H= —o+0h/dx,. (10) 
As seen from (10) the magnetic field 


is not free from divergence, so the fields 


can not be derived from the usual potential 
(A, ¢). Each of E and H is separated 
into two part EY +E and H%+H™: 
one is the solution of the equations with 
j, o, 4 zero, and other is the solution of 
the equations with i, p,e zero. H”, E 
are expressed by the potential (A, ¢) and 
H®, E™ are expressed by the new poten- 
tial (B, ¢~). Choosing a suitable gauge, 
the fields are then derived from a complex 
vector potential Y as follows : 


(8/9 x +219;-9/9x,) P=i¥, 


A+iB 
o-| | (11) 
ig—w@ |. 


From (1), (4) and (11), we easily get 
the equation for ~; 


[]o=6. (12) 


1) P. A. M. Dirac, Phys. Rev. 74 (1948), 817. 


Stability of the Electron 


Takashi Obmura 


Department of Physics, University 
of Tokyo, Tokyo 


August 31, 1956 


In the classical theory of the electron 


the point charge model gives an infinite 
self-energy. On the other hand, if the 
charge is distributed over a finite region, 
the mass of the electron due to the 
electromagnetic interaction does not have 
correct transformation property of a particle 
under the Lorentz transformation. This is 
due to the fact that the distributed charge is 
not stable on account of the repulsive forces 
from the different parts of the same parti- 
cle, and suggests that the electromagnetic 
field does not make up a closed system by 
itself. We need the “ cohesive field”. In 
the quantum electrodynamics a_ similar 
situation exists. In the present note we 
shall show in the framework of the classical 
theory that the scalar fields introduced in 
the preceding letter can be considered as 
the “‘ cohesive field”’, so that the system is 
stable to allow the description of the correct 
behavior of a particle. 

In order to find out the force acting 
on the distributed charges in the electron, 
we must first find out the energy-momentum 
tensor of the Y fields, T,,. The force 
acting on the charges are then obtained as 
the 4-dimensional-divergence of this tensor. 
We take the following Lagrangian which 
leads to the wave equation in the absence 


of the charge: 
L=— (1/162) SG /8x 
be 
+>10;-9/0x;) OP], +c. ¢. 


The symmetrical tensor T,,, is constructed 
according to the usual procedure to give 


the following 4-vector force : 
f= (1/42) (—pE® +H® xi—ALJe 
—oH®? —E®?xj+B)}, (3) 
f= (/42) {-B”-i4 9 De 
—H®j+9 04}. (4) 
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T,, and (f, f,) are not gauge invariant, 
nevertheless (3) and (4) will be used to 
show the possibility of constructing a stable 
electron, because we do not know a general 
method of construction of T,, which is 


To do this, the fields are 


assumed to be time-independent and spheri- 


gauge invariant. 


cally symmetric around the centre of the 
To satisfy the relation f,=0, it 
is enough to set 940, jA0, t=o=0. 
Then the stability condition is, 


f= (1/42) {—oE” —B4h} =0. 


electron. 


This equation imposes a restriction to two 
source functions p(r) and j(r), and can 
be satisfied with variety of the choice of 
the pair (0, j). It will be shown below 
that, if source functions vanish outside the 
electron, h-field also vanishes outside the 


electron. We first notice the relation 


div j= —4A. (5) 


Integrating eq. (5) with the boundary 
condition: h(r)—0 (|r| >), it follows 
that 


b(r) = (1/42) X 
| faiv j@)/lr—r'}dr'’. (6) 


Although the proper character of j is not 
yet known, we assume that divj (which 
is spherically symmetric) is not zero only 
inside the electron. The integral appearing 
in the right side of eq. (6) has just the 
the same form when we calculate the 
gravitational potential around a spherical 


material. Then the macroscopic conser- 


vation law: divj(r)dr=0 leads to the 
result that A(r) vanishes outside the 
electron, and does not propagate far away 


as a wave. However, in the high energy 


phenomena the h-field quanta will be 


emitted and will give rise to the longitudinal 
photon. It will be interesting to test 
experimentally whether the 7-ray keeps on 
its transverse property even in the high 
energy region (for instance, more than 
100 Mev) as derived from the Maxwell 
theory or it does not as predicted from our 
hypothesis. 

The total electric plus scalar field 
energy can be adjusted to be equal to the 
corresponding electron mass, assuming a 
suitable diameter for the electron. 

The author would like to thank 
Profs. T. Yamanouchi, H. Umezawa, Drs. 
T. Okabayashi, and S. Tani for their 
interest to this work and many useful 


discussions concerning the related problems. 


On a Composite Model for 


the New Particles* 


Shoichi Sakata 


Institute for Theoretical Physics, Nagoya 
University, Nagoya 


September 3, 1956 


Recently, Nishijima-Gell-Mann’s rule” 
for the systematization of new particles 
has achieved a great success to account 
for various facts obtained from the ex- 
periments with cosmic rays and with high 
energy accelerators. Nevertheless, it would 


be desirable from the theoretical standpoint 


* The content of this letter was read before 
the annual meeting of the Japanese Physical Society 
held in October 1955. 

A note on the same supject has also been 
published in Bulletin de L’académie Polonaise des 


Sciences (Cl, IlI-vol. IV, No, 6, 1956) 


Letters to the Editor 687 


to find out a more profound meaning 


hidden behind this rule. 


this work is concerned with this point. 


The purpose of 


It seems to me that the present state 
of the theory of new particles is very 
similar to that of the atomic nuclei 25 
At that time, we had known 


a beautiful relation between the spin and 


yeats ago. 


the mass number of the atomic nuclei. 
Namely, the spin of the nucleus is always 
integer if the mass number is even, whereas 
the former is always half integer if the 
latter is odd. But unfortunately we could 
not understand the profound meaning for 
this even-odd rule. This fact together 
with other mysterious properties of the 
atomic nuclei, for instance the beta disinte- 
gration in which the conservation of 
energy seemd to be invalid, led us to a 
very pessimistic view-point that the quantum 
theory would not be applicable in the 
domain of the atomic nucleus. However 
the situation was entirely changed after the 
Iwanenko and 


Heisenberg” proposed immediately a new 


discovery of the neutron. 


model for the atomic nuclei in which 


neutrons and protons are considered to be 


their constituents. By assuming that the 
neutron has the spin of one half, they 
explained the even-odd rule for the spins 
of atomic nuclei as the result of the 
addition law for the angular momenta of 
the constituents. Moreover, they could 
reduce all the mysterious properties of 
atomic nuclei to those of the neutron 
contained in them. 

Supposing that the similar situation 
is realized at present, I proposed a com- 
pound hypothesis for new unstable particles 
Nishijima-Gell-Mann’s 


rule. In our model, the new particles are 


to account for 


considered to be composed of four kinds 
of fundamental particles in the true sense, 
that is, nucleon, antinucleon, A’ and anti-A’. 
If we assume that A’ has such intrinsic 
properties as were assigned by Nishijima 
and Gell-Mann, we can easily get their 
even-odd rule for the composite particles as 
the result of the addition laws for the 
ordinary spin, the isotopic spin and the 
strangeness. In the next table, the models 
and the properties of the new particles are 
shown together with those of the funda- 


mental particles in the true sense. 


ee 


Name Model Isotopic Spin Strangeness Ordinary Spin 

N 1/2 0 1/2 

KN A 1/2 0 1/2 

A =—1 1/2? 

A 1 1/2? 

1 N+ 0 0 

(tr) N+ A 1/2 1 0? 

6(z) N+A 1/2 =i 0? 

> N+ N+A at 1/2? 

2 N+A+A 1/2 | —2 1/2? 


Here Nand MN denote nucleon and antinu- 
cleon respectively, whereas A and A denote 


A® and anti-A’ respectively”. 


So far as the internal structure is not 
concerned, our model for new particles is 
identical with that of Nishijima and Gell- 
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Mann. However, it should be stressed that 
the curious properties of the new particles 
could be reduced to those of 4’, just like 
the mysterious properties of the atomic 
nuclei were reduced to those of neutron. 
Hence our theory contains less arbitrary 
elements than was the case for original 
one of Nishijima and Gell-Mann. 

Though the rigorous treatment of our 
model is a very hard task”, it is worthwhile 
to notice that most of the composite 
particles which seem to be stable against 
the strong interaction can be identified 
with the well-known new particles, and 
that there are possibilities of predicting 
some mote new particles which have not 
been discovered up till now.” 

Finally, it should be remarked that 
there are some other arguments in favour 
of the compound hypothesis for the ele- 
mentary particles. In spite of the great 


achieved by the advent of 


success 
Tomonaga-Schwinger’s technique, it has 
recently become clear that we could not 
avoid the internal inconsistency of the 
quantum field theory, so far as the point 
model for elementary particles was adopted. 
Moreover, in the case of z-meson, the 
cut-off prescription has recently been proved 
to be very powerful in order to account 
These facts 


indicate strongly the necessity of substantial 


for the experimental results. 


innovations in the model for the elementary 
particles, though some change has already 
been made by the discovery of the renotr- 
malization technique. Landau pointed out 
that the model for the electron would 
possibly be changed by the effect of the 
gravitational field. But in the case of 
-meson we must look for another effect, 
_because the cut-off radius is found to be 


as large as the order of the nucleon Com- 


: -137 
pton wave length in contrast to e*/mc’-e 


~107* cm which appeared in the quantum 


electrodynamics.” 


1) T. Nakano and K. Nishijima, Prog. Theor. 
Phys. 10 (1953), 581; K. Nishijima, Prog. 
Theor. Phys. 12 (1954), 107; 13 (1955), 285; 
M. Gell-Mann, Phys. Rev. 92 (1953), 833. 

2) D. Iwanenko, Nature 129 (1932), 798; W. 
Heisenberg, ZS. Phys. 77 (1932), 1. 

3) Markov (Rep. Acad. Sci. USSR, 1955) pro- 
posed also a composite model which is very 
similar to ours. It should be remarked that 
our model may be corsidered es a generalization 
of the z-meson model proposed by Fermi and 
Yang (Phys. Rev. 76 (1948), 1739), and that 
it will throw a new light on Heisenberg’s 
theory of elementary particles (Zs. Naturf. 9a 
(1954), 291; 10a (1955), 425), in which only 
one kind of ‘‘ Urmaterie”’ is assumed. 

4) S. Tanaka, Prog. Theor. Phys. 16 (1956), 625. 
Z. Maki, Prog. Theor. Phys. 16 (1956), 667. 

5) K. Matsumoto, Prog. Theor. Phys. 16 (1955), 
583. 

6) M. A. Markov, Uspekhi Fiz. Nauk 51 (1953), 
317; L. Landau et al, DAN. 95 (1954), 497, 
733, 1177; 96 (1954), 261; 102 (1955), 489; 
S. Kamefuchi & H. Umezawa, Prog. Theor. 
Phys. 15 (1956), 298; Nuovo Cimento 3 (1956), 
1060. 


Special Theory of Relativity 
and the Structure of 
Elementary Particles 


Hideki Yukawa 


Research Institute for Fundamental Physics, 


Kyoto University, Kyoto 


October 19, 1956 


The present field theory of elementary 
particles is based on both quantum me- 
chanics and the special theory of relativity. 


Since we have for so long been unsuccessful 
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in constructing a unified and consistent 
theory, we are beginning to doubt that the 
rigid framework of the special theory of 
relativity and quantum mechanics will 
remain without modification in the future 
For this 
reason, it is all the more important at the 


theory of elementary particles. 


present time to investigate whether the 
space-time framework of the special theory 
of relativity is appropriate for discussions 
of the possible internal structure of ele- 
mentary particles. The so-called non-local 
field theory was in fact an attempt to 
extend the space-time concept of special 
relativity to the interior of the elementary 
particles.” Thus, apart from the detailed 
procedure of formulation, it may be worth- 
while to discuss in more general terms the 
extent to which the idea of internal motion 
in non-local field theory is useful in the 
search for the deeper meaning of the new 
degrees of freedom which were introduced 
recently for tne purpose of systematizing 
the strongly inieracting particles. 

Let us suppose that the field for each 
type of particle is a function not only of 
one set of space-time coordinated x,, which 
are related to the motion of the particle 
as a whole, but also of variables which are 
related, in a broad sense, to the structure 
of the particle. Suppose further that some 
of these variables, €,, could be identified 
with internal coordinates designating a point 
in the internal space-time world of the 
particle which we suppose to have the 
same structure as the external world. 
Thus, the field can be denoted by $(x,, 
E,, °*), where ¢) may consist of a number 
of components. 

Now, let us introduce the following 
three assumptions in order to make the 


situation as clear and simple as possible : 


I. In the zero approximation, the 
field for each of the strongly interacting 
particles can be written as a product of 


external and internal wave function : 
op ear, eu vs -) = UPR (xs) Pint Ga a3 ) J 


Both ¢.,4 and Pine may have a number of 
components, which transform linearly under 
a Lorentz transformation. Thus, by con- 
sidering the Lorentz transformations of x, 
and ¢, separately as well as the simul- 
taneous transformations of both, the ex- 
ternal spin and parity can be discriminated 
from the internal as well as from the total 
spin and parity. 

II. In the case of strong interaction, 
each of the interaction terms in the 
Lagrangian or the Hamiltonian for a 
system of elementary particles should be 
constructed from three fields in such a way 
that it is a relativistically invariant product 
of two factors, of which one is an invariant 
product of three external wave functions 
and the other is an invariant product of 
corresponding internal wave functions. 

Ill. In the case of weak interaction 
on the other hand, the interaction term in 
the Lagrangian should again be relativi- 
stically invariant as a whole, but need not 
necessarily be so for the external and 
internal parts separately. For instance, it 
could be a scalar product of external and 
internal spinors, vectors, etc. In the 
following, we shall consider only the case 
of a scalar product of two spinor functions. 

If, in addition to these three assum- 
ptions, we take account of the charge 
independence of the pion-nucleon inter 
action, we obtain the following scheme as 
one of the simplest possible examples of 
assignment of external and internal wave 


functions to each type of strongly inter- 
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acting particle : 


Pext Pint total spin (and parity) 
mz pseudosca!a scalar Os 
N Dirac scalar 1/2 
A scalar Dirac 1/2 
Simeeescalar Dirac 1/2 
& Dirac vector 1/2,3/2 
KeeeelDitac anti-Dirac o+, 1+ 


Here anti-Dirac means that the wave function 
transforms like the charge conjugate of a 
Dirac wave function. If we adopt this 
scheme, it follows from the second assum- 
ption that the strong interactions are 
restricted essentially to cases such as NaN 


AKN, SKN, KxK, and 2x2. 
according to the third assumption, the 


Similarly, 


weak interactions could be restricted to the 
cases Nz J, Na3, Az 2, Ya, and Pos- 
sibly z7K. All of these strong and weak 
interactions are acceptable, and some of 
them at least are necessary in order to 
account qualitatively for both the production 
and decay processes of strongly interacting 
particles. The total spin and parity are 
conserved always, but the weak interaction 
is distinct from the strong interaction in 
that the former gives rise to the exchange 
of angular momentum of an amount 5/2 
between the external and internal degrees 
of freedom of the interacting particles. 

If we compare the above scheme with 


the Gell-Mann-Nishijima 


notice immediately that the strangeness 


scheme,” we 


guantum number is equal to twice the 
interral spin. The 'sospin quantum number 
are purposely left out of the above scheme 


tecause the isospin space cannot be easily 


connected with ordinary space-time owing 
to the peculiarity of the electromagnetic 
interaction. 

Perhaps the most serious defect of the 
above scheme is that, in spite of the 
introduction of internal spin and parity, we 
cannot resolve the wellknown dilemma of 
the 27 and 37 decays of K-mesons unless 
we adopt either a more complicated scheme 
involving higher spins or simply give up 
the conservation of total parity. It may, 
however, be premature to say anything very 
definite about this crucial problem. 

This work was mostly done during 
the author's stay at the Radiation Laboratory 
of the University of California in Berkeley. 
The author is grateful for the hospitality 
of Professor E. Larwrence and for stimu- 
lating discussions with the members of 
Theoretical Physics Group of the Radiation 
His thanks are due also to 
Professors Z. Koba and D. Yennie for 


instructive comments. 


Laboratory. 
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